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Planck Collaboration: Constraints on Inflation

Fig. 7. Marginalized joint two-dimensional 68 % and 95 % CL regions for combinations of (✏1 , ✏2 , ✏3) (upper panels) and (✏V , ⌘V , ⇠2V )
(lower panels) for Planck TT,TE,EE+lowE+lensing (red contours), compared with Planck TT,TE,EE+lowE+lensing+BK15 (blue
contours).
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Fig. 8. Marginalized joint 68 % and 95 % CL regions for ns and r at k = 0.002 Mpc�1 from Planck alone and in combination with
BK15 or BK15+BAO data, compared to the theoretical predictions of selected inflationary models. Note that the marginalized joint
68 % and 95 % CL regions assume dns/d ln k = 0.

data we use the full constraining power of Planck, i.e., Planck
TT,TE,EE+lowE+lensing, in combination with BK15.

The ��2 and the Bayesian evidence values for a selec-
tion of inflationary models with respect to the R2 model
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• Full phenomenology in MP, Unal ’15. New solutions in 1� CMB contour
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• Proposed to produce fe↵ > Mp from sub-Planckian fi, gi

(gravitational instanton corrections may still be a problem)

• Can provide ��
fi

⇠ O
�
102

�
as needed for phenomenology below

• In agreement with CMB

Figure 1. Contour plot of the potential as a function of the rescaled fields �̃ (horizontal direction)
and  ̃ (vertical direction). Due to the di↵erent rescaling for the 2�fields, the potential exhibits
comparable curvature in both directions. However, for |↵| ⌧ 1, the field  is significantly heavier
than �, and the evolution proceeds along trajectories where @V

@ ̃
= 0

under A ! A + 2⇡ , B ! B + 2⇡, we can divide the
n
�̃,  ̃

o
plane in an infinite number of

equivalent domains.
In Figure 1 we show one such domain, delimited by the lines A = 0, �2⇡ and B = 0, 2⇡.

The domain has the origin, with
n
�̃,  ̃

o
coordinates

O : {0, 0} , (2.13)

in one of its corners (the other three corners are three equivalent minima of the potential).
The central part of the domain is occupied by the maximum
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(
1
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+ rf ,

r
3
f
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1 + r
4
f
r⇤

)
. (2.14)

Finally, each of the four sides contains a saddle point, with equivalent saddle points on
opposite sides. We denote by SA and SB, respectively, the saddle point on the A = 0 and on
the B = 0 line. These points are marked in Figure 1, and they have coordinates

SA = ⇡

(
1
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,

r
3
f
r⇤

1 + r
4
f
r⇤

)
, SB = ⇡

(
rf , �
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4
f
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)
. (2.15)

Without loss of generality, we can restrict the initial conditions for the fields to be in
this domain. Moreover - again due to the symmetry properties of the potential - we can
restrict the initial conditions to be along the valley that ends on O, or (when it exists) along
a valley that starts from one of the two saddle points SA,B. Such valleys are shown in Figure
2 and are studied in Section 3. Any other valley in the potential can be mapped to one of
these valleys.
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Figure 6. Predictions of Aligned Natural Inflation (with inflation along a trajectory disconnected
from a minimum) in the {ns � r} plane, confronted with the 1� and 2� Planck contour lines.
The theoretical lines have been obtained for rf = 1.5, and for r⇤, from bottom to top, equal to
0.25, 0.33, 0.38, 0.41, 0.43. All the theoretical curves are done for N = 60 e-folds of inflation.
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Figure 7. Predictions of Aligned Natural Inflation (with inflation along a trajectory disconnected
from a minimum) in the {ns � r} plane, confronted with the 1� and 2� Planck contour lines. The
theoretical solid lines have been obtained for rf = 8, and for r⇤, from bottom to top, equal to
0.005, 0.009, 0.012, 0.014, 0.015. The dotted line visible in the top-left corner is the theoretical predic-
tion of Natural Inflation. All the theoretical curves are done for N = 60 e-folds of inflation.

4.2 Inflation on valleys disconnected from minima

As we mentioned, in the 1
r
4
f

< r⇤ <
1
r
2
f

interval, inflation can occur on valleys that are

connected to the saddle point SB and that are disconnected from any minimum. Inflation ends
because the heavy direction becomes unstable. The tensor-to-scalar ratio in these trajectories
is significantly smaller than the one found for the valleys connected to a minimum. This is
visible in the two Figures 6 and 7, where, respectively, the two cases rf = 1.5 and rf = 8 are
studied (such values do not have any particular importance, and they have been chosen just
as a representative case of comparable axion scales, or somewhat hierarchical axion scales).

It is possible to reproduce analytically the results shown in these two figures with good
accuracy. Most of inflation occurs close to the saddle point, where the 1�field e↵ective
potential reads

V ' V0

2

41�
 
�̂

f̂

!2
3

5 , 0  �̂  �̂0 . (4.1)
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Figure 5. Predictions of Aligned Natural Inflation (with inflation along a trajectory connected to
a minimum) in the {ns � r} plane, confronted with the 1� and 2� Planck contour lines (specifically,
we choose to plot the more conservative red contour lines of Figure 12 of [1]). We fixed rf = 1.5 and
varied r⇤ as follows: the dashed lines, from bottom to top, are for r⇤ = 0.01, 0.07, 0.1, 0.19; the solid
lines, from top to bottom, are for r⇤ = 0.3, 0.4144, 0.5, 1, 3. The lowest theoretical curve, drawn as a
dotted line, is for Natural Inflation. All the theoretical curves are done for N = 60 e-folds of inflation.

explained by the analytic computation presented in Appendix A, where we show that Aligned
Natural Inflation reproduces Natural Inflation in the limit of very small r⇤. We then see that
increasing r⇤ in this interval leads to progressively greater values of r. This is particularly
true in the left portion of the curves shown in the figure. As we mentioned above, the top-
right part of the curves is obtained at relatively large f�, while f� decreases as one moves
towards the left of the curves. As f� decreases, �̃ needs to start closer and closer to the saddle
point. Eq. (A.6) gives the analytic form of the e↵ective 1�field potential close to this point.
We see from this relation that increasing r⇤ (in the r⇤ <

1
r
4
f
regime that we are considering

here) indeed results in a less flat potential, and so in a greater value of r, in agreement with
the dashed curves of the figure.

