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Machinery of Feynman Integrals 

Diagrams

Integral families

Differential equation
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A lot of Success !

• Analytic method to compute Feynman integrals to arbitrary order in .


• Different methods so far are relying on external information about the 
geometries.

ε
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• A systematic approach to find -factorised differential equations.


• Not reliant on the information (periods, etc) of underlying geometry.


ε

Our Algorithm
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[Talks by Christoph Nega, Sven Stawinski, Sara Maggio]

• A systematic approach to find -factorised differential equations.


• Not reliant on the information (periods, etc) of underlying geometry.
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Twisted cohomology and Filtration

I = ∫γn

u Φn
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Twisted cohomology and Filtration
We have set of differential forms of the twisted cohomology:   Ωp(X, ∇ω)

Filtration  of set  is an indexed family  of sub-objects such that : 
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Space of differential forms 

∙∙∙∙

Fn
∙

7



Twisted cohomology and Filtration
We have set of differential forms of the twisted cohomology:   Ωp(X, ∇ω)

Filtration  of set  is an indexed family  of sub-objects such that : 

 

such that . 

ℱ S Fi
∙

if i ≤ j ⇒ Fi
∙ ⊆ Fj

∙,

S = ⋃
i∈ℕ

Fi
∙

We want to categorise differential forms by some index .i

• Increasing or 
decreasing  

• Infinite or finite

Fn−1
∙

Space of differential forms 

∙∙∙∙

Fn
∙

7



Twisted cohomology and Filtration
We have set of differential forms of the twisted cohomology:   Ωp(X, ∇ω)

Filtration  of set  is an indexed family  of sub-objects such that : 

 

such that . 

ℱ S Fi
∙

if i ≤ j ⇒ Fi
∙ ⊆ Fj

∙,

S = ⋃
i∈ℕ

Fi
∙

We want to categorise differential forms by some index .i

• Increasing or 
decreasing  

• Infinite or finite

Fn−1
∙Fn−2

∙

Space of differential forms 

∙∙∙∙

Fn
∙

7



Twisted cohomology and Filtration
We have set of differential forms of the twisted cohomology:   Ωp(X, ∇ω)

Filtration  of set  is an indexed family  of sub-objects such that : 

 

such that . 

ℱ S Fi
∙

if i ≤ j ⇒ Fi
∙ ⊆ Fj

∙,

S = ⋃
i∈ℕ

Fi
∙

We want to categorise differential forms by some index .i

• Increasing or 
decreasing  

• Infinite or finite

Fn−1
∙Fn−2

∙F0
∙

Space of differential forms 

∙∙∙∙

Fn
∙

7



Twisted cohomology and Filtration
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The Algorithm 

1. Constructing an intermediate basis  where DEQs are Laurent polynomials. J

dJ =
1

∑
i=−kmin

εiA(i)(x) ⋅ J .

2. Construct a rotation matrix  such that basis  has -factorised DEQs. R K = R−1 ⋅ J ε
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The grading corresponds to the differential forms with fixed . 
 
By localising on even polynomials 


r

{Pi = 0}, i ∈ Ieven,

Un
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m (z̃) .locr

Find basis of forms of at least  residues.r

15



The Algorithm

For any given :U(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

For any given :U(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

For any given :U(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

For any given :U(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)

Setup:

1. Generate forms. 

2. Compute  and  .r o

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r oStep I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

Wwmax

Un−(rmax−1)
m (z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

BF = 3

BF = 1 Wwmax

Un−(rmax−1)
m (z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

BF = 3

a = − (r − 1)
BF = 1 Wwmax

a = − r

Un−(rmax−1)
m (z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

BF = 3

a = − (r − 1)
BF = 1 Wwmax

a = − r

Un−(rmax−1)
m (z)

BF = 4

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

Wwmax

Un−(rmax−1)
m (z)

BF = 4

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

Wwmax

Un−(rmax−1)
m (z)

Wwmax−2

Un−(rmax−2)
m (z)

