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(1) MZV - Definition

Definition
Foranindexk = (k1,...,kr) € Z" withky > 2, ko, ..., k, > 1 define the multiple zeta value (MZV)

(W) =Clhr,. k)= Y o cR.

kr
my>->m,e>0 1T e

By dep(k) = 7 we denote its depth and wt(k) = k1 + - - - + k; will be called its weight.
o Z:Q-algebra of MZVs

o Zj.: (Q-vector space of MZVs of weight k.

@ Inthe case r = 1 these are just the classical Riemann zeta values
W= 4, @@=, @¢e, W=
- nk 9 - 6 9 Y - 90 Y

n>0
@ M2ZzVs were first studied by Euler (r = 2) and for general depth, they reappeared prominently around 1990

in various areas of mathematics and physics. 150



(1) MZV - Iterated integral representation

MZVs can also be written as iterated integrals:

Proposition

The MzV ((k1, ..., ky) of weight K = k1 + ... + k; can be written as an iterated integral

Clhry ooy ) = / wi(t1) -~ wi(te)
1>t1>-->t>0

A

where
L O R R
gt else
t
Example

/ dty /tl dts /tz dts /ts dty /M dts
1—ty 1—t5
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(1) MZV - Harmonic & Shuffle product

There are two different ways to express the product of MZVs in terms of MZVs.

Harmonic product (coming from the definition as iterated sums)
Example in depth two (k1, ko > 2)

k) C) =3 S

m>0 n>0
et O a3 =
- Z mkl nkz + mkl nkz + mk1+k2
m>n>0 n>m>0 m=n>0

= ((k1,k2) + ((ka, k1) + C(k1 + k2) .
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(1) MZV - Harmonic & Shuffle product

There are two different ways to express the product of MZVs in terms of MZVs.

Harmonic product (coming from the definition as iterated sums)
Example in depth two (k1, ko > 2)

(k) C) = 3 = S

m>0 n>0
et O a3 =
- Z mkl nkz + mkl nkz + mk1+k2
m>n>0 n>m>0 m=n>0

= ((k1,k2) + ((ka, k1) + C(k1 + k2) .

Shuffle product (coming from the expression as iterated integrals)
Example in depth two (k1, ko > 2)

SR P kl%1(<kl_1)+(,fz‘_ll>)c<j,k1+kz—j>-
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(1) MZV - Double shuffle relations

These two product expressions give various Q-linear relations between M2V.

Example
€(2,3) +3¢(3,2) + 6¢(4,1) "= ¢(2) - ¢(3) "E"¢(2,3) +¢(3,2) +¢(5) -

= 2((3,2) +6¢(4,1) *E"" ((5).

But there are more relations between MZVs, e.g.:

1 1
Do =@ =)=

m>n>0 n>0

These follow from regularizing the double shuffle relations and they are called extended double shuffle

relations.
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(1) MZV - Conjecture & Formal MZV

The extended double shuffle relations give all linear relations among MZV and

z=pz,

k>0

i.e. there are no relations between MZV of different weight.

A

This leads to the definition of the algebra of formal multiple zeta values zf

2! = ﬁg“)/EDS*v

given by symbols ¢/ (K1, ..., k) satisfying exactly the extended double shuffle relations (EDS).
(We will make the definition of zf precise later)

Conjecture — Z =~ Z7,
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(1) MZV - Dimension & Basis Conjectures

@ (Zagier) The dimension of the spaces Z, is given by

1
k>0

@ (Hoffman) The following set gives a basis of Z

{C(kiy . k) | 7> 0,k1, ..k € {2,3}) .

.

Theorem (Brown, 2012)

The space Z is spanned by ( (k1, ..., k,) withr > Oand k1, ..., k- € {2,3}.
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(1) MZV - Algebraic setup

Let X = {zg,z1}andY = {y1,92,..