The two top solid theoretical curves shown in Figure 5 sample the 1
r
4
f
< r⇤ <

1
r
2
f
regime.

We recall that in this figure we only consider inflation in the valley connected to the minimum.
We see from the top-right panel of Figure 2 that this valley becomes a crest before reaching
a saddle point. For this reason, f� cannot be taken arbitrarily small, and, as a consequence,
the corresponding curve in the {ns, r} plane only extends for a finite interval. The length of
this interval decreases as we approach the r⇤ = 1

r
2
f
value. This is due to the fact that also the

fraction of the stable portion of the curve from SA to the minimum decreases as r⇤ ! 1
r
2
f
.

Finally, the three bottom solid theoretical curves shown in Figure 5 sample the r⇤ > r
2
f

region. At relatively small f� (left part of the curves), the evolution starts close to the saddle
point SB. Eq. (A.8) shows that the potential becomes progressively flatter as r⇤ increases
in this regime. This explains the behavior of the three bottom solid curves in the figure. We
see that the curve corresponding to the highest value of r⇤ shown also approaches that of
Natural Inflation. This is explained by the analytic computation presented in Appendix A,
where we show that Aligned Natural Inflation reproduces Natural Inflation in the limit of
very large r⇤.

We also performed computations for other values of rf , and we obtained results quali-
tatively similar to those of Figure 5. For brevity, we do not show them here.
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Figure 3. Contour plot of (2.10), for parameters in the 1
r4f

< r⇤ <
1
r2f

region, together with valleys

(green) and crests (magenta). The two red curves are two distinct inflationary trajectories in this
model. They are obtained from a numerical evolution of the exact model (2.5). Both evolutions
shown contain 60 e-folds of inflation plus a brief transient moment after inflation in which the system
reaches the minimum.

The evolution shown in the figure is characterized by N = 60 e-folds of inflation along the
valley connected to SB; the following phase, from the moment the system leaves the valley
to when it first reaches the minimum, lasts for ' 2.9 e-folds. During this second stage, the
equation of state oscillates with average wave ' �0.16. This phase should be understood as
the beginning of the post-inflationary reheating.

4 {ns � r} phenomenology

In this Section we study the CMB phenomenology of Aligned Natural Inflation in the {ns � r}
plane. As discussed in the previous Section, we find two classes of inflationary trajectories in
this model: those along valleys connected to a minimum, and those along valleys disconnected
from any minimum. In the first case, inflation ends as the fields approach the minimum of
the potential; in the second case inflation terminates at the end of the valley, due to an
instability in the heavy  direction. This second class of solutions exist only for r⇤ in the

1
r
4
f
,

1
r
2
f

�
interval. 9

9To be precise, such an evolution can also take place for r⇤ slightly greater than 1
r2f

, so that evolutions

where inflation ends due to instability in the  direction are possible for 1
r4f

< r⇤ < 1
r2f

+ ✏, with ✏ small.

The reason for this is that, for r⇤ = 1
r2f

, one finds @2V2
@ 2 = 0 at the precise point where the valley connects

with the crest shown in the figure, so that the fields do not bend along the valley, but escape from it (ending
inflation), and again reach the minimum shown on the top of the figure. This behavior rapidly disappears
as r⇤ increases slightly above 1

r2f
, since @V2

@ > 0 all along the valley in this case. For the parameters used in

Figure 3, we numerically found that ✏ ' 0.004 (while 1
r2f

' 0.4444).
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Increased GWsourced/⇣sourced if

(i) No direct X � � coupling (X sources both GW and ⇣ gravitationally)

(ii) X relativistic (GW sourced by quadrupole moment, / X-velocity)

(iii) X e↵ective for limited time (sources fewer Cl’s; smaller NG limits)
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Namba et al ’15
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PBH  enhanched �⇢ ! GW

Increase �⇢ everywhere, so to have (rare) regions above

threshold for collapsing to PBH. Due to non-linearity

enhanced �⇢ unavoidably produces GW

(independent of inflationary mechanism for �⇢)

PBH mass ! wavelength enhanced �⇢ modes ! GW frequency

Sub-lunar MPBH allowed window for PBH dark-matter

results in GW visible at LISA. In fact, GW allow to also probe
existence of PBH of insignificant

cosmological abundance
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• Greater scalar fNL leads to greater anisotropies and non-G of GW.

• �11.1  fNL  9.3 , at 95% C.L. Planck ’19

• Isocurvature constraints impose a tighter limit on fNL for PBH-DM

• Observing a bump at LISA, with significant anisotropy and non-G

indicates that the PBH constitute only a small fraction of the DM

Slight change of P⇣ ! large change of fPBH, slight change in ⌦GW.

Anisotropies can di↵erentiate between these two cases.
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Inflation gives

coherency across the visible universe, unlike astrophysical SGWB.
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Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

(1) Decoherence from propagation
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(1) Decoherence from propagation

(2) Finite time of the measurement
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(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

Non observability of
⌦
h
3
↵

h~k

�
t, ~k

�
= e�i k t

h~k
+ e i k t

h
⇤
~k

)
⌦
h
3
↵
/ e�i (k1+k1+k2) t h~k1

h~k2
h~k3

+. . .

Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

Bartolo, De Luca, Franciolini, Lewis,

MP, Racco, Riotto ’18

(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

Non observability of
⌦
h
3
↵

h~k

�
t, ~k

�
= e�i k t

h~k
+ e i k t

h
⇤
~k

)
⌦
h
3
↵
/ e�i (k1+k1+k2) t h~k1

h~k2
h~k3

+. . .

Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

Bartolo, De Luca, Franciolini, Lewis,

MP, Racco, Riotto ’18

(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

(1) Propagation in perturbed universe

h ⇣L ⌘ �⇢/⇢

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R t

dt0⇣L

�

For Gaussian ⇣L ,
⌦
signal3

↵
/

*
3Y

i=1

e
�i
R t

dt0 ⇣L(~ki)

+
⇠ e�P⇣ k2 t20

⇠ e�(10
�5 10�3 Hz1017 s)2

⇠ e�1018

t0 k�1

(2) Finite observation time

kresolved = k± 1
Tobs

. GW in this band cannot be individually resolved

Signal from superposition of e
�i
�
k� 1

Tobs

�
t0
+ . . .+ e

�i
�
k+ 1

Tobs

�
t0

This also generates �� ⇠ t0
Tobs

� 1, destroying coherency

(1) Propagation in perturbed universe

h ⇣L ⌘ �⇢/⇢

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R t

dt0⇣L

�

For Gaussian ⇣L ,
⌦
signal3

↵
/

*
3Y

i=1

e
�i
R t

dt0 ⇣L(~ki)

+
⇠ e�P⇣ k2 t20

⇠ e�(10
�5 10�3 Hz1017 s)2

⇠ e�1018

t0 k�1

(2) Finite observation time

kresolved = k± 1
Tobs

. GW in this band cannot be individually resolved

Signal from superposition of e
�i
�
k� 1

Tobs

�
t0
+ . . .+ e

�i
�
k+ 1

Tobs

�
t0

This also generates �� ⇠ t0
Tobs

� 1, destroying coherency

Non observability of
⌦
h
3
↵

h~k

�
t, ~k

�
= e�i k t

h~k
+ e i k t

h
⇤
~k

)
⌦
h
3
↵
/ e�i (k1+k1+k2) t h~k1

h~k2
h~k3

+. . .

Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

Bartolo, De Luca, Franciolini, Lewis,

MP, Racco, Riotto ’18

(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

Non observability of
⌦
h
3
↵

h~k

�
t, ~k

�
= e�i k t

h~k
+ e i k t

h
⇤
~k

)
⌦
h
3
↵
/ e�i (k1+k1+k2) t h~k1

h~k2
h~k3

+. . .

Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

Bartolo, De Luca, Franciolini, Lewis,

MP, Racco, Riotto ’18

(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

kresolved = k ± 1
Tobs

) Superposition of e
�i

�
k� 1

Tobs

�
t0
+ . . .+ e

�i

�
k+ 1

Tobs

�
t0

This also generates �� ⇠ t0
Tobs

� 1, destroying coherency

Non observability of
⌦
h
3
↵

h~k

�
t, ~k

�
= e�i k t

h~k
+ e i k t

h
⇤
~k

)
⌦
h
3
↵
/ e�i (k1+k1+k2) t h~k1

h~k2
h~k3

+. . .

Even if coherent at the origin (e.g., from inflation), two 6= physical e↵ects

lead to decoherence

Bartolo, De Luca, Franciolini, Lewis,

MP, Racco, Riotto ’18

(1) Propagation in perturbed universe

(2) Finite observation time

Shapiro time delay: GW from 6= directions accumulate 6= time shifts

e
�ik

�
t+
R

t

dt
0
⇣L

�

kresolved = k ± 1
Tobs

) Superposition of e
�i

�
k� 1

Tobs

�
t0
+ . . .+ e

�i

�
k+ 1

Tobs

�
t0

This also generates �� ⇠ t0
Tobs

� 1, destroying coherency



Non-G, angular anisotropies, and a probe of the large scale structure

of the Universe

Propagation pbm for
⌦
h
3
↵

but opportunity for �⇢GW. Possibly
relevant for NG, but it goes beyond that. This is what mimics
most closely what we do for CMB. Angular anisotropies due to
propagation. Discuss C`

Non-G, angular anisotropies, and a probe of the large scale structure

of the Universe

Propagation pbm for
⌦
h
3
↵

but opportunity for �⇢GW. Possibly
relevant for NG, but it goes beyond that. This is what mimics
most closely what we do for CMB. Angular anisotropies due to
propagation. Discuss C`

(1) Propagation in perturbed universe

h ⇣L ⌘ �⇢/⇢

(1) Propagation in perturbed universe

h ⇣L ⌘ �⇢/⇢Non-G, angular anisotropies, and a probe of the large scale structure

of the Universe

Production mechanism & propagation imprint anisotropies, ⇢GW (~x) / ḣijḣij
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• Treatment as CMB

Alba, Maldacena ’15; Contaldi ’16; Cusin, Pitrou, Uzan ’17; Jenkins,

Sakellariadou ’18; Bartolo, Bertacca, Matarrese, MP, Ricciardone, Riotto,
Tasinato ’19

Talks from Cusin and Renzini

⇢GW =
X

`m

a`m Y`m

ha`m a
⇤
`0m0i = C` �``0 �mm0

ha`1m1 a`2m2 a`3m3 i / b`1`2`3

Angular power spectrum

Bispectrum (non-G)

This is
⌦
⇢
3
GW

↵

⌦
h
3
↵

not observable

. . . the NG that we might see . . .

