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The Molecular Schrodinger
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Only 2 Laws
1. Coulomb Law
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2. Kinetic Energy
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The Molecular Hamiltonian

The Hamiltonian in first quantization:
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Introduce a complete one-particle basis {p} and write the second-quantization version:

_ . 1
H=Vyy+ Z (p|hlq) E} + > Z (pqlrs{EZE} — 8,4E;}

pq =hpq pgrs

h g

Eg = qip, + q}pﬁ Replacement operator (generator of unitary group)

hyy = fp(x)ft (x)q(x)dx 1-electron Integrals x; = (r;,0;)

Gpars = (pqlrs) = f f (xl)q(xar(xz)s(xz)

ry— 1]

dxidx, 2-electron Integrals



Ansatz: The Hartree-Fock Method

The Hartree-Fock (HF) method is obtain by using the Variational principle with an Ansatz ffor
a non-interacting N-particle wavefunction (,,independent particle model®)

Y = simple product of one-electron functions.

Satisfy the Pauli principle — ,Slater determinant”

P1(x)  Pilxz) - Pi(ay)
lpz(.x1) lpz(.xz) lpz(.xN)

lletxl) I/JNtxz) le(.xN)

Wyur(xq, .. Xy) =

1
VNI

~Auxiliary“ one-electron functions = ,orbitals®. They are the objects to be varied.

Variation under orthonormality constraint = Hartree-Fock equations

Y; = occupied spin orbitals (i =1..N)

Y, = unoccpied spin orbitals (a = N + 1..0)



Hartree-Fock Equations

N

P (x) = g;(x)

( A
R +) (10®)-(O1i®)
\one—electron j Coulomb Exchange )

Fock—Operator F

Foq = (pIF1q) = hpq + z Ujlrg) — Upliq)

j Coulomb  Exchange

Convention: L,J,K,| = occupied orbitals (in reference determinant)

a,b,c,d = unoccupied orbitals (in reference determinant)

P,q,r,S= general orbitals

SCF-condition: Fg ; =0

= Tedious, but standard methodology



Interpretation of the Hartree-Fock Model

Each electron moves in the field created by the nuclei and the average field
created by the other electrons (,mean field model“) - this also called the
,Hartree-Fock sea“ or "Fermi vacuum"”



How Good is Hartree-Fock Theory?

Consider a Hartree-Fock calculation on the Neon atom (10 electrons)

Exact HF Energy : -128.547 Eh
Exact Experimental Energy : -129.056 Eh
(NOTE: exact experimental energy= sum of the ten ionization potentials)

Good News: HF recovers 99.6% of the exact energy (after subtraction of relativistic
effects ~99.8%)

Bad News: The conversion factors work against us!

1 Eh = 27.21 eVv
1l eV = 23.06 kcal/mol
= 8065 cm-1

0.2% = 319 kcal/mol error! In chemistry one aims at 1 kcal/mol accuracy.
= Accurate quantum chemsitry is the struggle for the last 0.2%

Correlation Energy: E; = E g0t — Eyr (< 0)



BSeyond Hartree-Fock: The

—xact Solution

Introduce a multideterminantal Ansatz and use the variational principle.

Let us assume that we have a complete set of N-electron expansion functions {®}

available. Then the exact wavefunction can be written as:
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Variational Principle

E[C] =

<\IJ|H|\I!> pes J< yH|c1>>

(wlw)  30,00,(2, ]

)

HC = ESC

I

HJ:<<I>I\H\<I>J>
Sy :<(I)1 |(I)J>

9E _ 4 (forall K)
oC

K

DONE!
The lowest Eigenvalue is
the exact solution



What are the Expansion Functions?

Replace, 1,2,...N spin-orbitals at the time in the HF determinant (Full-Cl Expansion):

3!

U=C® +)» C'O + (L) CIO¥ +(L)? )Y CFd" +..+

ab ™ 1y abc — yk

1jab 17kabc

Singles Doubles Triples

(n — fold exc.)

