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• Particle physics today is driven by 
the LHC.

The need for precision

• Collides protons at high energies.

➡ Gives us access to physics 
at new energy scales!

• Some technical details:

➡ Center-of-mass energy: 13.6 TeV

➡ Circumference: 27 km.

➡ 4 interaction points where the 
beams collide.



⟨NuMeriQS⟩The need for precision

• So far no signs of new physics.

• In the absence of signals of new physics, we 
are entering a new era of precision physics!

➡ Precise experimental measurements.

➡ Precise theoretical predictions.

• Biggest success of the LHC in 2012:
The discovery of the Higgs boson.

➡ Are there other, unexpected, new 
particles?



⟨NuMeriQS⟩The need for precision
• In a quantum theory, we can 

predict probabilities.

Proba ⇠ |A|2

➡       = scattering amplitude
= probability amplitude for a 
certain scattering to occur.

A

• In collider experiments, the observable is the (differential) 
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d�

➡ Corresponds (roughly) to the probability to find a certain 
final state in a certain region of a detector, normalised to the 
initial flux.
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• The ‘master formula’ for LHC observables:

QCD factorisation
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Parton Distribution Functions
non-perturbative; 

describe structure of the proton

Partonic cross section
computable in perturbation theory 

as collisions between quarks and gluons
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• In general we do not know how to compute amplitudes exactly.

➡ Perturbation theory: ↵s = coupling constant

➡ How many terms needed?

The need for precision

• Precision increases with the number 
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➡ Is this needed?
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√
s

TeV σLO σNLO σNNLO σgg→H→WW∗

7 29.52+1.6%
−2.5% 45.16+3.7%

−2.9% 49.04+2.1%
−1.8% 3.25+7.1%

−7.8%

8 35.50+2.4%
−3.5% 54.77+3.7%

−2.9% 59.84+2.2%
−1.9% 4.14+7.2%

−7.8%

13 67.16+5.5%
−6.7% 106.0+4.1%

−3.2% 118.7+2.5%
−2.2% 9.44+7.4%

−7.9%

14 73.74+5.9%
−7.2% 116.7+4.1%

−3.3% 131.3+2.6%
−2.2% 10.64+7.5%

−8.0%

TABLE I. LO, NLO and NNLO cross sections (in picobarn)
for on-shell W+W− production in the 4FNS and reference
results for gg → H → WW ∗ from Ref. [75].

decrease when moving from LO to NLO and NNLO.
Moreover, the NNLO (NLO) corrections turn out to ex-
ceed the scale uncertainty of the NLO (LO) predictions
by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-

[Gehrmann, Grazzini, Kallweit, Maierhöfer, von 
Manteuffel, Pozzorini, Rathlev, Tancredi (2014)]
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by up to a factor 3 (34). The fact that LO and NLO
scale variations underestimate higher-order effects can be
attributed to the fact that the gluon–quark and gluon–
gluon induced partonic channels, which yield a sizable
contribution to the W+W− cross section, appear only
beyond LO and NLO, respectively. The NNLO is the
first order at which all partonic channels are contribut-
ing. The NNLO scale dependence, which amounts to
about 3%, can thus be considered a realistic estimate of
the theoretical uncertainty due to missing higher-order
effects.

In Figure 1, theoretical predictions in the 4FNS are
compared to CMS and ATLAS measurements at 7 and
8 TeV [5–8]. For a consistent comparison, our results
for on-shell W+W− production are combined with the
gg → H → WW ∗ cross sections reported in Table I.
It turns out that the inclusion of the NNLO corrections
leads to an excellent description of the data at 7 TeV and
decreases the significance of the observed excess at 8 TeV.
In the lower frame of Figure 1, predictions and scale vari-
ations at NNLO are compared to NLO ones, and also the
individual contribution of the gg → W+W− channel is
shown. Using NNLO parton distributions throughout,
the loop induced gluon fusion contribution is only about
35% of the total NNLO correction.