BF = 4

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

Wwmax

Wwmax−2

Un−(rmax−2)
m (z) BF = 4

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

Space of differential 
forms 

 Ωn
ω

Wwmax−1

Wwmax

Wwmax−2

Un−(rmax−2)
m (z) BF = 2

a = − (r − 2)BF = 4

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

F2
Geom F1

Geom F0
Geom

W2

W3

W4

V(2,0) V(2,0)V(2,0)

V(2,0) V(2,0)

V(2,0)

Laurent series 

in ε

16[The -Collaboration ’25]ε



The Algorithm

• IBP generator 

• Linear system 
 solver 

• Pole order counter 

• Residue counter

For any given :U(z)
Setup:

1. Generate forms. 

2. Compute  and  .r o

Step I:

1. Start at the top   , generate the IBPs of 
that system. 

2. Use the Laporta with the ordering   
assign  for  all the pre image of the basis 
forms.

{Un−(rmax)
m (z)}

(0,w, o, |μ | , . . . ) .
a = − r

Step :l

1. Consider now  generate the IBPs of the 
system.  

2. Use the Laporta with the ordering   
 from the previous step and rest of the forms of 

. Then assign  for all the pre 
image of the new basis forms. 

3. Repeat the step until .

{Un−(rmax−l)
m (z)}

(a, w, o, |μ | , . . . ) .
a
a = 0 a = − (rmax − l)

Un
m(z)

F2
Geom F1

Geom F0
Geom

W2

W3

W4

V(2,0) V(2,0)V(2,0)

V(2,0) V(2,0)

V(2,0)

Laurent series 

in ε

dJ =
1

∑
i=−kmin

εiA(i)(x) ⋅ J

16[The -Collaboration ’25]ε



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

P0 = z0 = 0

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

n + rmax = wmax = 4.

Space of 
differential forms 

Wwmax

Wwmax−1

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

χ = 1 dz2 ⟶ Φ =
1
z0

η,

Running Laporta we get one dimension 
with its pre-image in the full system: 

n + rmax = wmax = 4.

Space of 
differential forms 

Wwmax

Wwmax−1

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

χ = 1 dz2 ⟶ Φ =
1
z0

η,

Running Laporta we get one dimension 
with its pre-image in the full system: 

|μ | = 1, r = 2, o = 2.

n + rmax = wmax = 4.

Space of 
differential forms 

Wwmax

Wwmax−1

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z0→0

= z−ε
2 z3ε

1 (z2 − z1)−2ε .

P0 = z0 = 0

χ = 1 dz2 ⟶ Φ =
1
z0

η,

Running Laporta we get one dimension 
with its pre-image in the full system: 

Ψ1,0,0,0,0,0[1], |μ | = 1, r = 2, o = 2.

n + rmax = wmax = 4.

Space of 
differential forms 

Wwmax

Wwmax−1

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1], |μ | = 1, r = 2, o = 2.

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],

|μ | = 1, r = 2, o = 2.

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

n + rmax = wmax = 4.

17



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

P1 = z2 = 0

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

χ = 1 dz2 ⟶ Φ =
1
z2

η .

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

χ = 1 dz2 ⟶ Φ =
1
z2

η .

|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

χ = 1 dz2 ⟶ Φ =
1
z2

η .
Ψ0,1,0,0,0,0[1],

|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

χ = 1 dz2 ⟶ Φ =
1
z2

η .

Ψ0,1,0,0,0,0[1],

|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

χ = 1 dz2 ⟶ Φ =
1
z2

η .

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2→0

= z3ε
0 z− 1

2
1 (z1 + 4xz0)− 1

2 −ε(z1 + xz0)−2ε .

P1 = z2 = 0

Running Laporta we get one dimension 
with its pre-image in the full system: 

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

sector: 15 The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

18



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

P2 = (z0 + z2) = 0

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

Running Laporta we get three dimensions 
with their pre-images in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

Running Laporta we get three dimensions 
with their pre-images in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

χ1 = 1dz1,

χ2 = z1

z0
dz1,

χ3 =
z0

(4xz0 + z1)
dz1 .