Excited Determinants:

P, =0t ---%-'-%\
(I)? — % ---% ---% ---% ---TPN‘ orthonormal: S=1.
O =i b b b ‘
] wl wa wb w"? wN Note:if any two upper or any two lower
(I)abc . indiCQS ellreleqLﬂaI the determinant is zero!
ik ¢1 ...wa wb ?pc wN‘ (Pauli principle!)

Permutation Symmetry:

ab . Fba . Feb __ Fba
P! = " = - =P

Y

Yo g Y i
Cab o Cba o Ca,b o Cba




Components of the Exact Energy

Exact Energy =

“Mean Field” Instantaneous electron-

Hartree-Fock electron interaction

Correlation energy= 14, z SI,I,(T 1+ 8/](1 1)
'j Electron palrs  permi-Correlation Coulomb-correlation
/ 7

Relatively easy due to Extremely hard to

“Fermi hole” in the calculate due to
mean-field interelectronic cusp at

the coalescence point




Orbital Energy
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Size of the Full-Cl Matrix

Let us determine how many terms we have in the expansion if we assume N
occupied and V=M-N (M=size of the basis) virtual HF orbitals at our disposal. For

excitation level n:

Number of ways to choose n out of N electrons to be excited: v
UL

( \
Number of ways to choose n out of V acceptor orbitals (virtual): V
n

Combine the two and sum over all excitation levels n up to N:

v YN (M — N)!
Ndet(FCI)Z[ ) ][ ", ]Zn!(Nn)!n!(MNn)![

= =

n=1 n n n=1

Using Stirling‘s formula: k!~ Kryom + 1 exp(—k)

[ v ]ﬂ/(zwﬂ)fﬂvf(MN)[MNN]N[ﬂ/wN]M




Full Cl: An Example

| Example: N=10, M=50
Number of Determinants

400
35100
1185600

19191900
16581806
806059800

2237227200
3460710825
2734388800

847660528

10272278170 ~ 1010

MISoo~Nooswn = |5

ll::> The size of the full Cl matrix is HUGE even for moderately sized systems!
|l:> About 1010 |S DOABLE today. Beyond that there are approximation (e.g. Project C2)



Accurate Solutions
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insurmountably higher than that of the earher W3 theory, while performance is markedly superior.
Our W4 atomization energies for a number of key species are in excellent agreement (better than
0.1 kcal/mol on average, 95% confidence intervals narrower than 1 kJ/mol) with the latest
experlmental data obtained from Active Thermochemical Tables. Lower-cost variants are proposed:

.. meaning the (non-relativistic) Schrédinger equation is solved to an accuracy of 0.0001
Eh which is ~99.9999% or ~1 part in 108!

.. For really small systems (1-6 electrons), we can today reach ,crazy accuracy®, e.g.
Nakatsuji calculated the Ho- ground state energy to be -0.597 139 063 123 405 074 834
134 096 025 974 142 a.u. (36 significant digits!)

Nakatsuji, JCP 113, 2949 (2000); Nakatsuji, Davidson, JCP 115, 2000 (2001).



Decomposition of the Exact Correlation Energy

Start from the Schrdédinger equation ﬁBO\IJ = EWV

Insert the full Cl expansion

(@ + SO+ () S CL0 4.0 = BC, @, + 007 + (50107 +

ijab jab

Multiply with the HF function from the left:
(@ | By | @) +25C (@ | HBO @)+ Zoab< A, )

1jab

By F. =0 (Brillouin) <z‘jliab>
= B|(®, | ®y )+ 300 (@ | B7) + ZC“b< L)
\ Y / 1a \ v yjab v /
1 0 0

(Nesbet‘s theorem)

corr

Thus: oM <’ij | ab> |

1jab

If we know the precise values of the double excitation coefficients we know
the EXACT correlation energy! It is a sum of PAIR CORRELATION ENERGIES




Truncated Wavefunction Approximation

We have so far used two key ingredients

1. The Variational Principle
2. The Expansion of the many particle wavefunction starting from HF

We saw that the double excitation are particularly important.