.}. Then, we have an embedding

L:QY) — Q(X)
Yy Yk, @@y af T
and a canonical projection
Iy : Q(X) — Q(Y),
wxg — 0,
93’81711‘1 e xlgr_lm = Yk Yk,

Interpretation

dt

Harmonic side: Q(Y'), k < yi

o= %

L Y2Yy3 — ToT1T0T0T1

xTo <

[

dto
1 -1

0
dts /t3 dty /t4

dt

r1 > 12, Q(X): shuffle side

Y

dts
1—t5
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(1) MZV - Coproducts

By Ay, : Q(X) — Q(X) we denote the shuffle coproduct
Ay(z) =2, 01+ 1z, (i=0,1)
and, by A, : Q(Y) — Q(Y") we denote the harmonic coproduct

Ady) =yi@1+1@yi+ Y wow, (i>1).
k+l=i

Interpretation

Lete € {LLI, *}.

Coefficients of 1) satisfy the ®-product formula  <— A4(1)) = 1p @ 1

Coefficients of 1) satisfy the ®-product formula mod. products +— Ae(¢) =9 @1+ 1® ¢
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(1) MZV - Lie algebras

Let K be a field and A a K -algebra.
o Derivations on A: Der(A) = { K-linearmaps d : A — A satistying d(ab) = d(a)b + ad(b)}.
o Lie algebra: /{-vector space V" with a K -bilinearmap [-,-] : V' x V' — V satisfying [z, z] = 0 and
the Jacobi identity [, [y, z]] + [z, [z, y]] + [y, [z, z]] = Oforall z,y,z € V.

Examples of Lie algebras
o Der(A) with the Lie bracket [dy, d2] = dy o da — dg o d;.
o The space of all matrices K 2% with the Lie bracket [M, N] = M N — N M and its subspace

_ a b 2x2 _
5[2_{(0 d)EK ]a—i—d—O}.
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(1) MZV - The Lie algebra 0my

For f € Q(X) and aword w € Q(X), we denote by (f | w) the coefficient of w in f.
Definition (Racinet)
Let dmy be the set of all ¢ € Q(X), such that
(i) (¥ [ z0) = (¥ | 21) = (¢ | moz1) =0,
(i) A =9v1+1Q Y,
(i) Asths = s @ 1+ 1@ 1y,
where ¥, = Iy (1)) + correction terms.

The Ihara bracket is
{f,9} = ds(9) = dg(F) +[f,9],  f,9€QX),
where d  is the derivation on Q(X) with df(x¢) = Oand d¢(x1) = [1, f].
Theorem (Racinet)
(0mg, {—, —}) is a Lie algebra. J
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(1) MZV - Conjectured structure of 01y

Proposition (Racinet)

We have

2° = Q[¢f(2)] ® U(omp)"

It is known by results of Drinfeld, Brown, and Furusho, that there is an embedding

Lie(03,05, O7,.. ) — omy.

We have dmg = Lie(os, 05,07, . . .).

1 1

1—X2 1— X3 X0 - X7 — ..

1
1—X2— X3

Conjecture + Proposition —> Z dimg Z,{ X*
k>0
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@ sly-algebras & Quasimodular forms - Definition

Definition
An sls-algebra is an algebra A together with a Lie algebra homomorphism sly — Der(A). J

sl is three-dimensional, spanned by

x=(0 0 m=(3 ) =50

These fulfill the commutator relations

[H,X]=2X, [HY]=-2Y, [V,X]=H.

Definition (rephrased)

An sly-algebra is an algebra A together with three derivations D, W, § € Der(A), satisfying
[W,D] =2D, [W,d]=-26, [5,D]=W.

In this case, (D, W, §) is also called an sla-triple.
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@ sly-algebras & Quasimodular forms - Eisenstein series

For7 € H={r € C|Im(7) > 0} write ¢ = €>7'".
o Eisenstein series: For even k > 2 define
27TZ k>2 1 1
Ga(r) = C(K) Zam A NI

(mt +n)k’

m,nez

(m,n)#(0,0)

where 0% _1(n) = de d*—1 is the generalized sum-of-divisors function.
@ Modular forms: M = Q[Gy, Gg, Gg, .. .] = Q[Gy4, Gg).
e Quasimodular forms: M = Q[G2, G4, Gg].
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@ sly-algebras & Quasimodular forms - Eisenstein series

For7 € H={r € C|Im(7) > 0} write ¢ = €>7'".
o Eisenstein series: For even k > 2 define

27TZ ]g>21 1
6 = 0+ (g St Y

m,nel

(m,n)#(0,0)

where o1 (n) = de d* 1 is the generalized sum-of-divisors function.
@ Modular forms: M = Q[Gy, Gg, Gg, .. .] = Q[Gy4, Gg).
e Quasimodular forms: M = Q[G2, G4, Gg].