Non-G, angular anisotropies, and a probe of the large scale structure

of the Universe

Production mechanism & propagation imprint anisotropies, ⇢GW (~x) / ḣijḣij
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New probe of large scale anisotropies (like CMB photons)

Figure 5: Left plot: SW, ISW and total contribution to the angular power-spectrum of the

cosmological SGWB. Right plot: comparison between the SGWB spectrum and the CMB

one.

From Eqs. (2.15), we can infer some properties about the SGWB anisotropies due

to their propagation through cosmological perturbations: similarly to CMB, gravitons are

a↵ected by the Sachs-Wolfe contribution, which represents the energy lost by a graviton

which escapes from a potential well, and by the Integrated Sachs-Wolfe (ISW) e↵ect, due

to tensor and scalar perturbations, the latter producing an anisotropy which is

roughly proportional to the total variation of the potentials �� + � . An important

point to stress here is the “initial” time ⌘i, which has an impact both on the SW and on

the ISW contributions. The numerical evaluation of the angular power spectrum for the

cosmological SGWB has been performed in [109] (see also [120]), modifying the publicly

available code CLASS, usually employed for the computation of CMB anisotropies [156]

and adapting it to the SGWB.

In Fig. 5 we report the angular power spectrum of the cosmological SGWB due to propa-

gation e↵ects sourced by scalar perturbations and we compared it to the CMB one coming

from temperature anisotropies. We can see that the SGWB spectrum shows a larger ampli-

tude compared to the CMB. This can be explained considering the graviton “decoupling”

time, which occurs earlier compared to CMB photons and so gravitons feel for longer time

the propagation e↵ects. In such a figure, we also report the contribution from the SW and

the ISW separately, to show their behaviour at di↵erent angular scales.

From the left plot we can see that at large angular scales (i.e., low `), the SW contri-

bution is dominating while moving to smaller scales (i.e., ` & 100), the ISW contribution

starts to be larger. On the other hand, from the right plot we can quantify the expected

di↵erence among the CMB and SGWB anisotropies.

Interestingly enough, by measuring or constraining angular anisotropies of the SGWB,

it is also possible to probe the level of primordial non-Gaussianity possibly present both in

the scalar and tensor cosmological perturbations through which the SGWB propagates. In-

deed such primordial non-Gaussianity will left be imprinted into the GWs passing through

the background large-scale underlying inhomogeneities, similarly to what happens for CMB

photons. This entails to go beyond the power spectra statistics and to compute higher-
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1

Figure 1. Feynman diagram for the disconnected terms in the energy density two-point function.
The double lines identify the energy density field, the straight lines identify the gravitational waves
and the wiggle lines identify the curvature field.

on small scales, P⇣s (k) = As k⇤ � (k � k⇤), this expression then becomes 5
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We note that the result (2.7) for the one-point expectation value of the GW energy density is
independent of position. This follows from statistical homogeneity of the FLRW background
universe (at the technical level, it is due to the fact that the contraction of the four ⇣ operators
in Eq. (2.2) forces ~k1 + ~k2 = 0). However, one does not expect that the sourced GW are
perfectly homogeneous across the universe. As a consequence, the SGWB reaching us from
di↵erent directions will present some angular anisotropies.

To quantify the level of these anisotropies on needs to compute the two-point function
h⇢GW (~x) ⇢GW (~y)i. This correlator depends one space only through its dependence on |~x � ~y|

as a consequence of statistical isotropy and homogeneity.
In computing

⌦
⇢
2
GW

↵
we need to evaluate the correlator

⌦
⇣
8
↵
. The resulting contractions

are given in Eq. (B.2). The first line of that equation represents the case in which all the ⇣s
emerging from the same ⇢ are contracted among each other. This gives rise to the disconnect
diagram shown in Figure 1, which is evaluated to

h⇢GW (~x) ⇢GW (~y)i
���
disconnected

= h⇢GWi
2
, (2.9)

which is homogeneous.
The other lines of Eq. (B.2) are represented by the di↵erent topologies of connected

diagrams shown in Figure 5. As we show in Appendix B these contributions are completely
negligible at the distances |~x � ~y| of our interests. Our goal is to compute the large scale
anisotropies in the GW energies arriving on Earth. The angular anisotropies (unless we go
to extremely large multipoles `) are obtained by comparing the energy density from points

5This expression is valid during radiation domination; we see that it is costant, and independent of the
normalization of the scale factor.
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1

Figure 1. Feynman diagram for the disconnected terms in the energy density two-point function.
The double lines identify the energy density field, the straight lines identify the gravitational waves
and the wiggle lines identify the curvature field.

on small scales, P⇣s (k) = As k⇤ � (k � k⇤), this expression then becomes 5
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where ✓ is the Heaviside step function, and

I
2

✓
k⇤
k

,
k⇤
k

◆
⌘ I

2
c

✓
k⇤
k

,
k⇤
k

◆
+ I

2
s

✓
k⇤
k

,
k⇤
k

◆

=
729

16

✓
k

k⇤

◆12✓
3 �

2k
2
⇤

k2

◆4
8
<

:

"
4

✓
2 � 3

k
2

k2
⇤

◆�1

� log

✓����1 �
4k

2
⇤

3k2

����

◆#2

+ ⇡
2
✓

✓
2k⇤
p

3k
� 1

◆9=

; .

(2.8)

We note that the result (2.7) for the one-point expectation value of the GW energy density is
independent of position. This follows from statistical homogeneity of the FLRW background
universe (at the technical level, it is due to the fact that the contraction of the four ⇣ operators
in Eq. (2.2) forces ~k1 + ~k2 = 0). However, one does not expect that the sourced GW are
perfectly homogeneous across the universe. As a consequence, the SGWB reaching us from
di↵erent directions will present some angular anisotropies.

