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Motivation

* Feynman integrals are known to have other underlying geometries than the Riemann sphere

= Flliptics and Beyond ‘25

elliptic curves

higher-genus M
curves /

Calabi-Yau

\ma,nifolds

v

powerful way to solve them: canonical DE

Canonical DE?

functions in the DE not expressible in terms of
rational functions and periods, but as integrals
over them;

are these really new functions?

simplest class (CY): Banana integrals

equal masses ‘/ [POgel, Wang, Weinzierl 22 ]

two different masses / [Maggio, Sohnle, '25]

all unequal masses \/ this talk &
[POgel, Teschke, Wang, Weinzierl '25]
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Outline

talk by Christoph talk by Sven
Canonical form + Twisted cohomology
[GOrges, Nega, Tancredi, Wagner, '23] [Duhr, Porkert, Semper, Stawinski, '24 ]
[Duhr, S.M, Nega, Sauer, Tancredi, Wagner, '25] [Duhr, S.M, Porkert, Semper, Sohnle, Stawinski, ‘5]

 Compact analytic solution

* Study the power of these tools & the functions that appear

The three-loop unequal masses banana integral is just an example, we expect these methods to |
be applicable to other multiloop, multiscale Feynman integrals attached to non-trivial geometries =

Other methods to achieve an (almost) e-form: talx by Vasily

talk by Pouria ' e-form for the three-loop

unequal masses banana
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Quick review of the method from

 Good initial basis: integrand analysis in integer dimensions. choose integrals aligned with
the geometry associated to the maximal cuts at € = O.

* Rotate the initial basis I(x, €) by a sequence of rotations:

J(x,€) = @0@‘@ (x, €)
/ N

. .' . W'
to get e—form: » e—scaling to realign \
dJ(x g) = eA(x)J(x, 8) the transcendental .
weight | @: W, (X)W, (x)
— U + L+ — U0 +HUOW | period matri
-  the non linearin €

Ut(’) : strictly lower-triangular parts of the DE are \ 0 disentangles the logs

In a strictly lower-
dimension of the geometry  triangular matrix
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Quick review of the tools from

multi-valued function

single-valued
differential form

 Feynman integrals (MC), in dim reg, are multi-valued differential forms:J singularities at the

C branch point of ¥

» Twisted cohomology group: vector space generated by a well-defined set of ¢

basis ~ master integrals I(x, €) .
dual J"P '
Cohomology intersection @(, £). = b @ For maximal cuts:
matrix: I (27”)”
X I(x,€) = I(x, — ¢€)

constant matrix

. - Rotating to canonical form: C(¢) > dC =0 —» C = f(e@
11 UP0) =00 Rx): AOTA' =07 ,AR"A™' =R
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The three-loop banana integral

D=2-2¢

; , D, = ki —m{, Dz_kz ms,
I — eS}@?J(I I 3 Cl) D3—(k1—k3)2 D4—(k2—k3—l?)2—mf,
EERRELS®

e L 2% | D" DY D% DY DY DY DY DY DY D=8, Dy=k s
a=1 m? D; =k -p, D=k, p,
xl-=p—; Dy=k k.
MC (11,1,1,1) ~ szl dz, WY(z;, 295 %) v =Y(z, Z2@| ¢=0 (Hulek-Verril) 4-parameters K3 variety

. Basis compatible with the geometry at € =

middle cohomology: H(X, C) = @(X) D ,(X) D '(X) oo the middle  Griffiths.

cohomology? transversality!