Proposition

M is an sl5-algebra and the derivations D, W,é e Der(ﬂ) defined by
. d 99
D(Gg) = (27TZ)E(G;€, W(Gg) = kG, 6(Gg) = { 2

form an sly-triple (D, W, 6).
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Summary so far...

Modular forms Quasimodular forms

Q[G4,Gs] C Q[Ge,Gyq,Gg] C

5l 1 . 1
T — 100

Q)] < 2

C(k1,. .. ky)
Multiple Zeta Values

related
Lie Algebras

omg



(3) Multiple Eisenstein series - Definition

Definition
For k1, ko, ...,k > 2 and 7 € H the multiple Eisenstein series are defined by?
G 1
Ry (T) 7= Z N ke
A== Ap=0 71 T
N ELTHZ

where the order > on the lattice Z7 + Z is defined as the lexicographical order given by

miT +ny > moT +no <= M1 > Mo or M1 = Mmo ANy > nNa.

“In the case k1 = 2 use Eisenstein summation.

We denote the (Q-vector space spanned by all MES by
£ = <Gk1,...,kr | r>0,ki,.... k> 2>Q,

where we set Gy, . = lforr = 0.
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(3) Multiple Eisenstein series - Some basic facts

@ Multiple Eisenstein series are holomorphic function in the upper-half plane.
@ They are bounded as T — 100 and we have

lim Gy, .k (7)= lim > i = (ke k).

T—100 T—100
A=A -0 71 A
N ELTHTL

In particular, we obtain a (surjective) Q-linear map £ — Z.

Theorem (Gangl-Kaneko-Zagier 2006, B. 2012)

We have

for some (explicit) ag, .k, (n) € Z[mi].

Natural questions

Algebra structure? Modularity? slo-action? Relations? Dimensions? Related Lie algebras?

15/30



@ Multiple Eisenstein series - Graded(?) algebra

E}: subspace of multiple Eisenstein series le,...,kr ofweight k = k1 + - - - + K,

Proposition

The space & is a (Q-algebra, and we have for k1, ko > 0,

8k1 -€k2 C 5k1+k2.

Moreover, Q[G2, G4, Gg] and Q[G4, Gg] are subalgebras of £.

16/30



@ Multiple Eisenstein series - Graded(?) algebra

E}: subspace of multiple Eisenstein series le,...,kr ofweight k = k1 + - - - + K,

Proposition

The space & is a (Q-algebra, and we have for k1, ko > 0,
gk1 'gkz C gk1+k2'

Moreover, Q[G2, G4, Gg] and Q[G4, Gg] are subalgebras of £.

The space € is graded by weight, i.e.,

E = @sk.

k>0

In contrast to the corresponding conjecture for multiple zeta values, the conjecture above seems more accessible.
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@ Multiple Eisenstein series - Conjectured sls-algebra structure

@ The maps D, W, § defined on the generators of £ via

. d
D: Gy, g — (27i)—Gp,y .k,

dr
W:Gg, ok — (k1 +- -+ )Gy ks
—1G ki =2
0: Gy, — 2 T2k ’
" 0, k1 > 2,

give well-defined Q-linear maps £ — £.
@ The maps D, W, § are derivations on £.

o (D, W, ) forms an sly-triple, i.e. we have the commutator relations

[W,D] = 2D, [W,d]=-26, [6,D]=W

and thus £ is an sls-algebra.
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(3) Multiple Eisenstein series - Recall MZV dimension conjecture

Recall Zagier’s dimension conjecture:

3 dim Zxhl 1
Qe T IX2 X
k>0
Setting
2 4 X3 3 5
we can rewrite this to
1 1
imo Zp Xk — — _E(X)—— .
D dimg 2 —x—x X Tom

k>0

From the perspective of Hilbert—Poincaré series for graded algebras, this suggests

z é Qlf2] ® Q(fs, f5,.-.) 2 Q[fe] ® U(Lie(o3, 05,07, .. ))v
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(3) Multiple Eisenstein series - Dimension conjecture

The Hilbert—Poincaré series of modular forms and cusp forms are given by

x12
(1—X4)(1-X6)"

1
(1 X1 -X5)’

M(X) = S(X) = XM(X) =

We have
> dimg & X = M(X) - ! .
1— X2 - 0(X) +25(X)
k>0
In particular,
EXM@U(E)Y,
where € is a Lie algebra generated by 99, 03, 05, 07, . . . subject to relations arising from cusp forms. )
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(3) Multiple Eisenstein series - Dimension conjecture

Conjecture (Same as on the previous slide)

We have

1
1-X2-0(X)+25(X)

1
1_XQ_X3_X4_X5+X8+X9+X10+X11+X12'

> dimg & X = M(X)
k>0

We obtain the following table:

weight k 0

# of indices 13 | 21 | 34 | 55 | 89 | 144 | 233

11 4 6 13 | 23 | 42 | 74 | 129

N (O [Nd| B

W |o |wlium

1
0
?
#ofrelations= | 0| 0 | 0 | O
0

5
dimg & = | 1 4|7] 9 |15|21|32|47 | 70 | 104
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Summary so far...
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Now: Introduce the formal analogues



(4) Formal world - Algebra setup

Set 9 =Q+zH21 C H' =Q+H21 C H=Q(z, 71)
and write y;; = 2+ 21 for k > 1. Note that 1 = Qy1,y2,--.).
Definition

@ *x: 5’)1 ® 5’)1 — 531: harmonic product. For words w, v € 5’)1 andr,s > 1,

1xw=w=w*1,
Yrw * Ysv = Y (W * Ysv) + Ys(Yrw * v) + Yrys(w * v).
o LLi:H R H — $: shuffle product. For words w, v € Hand a,b € {xg, 21},
1TWw=w=wll1,
aw W bv = a(w W bv) 4+ b(aw W v).
o Fore € {*,111}, we denote by $1 and Y the algebras (', @) and (H°, e).

Double shuffle relations: Viewing ( as a Q-linear map H% = R, we have, forall w, v € H°,

((w)¢(v) = ((wxv) = ((wwv).

21/30



(4) Formal world - Algebra of formal MZV

Letreg, : 91 =2 HY[y1] — HY be the alg. hom. that is the identity on $° and maps ¥ to 0.

Definition
The algebra of formal multiple zeta values is defined by

2l = ﬁg/EDS*’

where EDS, is the ideal in $){ generated by reg, (w * v — w L v) forallw € H°,v € HL.

For k1 > 2and kg, ..., k- > 1, we denote the class of 2, - - - 2k, in Z/ by ¢/ (K1, ..., ky).

The linear map

zf ,z
Tk, k) — C(k1, .. k)

is an algebra isomorphism.
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(4) Formal world - Algebra setup

Let B = {bo, b, .. }
Definition

Define on Q(/3) the harmonic product * as the Q-bilinear product satisfying for 7, j > 0
bu * ij = bz(u * ij) + bj(biu * 1)) + 5ij>0 bi_:,_j(u * 1))

and 1 xw =wx1=wforany u,v,w € Q(B).

o Q(B)°: subspace spanned by words not starting in by.
o Q(B)? = (Q(B)?, %) is a commutative Q-algebra.

Definition
on Q(B)° we define the Q-linear involution ~ (k1, ..., ks > 1,mq,...,ms > 0)
7:Q(B)° — Q(B)°

r kr—1 k1—1
bkl bg‘bl 000 kabg1 — bmr—i—lbo 000 bm1+1b01 o

23/30



(4) Formal world - Formal MES

Definition

The algebra of formal multiple Eisenstein series gf is the (Q-algebra defined by

where T is the ideal in Q(B)Y generated by 7(w) — w for all w € Q(B)°.