To quantify the level of these anisotropies on needs to compute the two-point function
h⇢GW (~x) ⇢GW (~y)i. This correlator depends one space only through its dependence on |~x � ~y|

as a consequence of statistical isotropy and homogeneity.
In computing

⌦
⇢
2
GW

↵
we need to evaluate the correlator

⌦
⇣
8
↵
. The resulting contractions

are given in Eq. (B.2). The first line of that equation represents the case in which all the ⇣s
emerging from the same ⇢ are contracted among each other. This gives rise to the disconnect
diagram shown in Figure 1, which is evaluated to

h⇢GW (~x) ⇢GW (~y)i
���
disconnected

= h⇢GWi
2
, (2.9)

which is homogeneous.
The other lines of Eq. (B.2) are represented by the di↵erent topologies of connected

diagrams shown in Figure 5. As we show in Appendix B these contributions are completely
negligible at the distances |~x � ~y| of our interests. Our goal is to compute the large scale
anisotropies in the GW energies arriving on Earth. The angular anisotropies (unless we go
to extremely large multipoles `) are obtained by comparing the energy density from points

5This expression is valid during radiation domination; we see that it is costant, and independent of the
normalization of the scale factor.
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Figure 1. Feynman diagram for the disconnected terms in the energy density two-point function.
The double lines identify the energy density field, the straight lines identify the gravitational waves
and the wiggle lines identify the curvature field.
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We note that the result (2.7) for the one-point expectation value of the GW energy density is
independent of position. This follows from statistical homogeneity of the FLRW background
universe (at the technical level, it is due to the fact that the contraction of the four ⇣ operators
in Eq. (2.2) forces ~k1 + ~k2 = 0). However, one does not expect that the sourced GW are
perfectly homogeneous across the universe. As a consequence, the SGWB reaching us from
di↵erent directions will present some angular anisotropies.

To quantify the level of these anisotropies on needs to compute the two-point function
h⇢GW (~x) ⇢GW (~y)i. This correlator depends one space only through its dependence on |~x � ~y|

as a consequence of statistical isotropy and homogeneity.
In computing

⌦
⇢
2
GW

↵
we need to evaluate the correlator

⌦
⇣
8
↵
. The resulting contractions

are given in Eq. (B.2). The first line of that equation represents the case in which all the ⇣s
emerging from the same ⇢ are contracted among each other. This gives rise to the disconnect
diagram shown in Figure 1, which is evaluated to

h⇢GW (~x) ⇢GW (~y)i
���
disconnected

= h⇢GWi
2
, (2.9)

which is homogeneous.
The other lines of Eq. (B.2) are represented by the di↵erent topologies of connected

diagrams shown in Figure 5. As we show in Appendix B these contributions are completely
negligible at the distances |~x � ~y| of our interests. Our goal is to compute the large scale
anisotropies in the GW energies arriving on Earth. The angular anisotropies (unless we go
to extremely large multipoles `) are obtained by comparing the energy density from points

5This expression is valid during radiation domination; we see that it is costant, and independent of the
normalization of the scale factor.
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Z
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k
Pin (f, k) j2` (k t0)

f ⇠ mHz observed GW frequency

k ⇠ H0 ⇠ (10billion yrs)�1 scale of anisotropies

Power in initial condition. Can depend on f - di↵erent from CMB, where

C` do not depend on f (initial thermal state)

C`,S + C`,T
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⇥
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to propagation, induced by the non-Gaussianity of ⇣L. At large scales
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Figure 4. Contour plot of
q

`(` + 1)Ĉ`(k⇤)/2⇡ in the region permitted by the constraints of
Planck on fPBH and fNL for the choice of a Dirac delta and gaussian power spectrum of the short
modes, respectively. The peak frequency has been chosen to correspond to MPBH = 10�12

M�. The
dot-dashed lines identify the corresponding GWs abundance.

generation of GWs at second-order in perturbation theory. In particular, it turns out that for
PBHs of masses around 10�12

M�, which can still play the role of dark matter in its totality,
the frequency of the GWs is located in the mHz range where the LISA mission happens to
have the maximum sensitivity. In the positive case of a detection of the SGWB, the next
step will be to identify the source and therefore any characterisation of the background will
be extremely useful. In this sense, its anisotropies will bring important information.

In this paper we have studied in detail the strength of the GW anisotropies associated
to the production of the PBHs. There are two contributions to the anisotropy, the first one
is created at the generation epoch and the second one is due to the propagation e↵ects from
the time of production down to the detection time. In order to have the first source on large
scales a non-vanishing local non-Gaussianity must be present in the curvature perturbation in
order to create a cross-talk between the PBH short wavelengths and the large scales at which
the anisotropies are tested. At the same time, the amount of primordial non-Gaussianity is
constrained by not generating a too large isocurvature perturbations in the case in which
PBHs compose a sizeable fraction of the dark matter.

Our results are summarised in Fig. 4 out of which we conclude that the typical anisotropies
are of the order of ⇣L ⇠ 10�4. Correspondingly, the reduced bispectrum is of the order of
⇣
2
L ⇠ 10�8. Our findings show also that, if the PBHs compose a large fraction of the dark

matter, the SGWB must be highly isotropic and Gaussian, up to propagation e↵ects. A
large amount of anisotropy and non-Gaussianity would imply, within our mechanism, a PBH
population well below the measured dark matter abundance.