Q(x) € H*" unique holomorphic (2,0)-form Q) = ¥(z;, 235 %) =0 dz; d2

period vector  y(x) = (wp(0), wy (), w00, (0, (), Y () =( Q... Q)T
“Ty °1s

0.Q(x) € H*'@ H'!'  fourfirst derivatives
j
%dxkﬂ(x) c HH' @ H"' @ H">  one double derivative
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Good choice of basis

. : basis of MIs on the maximal cut at least 6-dimensional

 IBP algorithms: 15 Mis

Iy=1y11.1000.00> Is=1) 11100000 Lo=1111.1.21.0000>
Lh=1,011000.00> Is= 1511100000 = Om2!s Ly=1111.0-1.000>
I3=1,10,100000 I =1151100000 = ()mzzls » Io=1111100-100>
Iy= Il,l,l,O,O,O,O,O,O ; lg = 11,1,2,1,0,0,0,0,0 — ()m3215 : [ = 11,1,1,1,(),(),(),_1,() :
tadpoles ly=11 11200000 = m2ls> Liy= 1111100001

115 — 13,1,1,1,0,0,0,0,0 — 56}%112[5 ISPs “3rd kind”

K3 block
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Rotation to canonical form: U (¢)U, (x) 0= (2)em

. . tadpoles 4x4 block & LS(integrands)=1
USS' % P (integ ) T4sa O O O O
1
6x6 block & non-trivial geometry 0 % 0 0 0 .
W(x) = W, (X)W, (x) = | o0 o 10@ 0 0 |
CY multi-scale: [Maggio, Sohnle, '25] 0 0 0 Tsys O Wo
. 0 fi f 0 Je
ISPs  5x5 block & LS(integrands)=1
I
W (DZW, ()" =Z()
« U,: tadpoles & /5 intersection C)~L
¢ 7 4 single derivatives paring (x)le—o
) /O/O' integrals *
0 |e*lyxa 0 O
0 0 |31s.50 | ISPs disentangles the logs J
X
0 0 0 e 1 double derivatives * transcendental weight \/
" integral
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Rotatlon to canonical form: U/(x, ¢)

K3: n =
U, €) = ki Ut@(x) + U (x)

] / \ 9 e—functions

| « Determine them such that
o dJ(x, €) = eA(x)J(x, €);

lyg 0 00 laxg O O O
0 L0 0 0 ' » Defined by first-order differential
]lgxg () 0 , equations;
O @ t15,t(33 . .
. e * Solve them by series expansion;
1 “new” function 4 e—functions 9 e—functions

1 e—function
e 24 e-functions in total; 23 appear

in A(x).
=9 A(x) has only simple-poles v  Analytic representation?
e A(x) is e-factorised v * Are there relations?

another approach: [Pogel, Wang, Weinzierl, Wu, Zu |
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Splitting of Ut(O)(x, £)

matrices of
numbers
On the maximal cut, rotate C(x, €) by U(x, €): 0 /0/ 1
4
; e 0-S| 0 o
— — A —
U(x, e)C(x, e)U(x, — €) A A, 0 0 |E |0
1 0 0 O

AO'A'=07", AR A1 =R

T—

linear independence of
differential forms

if A (Ut(O))T AL Ut(O) * Ut(O) =@R ~ -, rational functions, periods,

1 0 0

/ / and their derivatives!
0 1 0

@F) 1 0 @) 1 0 * 9 (+4) functions to determine!

Go(z) —p(G(z))" 1 si0(z) p(s(z))" 1

O functions 9 functions
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c¢—functions