By Gf(kl, ..., k) we denote the class of 2, - - - 2k, for k1 > 1, ko, ..., k. > 0.
Claim: The G7 (ky, . .., k) satisfy the same relations as (regularized) MES. In particular, define

& = (G (ky,.... k) |7 >0,k1,.... k> 2)g.

We have an isomorphism of Q-algebras g _s¢

Gf(kl, 500 kr) — le,...,kr-

24/30



(4) Formal world - Results

Theorem (B.-van-lttersum, 2023+)

There exist explicit derivations W, D, & on G¥ such that
o G isansly-algebra;
o the subalgebra Q[G7 (2), G/ (4), G¥(6)] € G is isomorphic to M as an 513 -algebra.

.

Theorem (B.-van-lttersum, 2023+)

There exists a surjective algebra homomorphism (The "formal projection to the constant term")

r:6f = 27,

with m(G7T (1, ..., k) = ¢ (K1, . .., k). The kernel of T can be described explicitly.

Theorem (B.-Burmester, 2023)

There exists an algebra homomorphism Gf — Q[q] with G (k) + (—2mi)"* Gy,

25/30



(4) Formal world - Lie algebras

Definition
For [ > 1 denote by D; all Q-linear maps d : Q(B)? — Q(B)? such that for all w, v € Q(13)°
o d(w*xv) =d(w) * v+ w*d(v).
o 7(d(w)) = d(1(w)).
o Fork > 0 we have dQ(B)Y C Q(B)?_,, where we set Q(B) = Q and Q(B)Y, = 0for m < 0.

Set
D=) 9.

>1

By definition one checks easily that we have the following:

Proposition
D is a Lie subalgebra of Der(Q(B)?). J

26/30



(4) Formal world - The Lie algebra ®

Theorem (B.-van-lttersum, 2023)

There exists explicit non-zero elements
w1 € Dy, 0 € Do.

Conjecturally, these are (up to multiples) the only elements in 21 (resp. D32)

Work in progress (B.-Burmester-van-lttersum)

We expect/have an embedding ¢ : 0mgy < 2.

Assuming the conjecture 0y = Lie(ag, 05,07, .. ) we therefore also expect that in each odd weight
s > 3 we have elements

ws = t(og) € Ds.

The Lie algebra ® is generated by § and w; for odd s > 1.




(4) Formal world - The space bmy

Definition (Burmester, 2022)

The space bmy consists of all U € Q([3), such that
o (U |bg)=0frk=0,2,4,6,
o Ap(U)=U®1+1®Y,
o 7(Ip(W)) = (D).

Theorem (Burmester, 2022)

There exists an (explicit) embedding ¢ : 0mgy < bmy.

Burmester gives an explicit formula for a bracket {—, —}q and conjectures the following:

Conjecture (Burmester, 2022)

o (bmg, {—, —}) is aLie algebra.
o We have G/ = M@L{(bmo)v.

28/30



(4) Formal world - Connection of ® and bmy

Define B = D1 @123 D,ie.® =B P Ds.

Proposition

If D1 = Qwy then B is a Lie subalgebra of 2.

We have B = bmy as Lie algebras. \

@ In other words, we expect that © = 6Q & bmy.

@ There seem to be relations among the brackets of w1, 9, w3, Ws, . . . related to modular forms.

@ We expect that the Lie subalgebra & generated by J, w3, ws, . . . "corresponds” to the subspace £.

29/30



(4) Formal world - Dimension conjecture

Define the Hilbert—Poincaré series of the space of period polynomials W}, with even k > 2 by

X4
W(X) = § dimg Wp X* = M(X) +S(X) -1 = —t 25(X)
k>2
k even

and recall that D(X) = L, O(X) = X M(X) =

X7 Ty, S(X) = XEM(X).

We have
1

1-X - X2 0(X) +W(X)’
_ 1
T 1-X—-X?2- X34+ XO04+ X7+ X84 X9

> dimg g X" = M(X)

k>0

.
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