The next step is of course understanding if such small anisotropies can be detected by
the current and future experiments and, if so, at which angular resolution [61]. In particular,
for a SGWB of cosmological origin only anisotropies at low multipoles, ` . 10, can be
resolved. To resolve the angular features of the SGWB at larger multipoles, a gravitational
wave telescope characterised by a ⇠ AU e↵ective baseline seems to represent the best option
[61].
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SHD Results
Max SNR (% p-value) Upper limit range (10�9)

↵ ⌦GW H(f) HL(O3) HV(O3) LV(O3) O1+O2+O3 (HLV) O1+O2+O3 (HLV) O1 + O2 (HL)
0 constant / f

�3 1.6 (78) 2.1 (40) 1.5 (83) 2.2 (43) 3.2–9.3 7.8–29
2/3 / f

2/3 / f
�7/3 3.0 (13) 3.9 (0.98) 1.9 (82) 2.9 (18) 2.4–9.3 6.4–25

3 / f
3 constant 3.9 (12) 4.0 (10) 3.9 (11) 3.2 (60) 0.57–3.4 1.9–11

TABLE II. We present the maximum SNR across all sky positions with its estimated p-value for the three separate baselines
in the O3 observing as well as all three observing runs combined. We also present the range of the 95% upper limits on the
normalized gravitational-wave energy density ⌦↵(⇥)[sr�1] after combining data from LIGO-Virgo’s three observing runs. Note
that for both the p-values and the upper limits, Virgo-related baselines are incorporated only for O3. The median improvement
across the sky compared to limits set by the O1+O2 analysis is 2.9� 3.3 for the SHD search, depending on ↵.

↵ = 0 ↵ = 2/3 ↵ = 3

SNR

UL

FIG. 3. Top row: SNR maps from the SHD search for extended sources. Bottom row: sky maps representing 95% upper limit
on the normalized gravitational-wave energy density ⌦↵(⇥)[sr�1]. Both sets of maps, presented in equatorial coordinate system,
are derived by combining all three observing runs of LIGO-Virgo data (Virgo was incorporated only for O3). ↵ = 0, 2/3, and
3 are represented from left to right.

FIG. 4. 95% upper limits on C` for di↵erent ↵ using combined
O1+O2+O3 data.

from di↵erent directions on the sky, and on the median
strain amplitude from possible sources in the directions of
Scorpius X-1, the Galactic Center, and SN 1987A. These
limits improve upon previous similar results by factors
of 2.0 � 3.5. We attribute this improvement partly to
observing for twice as long as before, ⇠

p
2, and partly

to the improvement in the LIGO detector sensitivities.
As mentioned in Sec. IVA, the inclusion of the Virgo de-
tector only marginally improves the upper limits due to
its higher noise level compared to the LIGO detectors.
However, we expect the Virgo detector to improve its
noise performance in the next observing runs [98]. Fur-
thermore, as noted in Sec. IVB, the addition of Virgo
detector to the detector network acts as a natural regu-
larizer in the SHD analysis and would enable us to probe
finer structures in the gravitational-wave sky maps. Cur-
rently we use flat, positive priors for the estimators P̂µ

and in future analyses we plan to use more informative
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Figure 9: Estimated LISA sensitivity to a given multipole ` of the SGWB, for multipoles

up to ` = 10. Even (odd) multipoles are shown with solid (dashed) lines. The sensitivity is

obtained by optimally summing over the LISA channels, see Eqs. (4.42) and (4.43).
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n⌦(f) =
d ln ⌦0

GW
(f)

d ln f
, (4.49)

↵⌦(f) =
d n⌦(f)

d ln f
. (4.50)

– 39 –

Figure 9: Estimated LISA sensitivity to a given multipole ` of the SGWB, for multipoles

up to ` = 10. Even (odd) multipoles are shown with solid (dashed) lines. The sensitivity is

obtained by optimally summing over the LISA channels, see Eqs. (4.42) and (4.43).

The functions of frequency M , Q, D, control respectively the contributions of kinematic

e↵ects to the monopole, dipole, and quadrupole of GW energy density in the detector

frame. They read

M(f) =
�2

6
(8 + n⌦ (n⌦ � 6) + ↵⌦) , (4.46)

D(f) = � (4 � n⌦) , (4.47)

Q(f) = �2

✓
10 � 9n⌦

2
+

n2

⌦

2
+

↵⌦

2

◆
. (4.48)

In analogy with CMB literature, we introduce the SGWB spectral tilts

n⌦(f) =
d ln ⌦0

GW
(f)

d ln f
, (4.49)

↵⌦(f) =
d n⌦(f)

d ln f
. (4.50)

– 39 –



Measurement of the SGWB

Current LIGO bounds

• Net Polarization ⌦GW,�

• Statistics
⌦
⌦n

GW

↵

• Directionality ⌦GW (~x)

Measurement of GW polarization

Assume ⌦GW = ⌦↵

⇣
f

100Hz

⌘↵

and ⌦GW,R = 0

Amplitude needed to detect ⌦GW

and exclude ⌦GW,R = ⌦GW,L at 2�

Crowder, Namba, Mandic, Mukohyama, MP ’12

−3 −2 −1 0 1 2 3
10−16

10−14

10−12

10−10

10−8

1
_

_

 

 

2nd Gen. H1−L1
2nd Gen. H1−L1−V1−K1
3rd Gen.