= Try a truncated wavefunction together with the variational principle

1 -
qJCID — LIJHF + ZZ Ccll]bq)f’b
ijab

Let us use a model system (minimal basis Hy) to study this approximation



Point of Departure: Minmal Basis Ho

For a single minimal basis H, molecule the CID matrix is:

H[O 14 A:<\IJD‘[_"T|\IJD>_<\IJHF‘}I|\PHF> °
VoA V=(0,|H|V,) { } o
With the lowest eigenvalue: Ground state of the
minimal basis H,
P, =4{a- )

= Great, this is Full-Cl. Now try 2 non-interacting H2's and we should get twice this

However, for N noninteracting H2 molecules CID gives:

0

E = g(A—\/AQ +4NV2)

Which is NOT size consistent = Go to N=2 and study what is missing from CID.



Obviously, one step beyond CID is to include higher excitations. In the minimal
basis 2x H, model system this would be a ,,simultaneous pair excitation® in

which both H,'s are put in their excited state.

6 — — " —H——s o\— o,
ﬂ-ﬂ— — e, o H—o,

D) |Dy)

Matrix-elements:

DA > < B> = <O‘I:I‘O> + A  Diagonal doubles
Q > — <0‘ >+ 2A Diagonal quadruple
DB> <06 *> =} Doubles/ground state

O\H Q> =0 Quadruple/ground state

/\/\/O\/\/\
T
S
b
~——
I
—

> Quadruple/doubles
=Doubles/ground state!

6, —o

o, —0O

A B

0)=|D, +D,)



In order to solve the problem we form again the symmetry adapted linear
combination of the two doubles: \D>=ﬁ(IDA>+\DB>)

The variational principle leads us then to the Cl matrix (the configurations are in the

order [0>, D>, |Q>): (
0 2V 0

H=| o A ov

0 2 o2A

The lowest root is (without proof):

E,=A—~NN +41°

II:> This is twice the energy of a single H,. Thus, the inclusion of the
quadruple excitation restores the size consistency!

Furthermore: [~
CQ = 27 C, :L(Jf)
E-2A 2C,
%/_J
Cp/2C,

For noninteracting subsystems, the coefficients of the quadruples are
exactly products of doubles coefficients!



Conclusions and Generalizations

We had 3 key results in studying the 2xH, problem:

1.
2.

Inclusion of the simultaneous pair excitation exactly restores the size consistency.
The product of the simultaneous pair excitation was exactly proportional to the square
of the coefficients of the double excitations (as predicted less rigorously but more
generally by perturbation theory).

The matrix elements of the quadruple excitation with the doubles was equal to the
matrix elements of the doubles with the ground state. Both sets of determinants differ

by a double substitution from each other.

Now we want to generalize these findings and restart from the full-Cl equations
which are written in intermediate normalization (we neglect odd excitations at the
moment):

W) =Wy )+ Wy )+ | ¥y )+



Approximation 1: Statistically Uncorrelated Excitations

Cl-Equations: (W, [H|Wy, +¥, +¥, +..) = E(¥, ¥, + ¥, + ¥, +...

N

H|Y,)

(Wy |H| Wy )+ (P

EC,

Approximate the quadruples as a product pf"aoubles (,disconnected quadruples®):

Approximation 1: ‘\PQ> = %2 CXCYEXEY \yo> W, )= ; Cy ﬁX ‘EJHF}
Xy \ \ J
s Wy.r) ¥x)

compound label X=(ij,ab)

N

H LI..’Y+Z> ESXY<LPX ‘ﬁ‘\PX+Z>+8XZ<\PX

N

H LPY+X>

Approximation 2: <‘PX
Fully disjointed excitations: — 0., <\Ifo | H | \IJZ> +0,, <\IJO | H | \IJY>

