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based on arXiv:2507.21765 with J. Broedel, E. Im, Z. Ji, Y. Moeckli
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 QFT: complicated Feynman diagrams related to
higher-genus curves
e.g. non-planar crossed box D3
studied in |Huang..q 4 [ Marzucca, Mcleod, ,23]

' Zhang || Page, Pogel, Weinzierl /22
i Duhr, Porkert, Duhr, Porkert, —
Semper, Stawinski 24][ Stawinski 24] D1 b

» String theory: amplitudes beyond genus one,
studied e.qg. in [D'Hoker, Schlotterer 25|

 Maths: integration of rational functions on any Riemann surface and their periods
see e.g. [Enriquez, Zerbini '21&22]
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Goncharov polylogarithms:
<

dt

G(ay,...,a,|z) = J w, (1) G(ay, ..., a.lt), where w () =
Genus zero: 0 I—a

Multiple zeta values (MZVs):

C(nl, ,nk) — Z.:()”l_ll---()”k_ll — G(O,...,O,1,...,0,...,0,1 ‘ 1),
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Elliptic multiple polylogarithms (eMPLs):
<
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F<a1 — Z) — Lg (taal)r(ai — t),
Genus one: 0'0]7)0(z + a | 7) 1

where F(z, a|1)dz = dz=—"Y a"g™(z|1) [Brown, Levin'13

( | 7) 0z D0(a | 7) 0{2 g"(z|t) [Brown, Levin'13]

n>0

~ nl sooe n

Elliptic multiple zeta values (€MZVs): @ (n,, ..., n,) = I (

0 .. O’” 1), [Enriquez’13]
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Multiple zeta values (MZVs):
C(Ifll, ,nk) —_ C()n1—11...()nk—11 —_ G(O,...,O,1,...,0,...,0,1 ‘ 1),

Genus zero: m—1 m—1

identities through double shuffle relations
© (shuffle + stuffle)

Elliptic multiple zeta values (eMZVs):
a)e”(nl, ) = i <n1 o 1),

GenUS one: 0 0 g(’”)(t — x)g(nz)(t) — _ (_ 1)n1g(n1+n2)(x)
identities through shuffle + Z <”1 ‘jl + ) g D(x)g "M H(t — x)
" and Fay identities j=0

+ Z (”2 ‘jl T ) (— 1) glm=D(x) gt (t)

J=0
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- Enriguez (meromorphic) kernels from connection form [Enriquez’14]

higher-genus Enriquez
integration kernels

O one-formsin Z

with properties
e K(z+ %i’ X) = €biK(Z, X) o functions in x
o (—2m1) ResZ:xK(Z, X) = bj a; O geometry-dependent

D'Hoker, Hidding,,23
Schlotterer

- Kernels form single-valued connection form [

D'Hoker, Enriquez,

0

- Translation between meromorphic and single-valued connection/kernels [

Schlotterer, Zerbini

0

- Fay identities (quadratic 3-point identities of integration kernels) [

Schlotterer Lisitsyn, Moeckli

D'Hoker,
Schlotterer 25]

Can e.g. be computed through convolution integrals [

D'Hoker, 4][KB, Broedel Im.

2o

24]
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0 Enriguez meromorphic kernels on the Schottky cover [fi'itz;ieggblir:{ ’24]

C, |£ L 6.: M6bius transformations (i = 1,..., h);

P ".1—1 w mapping outside of C; to inside of C;

L p, P! fixed points of o;
] fundamental domain outside of the circles
J G={oy,...,0,): Schottky group

Joz=2z+2,

| | | 1
holom. diffs.: w,(z) = — 2 dz
27 ) \Z ™ yP;, z—yP;

yeGl{o;
. . " 0;; 1 (P;—yP)(P;—yP)
period matrix: 7,= | o,==—logh+-— )  log— T
J ?Bj 27[1 271'1 y <0j>\G/<0i> (P] — }/PZ)(P] — }/Pl)

i =jy#1d
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O Enriguez meromorphic kernels on the Schottky cover [
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Higher-genus integration kernels

O Enriguez meromorphic kernels on the Schottky cover [

/
Cl,, — Cl |([j o .
“a (! | e s [tiONAl factors

KB, Broedel, Im, ,
Lisitsyn, Zerbini 24]

5jisns

1 e o
0 f@X) == Y Y C(bb! T y) (21D gV e x| ) (2] )
(=2m1) y€G/{c) k=0

—> expansion into genus-one kernels =

—> allows numerical evaluation and integration
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Higher-genus polylogarithms

'xl cee ‘xk

<
Definition: f(’l N ZO,Z) = [ W+ © ++ 0 W- =J w- (t,xl)f(l2 T 2o, t)

O homotopy invariant integrals

O y: path on surface from foot point z, to 2




Higher-genus multiple zeta values

Definition: ¢y (7, ..., 7)) i 20, ZO+2[].)