Measurement of the SGWB

Current LIGO bounds

Measurement of a net polarization

Assume ⌦GW = ⌦↵

⇣
f

100Hz

⌘↵

and ⌦GW,R = 0

Amplitude needed to detect ⌦GW

and exclude ⌦GW,R = ⌦GW,L at 2�

Crowder, Namba, Mandic, Mukohyama, MP ’12

Measurement of the SGWB

Current LIGO bounds

Measurement of a net polarization

Assume ⌦GW = ⌦↵

⇣
f

100Hz

⌘↵

and ⌦GW,R = 0

Amplitude needed to detect ⌦GW

and exclude ⌦GW,R = ⌦GW,L at 2�

Crowder, Namba, Mandic, Mukohyama, MP ’12

Measurement of the SGWB

Current LIGO bounds

Measurement of a net polarization

Assume ⌦GW = ⌦↵

⇣
f

100Hz

⌘↵

and ⌦GW,R = 0

Amplitude needed to detect ⌦GW

and exclude ⌦GW,R = ⌦GW,L at 2�

Measurement of the SGWB

Current LIGO bounds

• Net Polarization ⌦GW,�

• Statistics
⌦
⌦n

GW

↵

• Directionality ⌦GW (~x)

Measurement of GW polarization

Assume ⌦GW,L = ⌦↵

⇣
f

100Hz

⌘↵

and ⌦GW,R = 0

Amplitude needed to detect ⌦GW

and exclude ⌦GW,R = ⌦GW,L at 2�

Crowder, Namba, Mandic, Mukohyama, MP ’12

Circular Polarization and the Cosmic Dipole

hL hR

Circular Polarization and the Cosmic Dipole

hL hR

Net circular polarization and the cosmological dipole
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• Do the GW and the CMB dipole coincide ?
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• As in all mechanisms of GW from inflation,

the key di�culty is to produce observable GW

without overproducing density perturbations

• For a monomial V (�), PBH bounds prevent GW from being observable

• Chiral GW production A+A+ ! hL at interferometer scales

Cook, Sorbo ’11; Barnaby, Pajer, MP ’11; Domcke, Pieroni, Binétruy ’16

• In chaotic inflation, PBH bound (if accurate) prevents GW from being
observable.

Linde, Mooij, Pajer ’13
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• In chaotic inflation, PBH bound prevents GW from being observable

Linde, Mooij, Pajer ’12

PBH bounds at LISA scales do not prevent GW from being seen at LISA
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• In chaotic inflation, PBH bound (if computation of ⇣ is accurate)

prevents GW from being observable.

Linde, Mooij, Pajer ’13

• PBH at N ⇠ 10. GW (particularly LISA) probe 6= scales

• In relating N ' 10 with N ' 25, a given V (�) must be assumed.

Do PBH bounds at the LISA scales prevent GW to be seen at LISA ?

Garcia-Bellido, MP, Unal ’16
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Naturally blue signals in axion inflation

Back to production from inflaton

Recall A+ / e⇡⇠ , ⇠ =
�̇

2fH
/

p
✏

• GW at interferometers

Cook, Sorbo ’12; Barnaby, Pajer, MP ’12

Domcke, Pieroni, Binétruy ’16

• PBH

Linde, Mooij, Pajer ’12; Bugaev, Klimai ’13

Garcia-Bellido, MP, Unal ’16, ’17

GW in CMB limited by scalar non-G, GW at interferometers limited by

⇣ ! PBH.

(1) Highly model dependent, due to / e�̇

(2) uncertain ⇣ statistics in strong backreaction rergime

WEAK STRONG
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Dall’Agata, González-Mart́ın, Papageorgiou, MP ’19

AS

�N ⇠ 5

• Oscillatory behaviour from simplified (homogeneous �) numerical solu-
tions

Cheng, Lee, Ng ’15; Notari, Tywoniuk ’16;
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violation of these assumptions invalidates the perturba-
tion theory approach and requires nonlinear tools, such
as presented in this paper.

II. LATTICE SIMULATION

Our simulation is based on the methodology developed
in Ref. [55, 56], to which we refer for details. We dis-
cretize the classical equations of motion in real space. We
choose to work in the Lorenz gauge @

µ
Aµ = 0, in which

the equations read [48]:

�
00 + 2H�

0 � @j@j�+ a
2 @V

@�
= �a

2 ↵

4f
Fµ⌫ F̃
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,
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↵

f
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A
00
i � @j@jAi =

↵

f
✏ijk�

0
@jAk � ↵

f
✏ijk@j�(A

0
k � @kA0),

(4)

where i, j, k 2 {1, 2, 3} and the prime denotes deriva-
tives with respect to conformal time. The scale factor in
eq. (4) is evolved self-consistently with the second Fried-
mann equation. As commonly done in the literature [15–
18, 57–60], we neglect the role of metric perturbations.
This assumption relies on the decoupling argument which
states that the field dynamics of models characterized by
large non-Gaussianity is expected to be decoupled from
the gravitational sector [61].

To solve this system of equations, we associate field val-
ues �n1,n2,n3 and Aµ,n1,n2,n3 to the N

3 points of a peri-
odic cubic lattice with comoving volume L3. After defin-
ing a discretization scheme for the spatial derivatives1,
eq. (4) constitute a set of second order coupled di↵erential
equations that we solve numerically with a Runge-Kutta
4th order integrator. We start the simulation when the
lattice box size satisfies L . 1/(aH), so that the fields
are approximately in their Bunch-Davies vacuum state
at the beginning of the simulation. Note that we are not
enforcing the gauge condition @

µ
Aµ = 0 on the lattice.

For this reason, we need to check by hand that @
µ
Aµ

vanishes with su�cient precision throughout the evolu-
tion. We find that the dimensionless gauge constraint

@
µ
Aµ/

qP
⇢ |@⇢A⇢|2 is always smaller than 3⇥ 10�4 for

all the simulation runs shown below.

III. NEGLIGIBLE BACKREACTION

We show the results of the simulation starting from
the case when backreaction is negligible (see eq. (3)), and

1 See Ref. [56] for details on our discretization procedure, which
allows to consistently define the comoving momenta of the sim-
ulations k appearing in figs. 2 and 5.