In the light of the small scale dependence of the 4FNS
NNLO cross section, the ambiguities associated with the
definition of a top-free W+W− cross section and its sen-
sitivity to the choice of the FNS might represent a sig-
nificant source of theoretical uncertainty at NNLO. In
particular, the omission of b-quark emissions in our 4FNS
definition of the W+W− cross section implies potentially
large logarithms of mb in the transition from the 4FNS
to the 5FNS. To quantify this kind of uncertainties, we
study the NNLO W+W− cross section in the 5FNS and
introduce a subtraction of its top contamination that al-
lows for a consistent comparison between the two FNSs.
An optimal definition of W+W− production in the 5FNS
requires maximal suppression of the top resonances in
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FIG. 1. The on-shell W+W− cross section in the 4FNS at

LO (dots), NLO (dashes), NLO+gg (dot dashes) and NNLO

(solid) combined with gg → H → WW ∗ is compared to re-

cent ATLAS and CMS measurements [5–8]. In the lower panel

NNLO and NLO+gg results are normalized to NLO predic-

tions. The bands describe scale variations.

the pp → W+W−b and pp → W+W−bb̄ channels. At
the same time, the cancellation of collinear singularities
associated with massless g → bb̄ splittings requires a suf-
ficient level of inclusiveness. The difficulty of fulfilling
both requirements is clearly illustrated in Figure 2 (left),
where 5FNS predictions are plotted versus a b-jet veto
that rejects b-jets with pT,bjet > pvetoT,bjet over the whole
rapidity range, and are compared to 4FNS results. In
the inclusive limit, pvetoT,bjet → ∞, the higher-order correc-
tions in the 5FNS suffer from a huge top contamination.
At 7 (14) TeV the resulting relative enhancement with
respect to the 4FNS amounts to about 30 (60)% at NLO
and a factor 4 (8) at NNLO. In principle, it can be sup-
pressed through the b-jet veto. However, for natural jet
veto values around 30 GeV the top contamination re-
mains larger than 10% of the W+W− cross section, and
a complete suppression of the top contributions requires
a veto of the order of 1 GeV. Moreover, as pvetoT,bjet → 0,
the (N)NLO cross section does not approach a constant,
but, starting from pvetoT,bjet ∼ 10 GeV, it displays a loga-
rithmic slope due to singularities associated with initial
state g → bb̄ splittings. This sensitivity to the jet-veto
parameters represents a theoretical ambiguity at the sev-
eral percent level, which is inherent in the definition of
top-free W+W− production based on a b-jet veto.

To circumvent this problem we will adopt an alterna-

⇠ 10% ⇠ 1%

A = A(0) + ↵s A(1) + ↵2
s A(2) + . . .
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➡ Each diagram translates into an analytic formula.

= + + + . . .

q

q̄

g

g

•        receives contributions from Feynman diagrams with    loops.L

Perturbation Theory
A(L)

• Quantum mechanics: We have to sum over all unobserved 
quantum numbers.

k

!

Z
d4k

➡ 1 loop: usually doable.

➡ 3 loops: some           or 2.2 ! 1

➡ Integrate over loop momentum   .k
<latexit sha1_base64="tGVlcmCXDrofJt3D8aKxfx/sZX8=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BLx4TMA9IQpid9CZDZmeXmVkhLIHcveoveBOv/op/4Gc4m+RgEgsaiqru6Z7yY8G1cd1vJ7e1vbO7l98vHBweHZ8UT8+aOkoUwwaLRKTaPtUouMSG4UZgO1ZIQ19gyx8/ZH7rGZXmkXwykxh7IR1KHnBGjZXq436x5JbdOcgm8ZakBEvU+sWf7iBiSYjSMEG17nhubHopVYYzgdNCN9EYUzamQ+xYKmmIupfOD52SK6sMSBApW9KQufp3IqWh1pPQt50hNSO97mXif14nMcF9L+UyTgxKtlgUJIKYiGS/JgOukBkxsYQyxe2thI2ooszYbFa2ZG8rHehpwUbjrQexSZqVsndTrtRvS9XqbBFSHi7gEq7BgzuowiPUoAEMEF7gFd6cmfPufDifi9acswz2HFbgfP0CkzaW1A==</latexit>