Problem: If X+Z or Y+Z share common labels, the excitation is not possible (Exclusion
principle violating terms)



Approximate Full-Cl Equations

(v, [H]0,)= izjcyoz {% (0, [ H|v,)+6,, (v, |H] \IJY>}
= O S0 (U | H )
= XZO< rﬂm >C (v, |H|, )

_ (B, €A

Beautiful simplification of the full-Cl equation:

FEzclusion Pr incz’ple Violating Terms

(U [ H |, )+ (U B )+ (U [H |, )=C\ (B, +E

607’7’)

A

~ (U [ H |0 )+ (O, [H W) +C (B, — A =C(B,, +E

X corr corr )

A

[: (U [H W, )+ (T, [H|W,)=C (B, +A0") j

(Coupled-Electron Pair Approximation, CEPA): Cl problem with a shifted diagonal



Drop the Crude Approximations

X = (ijab) - .

Y = (kicd) (Py |H|¥, )= 1Y, Y CilCo, (W, |H Wi )
Z _ (mnef) I]:> A klcd mnef )

X = (i) (P |A1W,) =Y Y cics, (v |H| W)

y _ (kC) kc mnef

But it is more elegant to write that in terms of the C-operators, giving:

(¥, |A]¥,)= (¥ | gézézqf0>
(W, |A]w, )= (¥ A C.C%, )

Thus, the "Quadratic Cl Singles + Doubles" (QCISD) equations for the energy
and the determination of the coefficients:

Bocso = (Vi | Hy | ¥) = By + 3 F,C 413 (i | ab)C
1 ya

E C' = <qf |H 0+C +C +CC)] ‘PHF>

B, Co=(|H,1+C +C,+1C,C)|v,,)




From QCISD to the full Coupled Cluster Hierarchy

Coupled Cluster Theory Incorporates excitation products from the beginning:

|Wee) = exp(T)[Wo) = exp (ZH + T + T3 +- ) |¥o)

T

1 1
= (14 T+ T2+ 1T% + - ) |%,)

T, = 2 tlati

La
ES U
2 — 4 ab ]l
ijab

1 jk .
T3 = o= 2 t - atbtctkji
ijab

Cl theory: CI coefficients c of the single, double, triple,... excitations

CC theory: ,cluster amplitudes® t for the single, double, triple,... excitation operators.



Coupled Cluster versus Cl

|Wrer) = (1 + C)|Wo) = exp(T)|¥y)
Cl cc

Connection of Cl and CC
C]_ — T]_

Cz — %le + T2
C3 —_ %T]_B —+ T]_Tz ~+ T3

Co=5. Tt + T + TET, + Ty T3 + T,

Model Parameters Effort
CCD ol P O(N9%) O(NS) \
CCSD T4+, ON) O(N®) CC is size consistent
CCSD(T) : T4+T, +(T5) O(N9) O(N7) > at any truncation level!
CCSDT : T,+T,+T, O(N6) ONS) Clis not
CCSDTQ: T{+T,+T5+T, O(NB) O(N19)
J




Convergence of the CC Hierarchy vs CI

Deviation from full-Cl (CO molecule, cc-pVDZ basis, frozen core) in mE,, for Cl and CC

models with various excitation levels:

Cl CC
SD 30.804 12.120
SDT 21.718 1.011a
SDTQ 1.775 0.061
SDTQP 0.559 0.008
SDTQPH 0.035 0.002

a: 1.47 mkg,, for CCSD(T)

For a given excitation level, the CC models are at least one order of
magnitude more accurate than Cl models (which becomes even more
significant for larger molecules)!

source: Gauss, J.; Lecture notes for ,Coupled Cluster Theory“, Workshop, Mariapfarr, Austria, 2004.