⟶

Φ1 = 1
P2

η,

Φ2 = z1

z0P2
η,

Φ3 =
z0

(4xz0 + z1)P2
η .

Running Laporta we get three dimensions 
with their pre-images in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

Running Laporta we get three dimensions 
with their pre-images in the full system: 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Um(z0, z, x)
z2+z0→0

= z3ε
0 z

1
2
1 (4xz0 − z1)− 1

2 −ε[(z2
2 + 2(z1 − xz0)z2 + (z1 + xz0)2)]− 1

2 −ε .

P2 = (z0 + z2) = 0

Running Laporta we get three dimensions 
with their pre-images in the full system: 

Φ1 = 1
P2

η, |μ | = 1, r = 1, o = 1.

Φ2 = z1

z0P2
η, |μ | = 2, r = 2, o = 2.

Φ3 =
z0

(4xz0 + z1)P2
η . |μ | = 2, r = 1, o = 2.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Space of 
differential 

Wwmax

Wwmax−1

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

19



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

P0 = z0,
P1 = z2,
P2 = (z0 + z2) .

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm
Um(z0, z, x) = ∏

i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm
Um(z0, z, x) = ∏

i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Full system 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Full system 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Running Laporta on the full system we get one dimension 
with its pre-image in the full system: 

Full system 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

(a, w, o, |μ | , . . . )

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Running Laporta on the full system we get one dimension 
with its pre-image in the full system: 

Full system 

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

(a, w, o, |μ | , . . . )

a = − 2

a = − 2

a = − 2

a = − 1

a = − 1

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Running Laporta on the full system we get one dimension 
with its pre-image in the full system: 

Full system 

Φ =
1

(4xz0 + z1)
η ⟶ Ψ0,0,0,0,1,0[1],

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

(a, w, o, |μ | , . . . )

a = − 2

a = − 2

a = − 2

a = − 1

a = − 1

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Running Laporta on the full system we get one dimension 
with its pre-image in the full system: 

Full system 

Φ =
1

(4xz0 + z1)
η ⟶ Ψ0,0,0,0,1,0[1],

|μ | = 1, r = 0, o = 1.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

(a, w, o, |μ | , . . . )

a = − 2

a = − 2

a = − 2

a = − 1

a = − 1

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

The algorithm

Um(z0, z, x) = ∏
i∈Iodd

P− 1
2 + 1

2 bjε
i (z0, z, x) ∏

j∈Ieven

P
1
2 bjε
j (z0, z, x),

Running Laporta on the full system we get one dimension 
with its pre-image in the full system: 

Full system 

Φ =
1

(4xz0 + z1)
η ⟶ Ψ0,0,0,0,1,0[1],

|μ | = 1, r = 0, o = 1.

Ψ1,0,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,1,0,0,0,0[1],
|μ | = 1, r = 2, o = 2.

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .

|μ | = 1, r = 1, o = 2.

Ψ0,0,0,0,1,0[1]
|μ | = 1, r = 0, o = 1.

(a, w, o, |μ | , . . . )

a = − 2

a = − 2

a = − 2

a = − 1

a = − 1

20



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Iν1,ν2,ν3,ν4,0,0,0,0,0

21



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1],

Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

Form space

Iν1,ν2,ν3,ν4,0,0,0,0,0

21



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1],

Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

Feynman integralsForm space

Iν1,ν2,ν3,ν4,0,0,0,0,0

21



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1], Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

⇒
Feynman integralsForm space

Iν1,ν2,ν3,ν4,0,0,0,0,0

21

Symmetries



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1], Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

⇒
Feynman integralsForm space

⇒

Iν1,ν2,ν3,ν4,0,0,0,0,0

21

Symmetries



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1], Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

⇒
Feynman integralsForm space

⇒−2ε3I1,1,1,1,0,0,0,0,0,

ε2I1,1,2,1,0,0,0,0,0,

−8ε3I1,1,1,−1,0,0,0,0,0 .