⇠

Ne Ne

FIG. 1. Time evolution of the ⇠ parameter as a function of the
number of e-folds Ne, in the case of negligible backreaction
(left) and strong backreaction (right).

compare them to the known analytical results. We as-
sume a monodromy potential for the inflaton [62] V (�) =
1
2m

2
�
2 with m = 0.51 · 10�5. The system is initiated far

from the end of inflation by setting � = �14.5. We run
a simulation with N

3 = 2563 points and comoving size
L = 2/m. We evolve the system for Ne = 6 e-folds, which
makes the simulation box satisfy L � 1/(aH) at the end
of the simulation. For this run, we set the gauge coupling
↵/f = 42, which is excluded by CMB observations but
allows us to better compare the results of the simulation
with the existing analytical estimates. Below we consider
a more realistic value of the coupling. In the left panel of
fig. 1 we show the value of ⇠ during this simulation, which
monotonically grows following the slow-roll trajectory.
In the upper panel of fig. 2 we show the power spectrum

of the comoving curvature perturbation ⇣ ⌘ ���H/�̇

at di↵erent times during the simulation. We com-
pare the final power spectrum with eq. (2), which is
shown as a shaded region as ⇠ varies during the evo-
lution. The black dashed lines delimiting this region
are computed using the initial and final values of ⇠.
In the bottom panel of fig. 2 we show the bispectrum
B⇣(k) ⌘ h⇣(~k1)⇣(~k2)⇣⇤(~k1 + ~k2)i on equilateral configu-

rations k ⌘ |~k1| = |~k2| = |~k1 + ~k2| at the final time, and
compare it to the analytical estimate of Ref. [17]. We
find that both the bispectrum and the power spectrum
are in agreement with the analytical estimates. Note that
for the largest modes there is a drop in the lattice spec-
tra, which is unphysical and it is caused by the lattice
UV cuto↵.
Thanks to the lattice approach, we have access to the

curvature perturbation in real space. In the left panel of
fig. 3 we show the normalized histograms of the values
of ⇣ across the N

3 points at di↵erent times during the
simulation. We find that non-Gaussianity manifests as a
pronounced tail in the distribution of ⇣. To quantify non-
Gaussianity, we compute the cumulants of the one-point
probability density function [63]:

3 =
h⇣3i
�3

, 4 =
h⇣4i � 3�4

�4
, 5 =

h⇣5i � 10h⇣3i�2

�5
,

(5)
which we normalized by powers of �

2 = h⇣2i to make
them dimensionless. In the right panel of fig. 3 we show
the evolution of the cumulants during the simulation. We
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allows us to better compare the results of the simulation
with the existing analytical estimates. Below we consider
a more realistic value of the coupling. In the left panel of
fig. 1 we show the value of ⇠ during this simulation, which
monotonically grows following the slow-roll trajectory.
In the upper panel of fig. 2 we show the power spectrum

of the comoving curvature perturbation ⇣ ⌘ ���H/�̇

at di↵erent times during the simulation. We com-
pare the final power spectrum with eq. (2), which is
shown as a shaded region as ⇠ varies during the evo-
lution. The black dashed lines delimiting this region
are computed using the initial and final values of ⇠.
In the bottom panel of fig. 2 we show the bispectrum
B⇣(k) ⌘ h⇣(~k1)⇣(~k2)⇣⇤(~k1 + ~k2)i on equilateral configu-

rations k ⌘ |~k1| = |~k2| = |~k1 + ~k2| at the final time, and
compare it to the analytical estimate of Ref. [17]. We
find that both the bispectrum and the power spectrum
are in agreement with the analytical estimates. Note that
for the largest modes there is a drop in the lattice spec-
tra, which is unphysical and it is caused by the lattice
UV cuto↵.
Thanks to the lattice approach, we have access to the

curvature perturbation in real space. In the left panel of
fig. 3 we show the normalized histograms of the values
of ⇣ across the N

3 points at di↵erent times during the
simulation. We find that non-Gaussianity manifests as a
pronounced tail in the distribution of ⇣. To quantify non-
Gaussianity, we compute the cumulants of the one-point
probability density function [63]:

3 =
h⇣3i
�3

, 4 =
h⇣4i � 3�4

�4
, 5 =

h⇣5i � 10h⇣3i�2

�5
,

(5)
which we normalized by powers of �

2 = h⇣2i to make
them dimensionless. In the right panel of fig. 3 we show
the evolution of the cumulants during the simulation. We
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Dall’Agata, González-Mart́ın, Papageorgiou, MP ’19

AS

�N ⇠ 5

• Confirmed by full lattice simulation � (t, ~x) , A
µ (t, ~x)

Caravano, Komatsu, Lozanov, Weller ’22

• Interpreted as delayed e↵ect between the moment the gauge

quanta are produced and the moment they backreact on � (t).

Domcke, Guidetti, Welling, Westphal ’20

• Oscillatory behaviour from simplified (homogeneous �) numerical solu-
tions

Cheng, Lee, Ng ’15; Notari, Tywoniuk ’16;
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f
��

0

Formally solve for �A as a function of ��
0

�A (⌧, k) =
↵ k

f

Z
⌧

d⌧
0
Gk

�
⌧, ⌧

0
�
Ā
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Ā

�
⌧
0
, k

�
��

0
�
⌧
0
�

,

• Insert solution in 1st eq ! integro-di↵erential eq for ��

• Analytical study: � (t) = �̄ (t) + �� (t) , A
µ
�
t,~k

�
= Ā
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f
��

0

• Formally solve 2nd eq for �A as a function of ��
0

�A (⌧, k) =
↵ k

f

Z
⌧

d⌧
0
Gk

�
⌧, ⌧

0
�
Ā
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