—nergy and Amplitude Determination

v Variational principle:
E = (‘P|ﬁ|qj) _ (‘P0|(3T)+ﬁeT|lPo)
(P|¥) (Wol(eT) el W)

= Hopeless idea - the expansion does not terminate and the resulting equations are
just to complex to be soluble.

v Projection:

H|¥) = E|¥P)

= ﬁ3T|LPo) = EeTHJo)

(LPO ‘FieT |‘PO) =F Energy equation

(LIJX|F7eT\lPO) = Oy = 0 Amplitude equations




Linked Form of Coupled Cluster Equations

Baker-Campbell-Haussdorff Expansion:
ra T 606 1rna 1 [r~ 1 ~ ‘
e "He" = +[A,7]+|[A,7].7| + i"[H,T],T],T] o "[H,T],T],T],T
Since both H and T are expressed in second quantization, the terms are of the form:
[g*pstr,bTja*i] =0
Unless, there is at least one coincidence among p,q.,r,s and i,j,a,b

This leads to rewriting

[H,T] = (H»T)C + (ﬁ:T)D — (T, ﬁ)c - (T, ﬁ)D = (H, T)C "Connected expansion™

=0 HT = (ﬁ,T)(7 + (A, T)D



Graphical Evaluation of Energy Expression

The connected expansion allows one to use powerful graphical techniques for matrix
element evaluation

(Wole THeT |Wo) = (¥, |(HeT) |Wo) =E

(l'Ijxle_TﬁeTllpo) = (LIJX (ﬁeT)C l'I"()) =0

T o 0

1 T
F=Eur+ ) Futh+7 ) (llab)(2tit) + ¢,
ia ijab




Graphical Evaluation of the Amplitude Equations

. b aly b
J
d
: - ) o
> ) (illlcd)ekied ~FPap ) (Klllcd)etic) catap

klcd klcd

(2 equivalent diagrams each having the
prefactor 1/4)

CCD Equations:

At = (ij||ab) + u7, + v
1 1 -
ul = EZ(abllcd)té{i + zZ<ij||kl)t{,:;, — P,;Pu Z(kb”ic)tf{:
cd kl kc

v, = PyPay ) (elllcd)eifel, +5 ) llled)elbelh — Py ) (killed)elietd, — Pay ) (klllcdetied,

klcd klcd klcd klcd

= Up to CCSD(T), maybe CCSDT, doable by hand,
= Higher-order CC equations derived and implemented by Automatic Code Generation
(Project A2)



Practical Implementation
For example: aé]l; «— Z(kbnic)tﬂ
kc

Write as matrices: (kb||ic) = (kblic) — (kb|ci) = (ki|bc) — (kc|bi)

= (lki)bc - (Kki)cb
csl = (¢9)

Sigma-vector contribution:
od) « (kbllicyel = {(J*),. — (K<), }(£9),,
— [tk] (]ki+ _ Kki)]ab
Efficient storage using internal indices as "slow" indices

> Efficient contraction as matrix multiplications using BLAS level 3 operations

>~ Automatic code generation for supercomputers pursued in project A2



Coupled Cluster Summary

. Coupled cluster models are the most sophisticated electron correlation models
available which among those based on expansions in determinants.

2. Coupled cluster theory is a nonlinear model which approximates higher excitations
as products of lower excitations through an exponential parameterization.

3. Coupled cluster theory is perfectly size consistent and unitarily invariant but not
variational.

4. The CCSD model is perhaps the best model based on single and double excitations
at the same asymptotic cost as CISD. QCISD is easier and very close in accuracy.

5. High accuracy models (,,chemical accuracy“ ~ 1 kcal/mol) require the inclusion of
connected triple excitations. The CCSD(T) model is an excellent tradeoff between
accuracy and computational effort and is de facto the standard for high accuracy
work.