Iν1,ν2,ν3,ν4,0,0,0,0,0

21

Symmetries



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
Feynman Integrals

Ψ1,0,0,0,0,0[1],

Ψ0,1,0,0,0,0[1], Ψ0,0,1,0,0,0[1],
Ψ1,0,1,0,0,0[z1],
Ψ0,0,1,0,1,0[z0] .

Ψ0,0,0,0,1,0[1],

⇒
Feynman integralsForm space

⇒
Non reducible 
supersector 

−2ε3I1,1,1,1,0,0,0,0,0,

ε2I1,1,2,1,0,0,0,0,0,

−8ε3I1,1,1,−1,0,0,0,0,0 .

Iν1,ν2,ν3,ν4,0,0,0,0,0

I1,1,1,1,0,1,0,0,0

21

Symmetries



Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
DEQs

Ψ0,0,1,0,0,0[1],
|μ | = 1, r = 1, o = 1.
Ψ1,0,1,0,0,0[z1],

|μ | = 1, r = 2, o = 2.
Ψ0,0,1,0,1,0[z0] .
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Rotation

dJ =
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2ε2 − 3(3ε + 1)(4ε + 1)x2 + (18ε + 5)εx + x

2ε(x − 1)x2(9x − 1)
ε − 1
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1 − 9x + 4ε + 1

1 − x
3ε

2x2(9x2 − 10x + 1)
− 8ε(6x + 1)

3x − 4 −8ε(3x + 1) − 4ε
x

⋅ J .

J = {Ψ0,0,1,0,0,0[1], Ψ0,0,1,0,1,0[z0], Ψ1,0,1,0,0,0[z1]}

= {−2I1,1,1,1,0,0,0,0,0,
1
ε

I1,1,2,1,0,0,0,0,0, − 8I1,1,1,1,0,0,0,0,0}
.
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− 8ε(6x + 1)

3x − 4 −8ε(3x + 1) − 4ε
x

⋅ J .

R = R−1(x)R0(x),

R(x) =

ψ(x) 0 0

1
12 ( 2ψ′￼(x)

ε + (−63x2 + 30x + 1)ψ(x)

x(9x2 − 10x + 1) ) 1
(9x3 − 10x2 + x)ψ(x)

0

− 4
3 (3x + 1)ψ(x) 0 1

,

ψ : is the holomorphic period
L2,0ψ = 0

J = {Ψ0,0,1,0,0,0[1], Ψ0,0,1,0,1,0[z0], Ψ1,0,1,0,0,0[z1]}

= {−2I1,1,1,1,0,0,0,0,0,
1
ε

I1,1,2,1,0,0,0,0,0, − 8I1,1,1,1,0,0,0,0,0}
.
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Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
DEQs
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Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
DEQs

dxK = ε

1
2 (− 4

x − 1 + 1
x + 36

1 − 9x ) 6
x(x − 1)x(9x − 1)ψ(x)2 0

(81x4 + 1188x3 − 594x2 + 372x − 23)ψ(x)2

24(x − 1)x(9x − 1)
1
2 (− 4

x − 1 + 1
x + 36

1 − 9x ) 3ψ(x)
2x

8ψ(x)
3x 0 − 4

x

⋅ K .
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Electron—Self energy 

e e

k3 − p

k2 + k3

k1

k1 − k2p p

 
DEQs

-factorised 

Simple poles 

ε

dxK = ε

1
2 (− 4

x − 1 + 1
x + 36

1 − 9x ) 6
x(x − 1)x(9x − 1)ψ(x)2 0

(81x4 + 1188x3 − 594x2 + 372x − 23)ψ(x)2

24(x − 1)x(9x − 1)
1
2 (− 4

x − 1 + 1
x + 36

1 − 9x ) 3ψ(x)
2x

8ψ(x)
3x 0 − 4

x

⋅ K .
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Conclusion

•The algorithm to construct -factorised DEQs. 

•Our method involves reorganising  IBPs and using new 
coefficients.  

•Generic algorithm independent of the geometric data.

ε
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