- 7y is a point on 2,

integration over ___.
the j-th [-cycle

O functions of the geometry of the surface




S IO
o~
7
Pra
o
.
N
NV

~ VE-
D s
> o -
- . x4 g
2, N

/Z Genus zero

\
-
> ’ N iy i B ]
s - < ol o
- P il
) T
_ NGl o . o . A
) R s - ] - _
s “R - fur Aa P - —_e e - a o
. % = E TS R RO P = -
W ) Q L~ - " o T - 2 L . _ | - pm - o NOBIP LTS Q@ ST T A 2
“\ )y o . _ ‘: 3 . el ..' - T " - R i g T "\’ - v N
b :
' adidi N 3
= .
N\~ P
S 3 o l
N _— -
&S ) ’ . Lo bl —
N s o5 foana o o Y Skl =a -




Degenerations of hgMZVs

How do hgMZVs behave under degenerations of the Riemann surface?

Can we recover eMZVs and hgMZ\V/s from degenerating hgMZVs?
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Non-separating degeneration

)

(<
)
CC@ we pinch A, e

— 0; becomes singular and decouples from other generators




Degenerations of hgMZVs

Non-separating degeneration {

' — )

(==
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: : A,—0
JERE [h]a)il...' . >

—~—~—— ; 7
,' F ) —> hgMZVs reduce to a genus lower or vanish (j, # i):

o~ _— - - -
[h] <. - . 4~-0 [h_l]CQ[.(i1j19 ceey ikjk)a l ¢ il
. 0, else
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Non-separating degeneration {

/

o~ —— l - - -
[h] <. - . 4~-0 [h_l]z:g[.(iljla ceey ikjk)a l ¢ il
@ @ Z"’2[1(11]1’ oo L) — !
. 0, else

—> hgMZVs reduce to a genus lower or vanish (j; # i):

) can recover all eMZVs from hgMZVs through degeneration:
S L im0y 3K 7 - S
@ ij(ll,...,lk) LT (=2a8) L] mléi},...,?k,j o (| Ty, ..., | ;| | 7;

elliptic modulus of

(case j = i is more involved) the j-th subcover
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Relations between hgMZVs

O Fay relations

O Cycle exchange

0

- Alternating identity (hyperelliptic)

0

eMZV = hgMZV identities™

* Conjectured
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0

0

Fay relations

Relations between hgMZVs

D'Hoker, A KB, Broedel, Im, 24
Schlotterer Lisitsyn, Moeckli

higher-genus Fay-like identities: [

a)il-"irk(z’ X) a)plmpspp/(y, Z) | | — C()il...irk(za X) a)pl...pspp'(ya X) | ,
p'=p P=p

r—1 s
m-—s
- Z 2 (= D70, iiip,eep i1 S X) Bpy ., (5 X)

l=SO m=0

= 2 U0 i il Dy S0,)
m?() S

=D D D0 it iGN Dy i g2 )
[=0 m=0



J

0

0

Fay relations

Relations between hgMZVs

D'Hoker, A KB, Broedel, Im, 24
Schlotterer Lisitsyn, Moeckli

higher-genus Fay-like identities: [

a)il-"irk(z’ X) a)py"pspp'(y’ Z) | | — C()il...irk(za X) a)pl...pspp'(ya X) | ,
p'=p P=p

r—1 s
_ . m-=s
Z 2 (= D770, i pyoopy i ik (2 %) Bpy o (V5 X)

l=SO m=0

= 2 U0 i il Dy S0,)
m?() S

=D D D0 it iGN Dy i g2 )
[=0 m=0

can be used to derive hgMPL and hgMZV relations
e.g. for genus two:

0 = By (21%,1) + Py (2°1,2) + Py (27,21) + PGy (21,1%)

(more complicated cases can involve a lot more terms)
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- Cycle exchange

0

Relations between hgMZVs

can use convolution formulation from [

A
Cou G kL, mn) =[ a)jl...j,,klm,z@)J i 20)

IIEQ[Z- tz—Z()