Moving on from there

Coupled Cluster Lagrangian: £ = (¥,|(1 + A)e THe™ |¥,) + z Fiz}

La
~ o~ ~ , 1 iy
R=Ry +Ry+ = ) Zhita+ ) A%,i%j*ab+ -
ia

ijab

Molecular structures a_L =0

OR
Vibrati Reacti H oL

Ibrations, Reactions =
KL~ 9R.0R,
. 0L ~
Molecular properties o = Z qu(plh(")lq)
pq

Excited States W) = (R, + Ry + )W)

>~ All approachable with the exact same formalism and techniques



Problem with Coupled Cluster Methods




Saving Time in

=lectronic Structure Calculations

Exploit Sparsity!

Compress Data!
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Approximation 1: Locality of Pair Correlation

—nergies

Pair correlation energy (Eh)

_lé

0,000

0
Electron pair

FN, Wennmohs, F.; Hansen, A. 2009, J. Chem. Phys. 130, 114108

(kA A
1

36



The Natural Expansion of He

Percentage Correlation Energy Recovered

Natural Orbitals included in the CI

| L N L |5| '(13)' I '(29)' T 1 '(54)' -
100 : B —
1080, "7~ ( )g;/_ ;:@:—@B@“@" e E
90 —-9—0—% —————————— @ v sl el Bttt aldidie it -
S0 I -
80% 2 107/ >10% >10° >10° >107
70 - -
60 _- —
50 _- - -
40 Shortest possible accurate virtual | -
30 space expansion through neglecting | |
] natural orbitals with occupation
20 number Tcuino (<10-7) 7
10 - -
0 - P—P i
L L o o L L DL DL L o
HF 1s 2s 2p 3s 3p 3d 4s 4p 4d 4f 5d 5f 5p 5g 5s all



Pair Natural Orbitals (PNOs)

> Small number of significant PNOs per electron pair
> Vanishing (0-5) PNOs for weak pairs

\\(\ > Located in the same region of space as the internal pair
- n=0.0003 but as delocalized as necessary
G

> Orthonormal within one pair, non-orthogonal between

)

-
9"(\ n=0.0011 e . N
| Qe n=00002

g
. 2 N
n=0.0035 N

| n=0.0011

o5
o o | @yt

FN; Wennmohs, F.; Hansen, A. J. Chem. Phys. 2009, 130, 114108

n=0.0030




Huge Calculations with linear DLPNO-CCSD(T)

Crambin/def2-TZVP CasoH7o02/def2-TZVP Integrase/cc-pVDZ
044 atoms 1052 atoms 2380 atoms
12705 Basis functions 15062 Basis functions 22621 Basis functions
10 d/4 cores 18h/4 cores 62h/64 cores

(CIM-DLPNO-CCSD(T))
Y. Guo, FN, 2017

C. Riplinger, P. Pinski, U. Becker, E.F. Valeev, FN, 2016, 144, 024109



Impact of DLPNO-CCSD(T)

THE JOURNAL OF CHEMICAL PHYSICS 130, 114108 (2009)

Efficient and accurate local approximations to coupled-electron pair
approaches: An attempt to revive the pair natural orbital method

Frank Neese,"”? Frank Wennmohs,' and Andreas Hansen'

Computational Effort

500 T T T T ' | ' |
400 | . 46500
Conventional (CCSD(T))
300 | _
13000
200 - :
First DLPNO
DLPNO-CCSD(T) ' Paper
100 - o -
(99.9% accuracy) \
0 ' ' ' : ' 0
0 50 \ b1°° ¢ At 150 200 1994 2000 2008 2012 2016 2023
umber of Atoms Year
Neese, F.; Hansen, A.; Liakos, D. G. JCP 2009, 7137. Zitationen: ,Pair Natural Orbital®

Riplinger, C.; Neese, F. JCP 2013, 138.
Riplinger, C.; Sandhoefer, B.; Hansen, A.; Neese, F. JCP 2013, 739.
Riplinger, C.; Pinski, P.; Becker, U.; Valeey, E. F.; Neese, F. JCP 2016, 144