Not fixed by the previous constraints
« \What about GO o s s o s G13? Y P

Fixed by solving the differential equations

c9 1 4 (1) . - (0)
GQ(CB) 1001)1 (w) r(/) (m) + / dy1 3328;52’(/)0(’3/1, To, 5133,.'134) + cqy , Gl (w) _ Z Ci—i—l,ll(m) Ji,l(m) B / 1 dyl _J o) Cl,l:. GO
2V, (x) & 200, (x) 1 B g
Céoil( ) v2 - |
Gs(x) = 2O po(x) — z2vpo(x) — /g dy2 (40,0 + 2302310 + 2102, %0) + cay + jz,@ J31hi[ze < 23] + G4 haza <> 34] }+cG1 ,
1,11(x) 2
(0) 4 Q) : . (0)
Cy () z1 Cii111(®)Jia(x) / 2 { . [ 821 C1 1) Go | Oz %0 — 3@/2%]
G = + +/ d Oz 0 + 302,10 + 2202,%0) + cqG. Ga(x) = ’ : — d — i
7(x) ; Cg?fl(m)%(m) z1%0() 1 Y1 (240z,%0 + 2305390 + T205,%0) + ca, 2(T) ; 5 C(l?)ll(m) . Y24 722 o 2 s Vo
Cgoh(w) . : : :
Go(@) =0 : )wo(m> + (21 + z3)tho(®) + / dy; (240,90 + .71,@ Jazhiley < z3] + 340 halz1 < 24] p+ea,
1,11\ & 1
’ 4 (1) . (0)
s Cil111(x) J; () 3 8x1C1 11 Go | Oyyb0 — Bysbo
+ 220,90 + T30z5%0) + / dys3 (40z,%0 + 202,90 + £102,%0) + cGg Gs(x) = s : — / dys {j [— ’ - Y3 ]
& e zzzl 2C1, () & > Y3 Vg Y3 %o
Céoh(w) . s
Gs(x) :2C&0) @ )wo(m) — (21 + 23)Yo(x) — / dy1 302,90 — /6 dys 10z, %0 + ca; + jl,@z < y3] + Jashi[rs < y3] +da3 iz & 24,71 < y3]}—|-c(;3 ,
1,11 1 3
Gro(@) = = (01 (@))7.1253(%) + (47 (@))5,1 25 4(z) + (247 ()91 253 (2) o =) Ca(a) = 24: Citin(@)jia(@) / dy, {j4 4[ 321 C1lh o | B0 - ymo]
1 o T (0) )
— 4/ dy1 (x48x4¢0 -+ :1;363031/;0) — 2/ dy2 (x48x4¢0 -+ :1:38x3¢0 + atlaml ’gbo) i=1 2 Cl,ll (m) 1 Ya wO Y4 'QL'O
&1 &2
L2 - - 3$2)¢0(w) eo +j1,@2 < ya| + Joa h1|T1 <> ya] + I3 4 h[Te < 13,71 & y4]}+CG4 ,
3 10 ?
G =Gho| ' CY) 1
u(@) =CGuolm € =, z; @) —(@0@)rs + 4 2 Gu@ )] [0 @) el
Gi2(x) =Grolz1 < 73], d o 8 w Yo(x)? Yo(x)
Gra(@) =G [z2 ¢ 4] ¢, Y1250 H0 + (" (@))78 0y Y0 (@) + (7 (@))7.7 By th0() + (4 ()76 ammo(w)]
1
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e—functions

* Can they be rewritten more compactly? o Ves!

Let us define
L
Il(miaxjaxkaxl) :/ dyz xjaxjw()(yi)xj)mk)xl) 9
0

0
3 Cg,zl(yz’a Ljy, Lk, ml) GO(y’i7 Ly, Lk, 1171)
¢0(y’i7 Ljy, Lk, xl)z

X; -
IZ($i7$j7$k7$l) :/ dy; _jl,l(y’iaxjamk7wl)
0 i

+ 3 Jo1Wi To(g)s Totk)> Tot) 1 (Ui To () To (k) To(r)) | »

o €e (Jk), (1)}

-> All the e-functions can be rewritten using only these 2 integrals!

constant A symmetries of

23 e-functions = 13 e-functions =P 2 e-functions (to evaluate at different kinematics)
11 e-functions
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Summary and outlooks

Canonical form + Twisted cohomology
J(x, €) =|U(x, 8} U (e)U(x)(x, €) Ut(o) = 0(@
| L 13 e-functions rational functions, periods
—y-=b 0) eometric input ! ’
5 U+ U7 9 g to determine and their derivatives
23 e—functions
| . reduced the number of
= canonical DE independent e-functions

* Despite the complexity arisen from the high number of loops and kinematics we still get a compact
analytic solution.

* Do the functions in O always live in a function space beyond the periods and their derivatives?

 What about the functions beyond the maximal cut?

 (Can we use these tools from twisted cohomology to show that the method we used to get the e-form
delivers always a canonical form?
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Thank you for your attention!
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