D'Hoker,

Schlotterer
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- Cycle exchange

0

Relations between hgMZVs

D'Hoker,
Schlotterer 25]

can use convolution formulation from [

~$ o &) (m+#n)

A
G Uiyl ) = [ mjl...jrklm,z@)J

1
o J w, (1) QE(t,)
HEeU, =2 (—2m1) e
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Relations between hgMZVs

D'Hoker,
Schlotterer 25]

can use convolution formulation from [

~$ o &) (m+#n)

- Cycle exchange / \

0

HeA. =2

A 1
Cor (Jy*+J KL, mn) = [ a)jl...jrkl(tl’ZO)J ( —27D) Le%{m @,(1) QQI_D(@)

0

—> choosing i # m and carefully exchanging
integrations leads to a 2, -hgMZV
Br+1

IR G 1))

Z:Q[i(jl o 'jrkla mn) — Cg[m(l/l, ljl o ]rkl) + 51] é/g[m(n, kl)

r B
P . .
+ F(SU.I,,, o Cor, (1,12 k)
p=1""

(fork £ [, i #m, m # n)
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Relations between hgMZVs

D'Hoker,
Schlotterer 25]

can use convolution formulation from [

Cycle exchange / \

o ! 1
Cor iy, kel mn) = [ mjl...jrklm,z@)J : J w,(1) Q4 (1,)
HEe, = (—2m1) e,

=2

—> choosing i # m and carefully exchanging
integrations leads to a 2[m-th\/IZV

B..

oo (J1 -kl mn) = Cor, (1, lJ1 Jikl) + 0 ik Cor, (11, k)
J L (I" 1)'

+Z l] I 52[ (I’l l]p+1 ]rkl)

(fork;él,l;ém,m;én)
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0

- Alternating identity (hyperelliptic)
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Relations between hgMZVs

hyperelliptic curve: y* = P, (x)

J

L-§ additional symmetry (hyperelliptic involution)

can be used to derive new relations: (i #))

0

Cg[j(ji» i) = Cg[j(iajij)

0

- Alternating identity (hyperelliptic)

Note: all compact genus-two Riemann
surfaces are hyperelliptic!

numerically: does not hold for hgMZVs
of non-hyperelliptic curves!
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Relations between hgMZVs

J

numerically: eMZV identities translate into hgMZV identities

e.g.
0M0.5) = 0M23)  w Gy (.J0 = Ly (7Y

J

D 2¢ D .o
0(1.2) = - 25010 - 003)  w  {y()%) = - 55w D) — Gu (Y

0

this would imply that all eMZV structures carry
over to hgMZVs!

0

eMZV — hgMZV identities” possible way to investigate:

. . . Gonzales ‘20
higher-genus associator relations [ ]

* Conjectured



Relations between hgMZVs

a Fay relations 0 = Py (21%,1) + Py (2°1,2) + Py (27,21) + PGy (21,1%)
0 Cycle exchange Cor, (12.23) = Loy (3,112)— 2Ly (3,12)

0 Alternating identity (hyperelliptic) e i 1) = Pl (i, i), i # ]

0 eMZV => hgMZV identities* 00,5 = 0%(2,3) = (y(,J) = Ly (7"

* Conjectured
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g hgM.ZV relations

Structures of eMZVs carry over to hgMZVs
Conjecture: Any eMZV identity translates into a
hgMZV identity

(Elliptic associator structures [Enriquez’10]
generalize to higher-genera [Gonzales ’20])

New Structures appear
Cycle exchange identity: e.qg.
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Certain identities only present for
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Summary

g Definition of 2A-cycle hgMZVs

@ Degenerations of hgMZVs

 Separating and non-separating
degenerations studied

« eMZVs can be recovered from hgMZVs
through degenerations

& Regularization of hgMZVs

KB, Broedel, Im, ,
See [ Ji, Moeckli 25]

g hgM.ZV relations

Structures of eMZVs carry over to hgMZVs
Conjecture: Any eMZV identity translates into a
hgMZV identity

(Elliptic associator structures [Enriquez’10]
generalize to higher-genera [Gonzales ’20])

New Structures appear
Cycle exchange identity: e.qg.

Cor, (12,21) = Cop (1,112)45-Cg (1,12)

Certain identities only present for
hyperelliptic surfaces
Alternating identity: e.qg.

[2]52[j(ji9 ij) = [Z]C%j(i,jlj), (1 #J)
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application to physics
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