➡ 2 loops: some                  .2 ! 2 or 3
<latexit sha1_base64="ufM9vujcew5vGmGpMxVyTFv0P50=">AAACFXicbVC7TsMwFHV4lvIKILGwWFRITFWSIsFYiYWxSPQhNVHluE5r1XnIvkFUIRJ/wc4Kv8CGWJn5Az4Dp+1AW850dM61z73HTwRXYFnfxsrq2vrGZmmrvL2zu7dvHhy2VJxKypo0FrHs+EQxwSPWBA6CdRLJSOgL1vZH14XfvmdS8Ti6g3HCvJAMIh5wSkBLPfPYcSHGDnaBPYAMMxxLnONaz6xYVWsCvEzsGamgGRo988ftxzQNWQRUEKW6tpWAlxEJnAqWl91UsYTQERmwrqYRCZnyssn+OT7TSh8HOjqII8AT9e+LjIRKjUNfT4YEhmrRK8T/vG4KwZWX8ShJgUV0GhSkAuuTizJwn0tGQYw1IVRyvSumQyIJBV3ZXErxt1SBysu6GnuxiGXScqp2rercXlTq9adpSSV0gk7RObLRJaqjG9RATUTRI3pBr+jNeDbejQ/jczq6YsyKPUJzML5+AW+9nrs=</latexit>
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• Feynman integrals typically diverge, and need to be regulated.

Regularisation

• Most common scheme: Dimensional regularisation.

➡ Perform computation in arbitrary dimensions    .
<latexit sha1_base64="/GjIqvIKiIBr+DdwbKirDA1K0T8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeizqwWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHssHM07Qj+hA8pAzaqxUv+uVym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasJrP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSPK94lxWvflGu3uRxFOAYTuAMPLiCKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPmWGMzg==</latexit>

D

➡ Take the limit               at the very end.
<latexit sha1_base64="OafOr2sPW0yMG6De3/xe2Hh+Hq0=">AAAB7nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFXbisYB/QDiWT3mlDM5khyQhl6Ee4caGIW7/HnX9j2s5CWw8EDufcS+45QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLFS+470TExq/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2WfNGSu/t7IaKT1JArsZETNSC97M/E/r5ua8NrPuExSg5ItPgpTQWzEWXYy4AqZERNLKFPc3krYiCrKjG2oZEvwliOvktZF1buseg+1Sv0mr6MIJ3AK5+DBFdThHhrQBAZjeIZXeHMS58V5dz4WowUn3zmGP3A+fwAQYY69</latexit>

D ! 4

➡ Divergences show up as poles in             .
<latexit sha1_base64="2od+mcQVswpyimNXmbPrz267lsI=">AAAB9HicbVBNSwMxEJ34WetX1aOXYBG8WHalqMeiHjxWsB/QLiWbZtvQbHZNsoWy7O/w4kERr/4Yb/4b03YP2vpg4PHeDDPz/FhwbRznG62srq1vbBa2its7u3v7pYPDpo4SRVmDRiJSbZ9oJrhkDcONYO1YMRL6grX80e3Ub42Z0jySj2YSMy8kA8kDTomxktcNFKGpm6V359WsVyo7FWcGvEzcnJQhR71X+ur2I5qETBoqiNYd14mNlxJlOBUsK3YTzWJCR2TAOpZKEjLtpbOjM3xqlT4OImVLGjxTf0+kJNR6Evq2MyRmqBe9qfif10lMcO2lXMaJYZLOFwWJwCbC0wRwnytGjZhYQqji9lZMh8TmYGxORRuCu/jyMmleVNzLivtQLddu8jgKcAwncAYuXEEN7qEODaDwBM/wCm9ojF7QO/qYt66gfOYI/gB9/gA75ZHA</latexit>

1

D � 4

➡ Result is a Laurent series:

k

!

<latexit sha1_base64="AGQtt+nRxTzWGpHZCfcfjio5fTY="></latexit>

=
a�2

✏2
+

a�1

✏
+ a0 + a1 ✏+ . . . <latexit sha1_base64="MIGEOf9fLHOtU5Liaa/B8iRXk/I=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgxbIrRb0IRT14rGA/oF1LNp1tQ7PJkmSVsvR/ePGgiFf/izf/jWm7B219MPB4b4aZeUHMmTau++3klpZXVtfy64WNza3tneLuXkPLRFGoU8mlagVEA2cC6oYZDq1YAYkCDs1geD3xm4+gNJPi3oxi8CPSFyxklBgrPdzgS1w56UCsGZeiWyy5ZXcKvEi8jJRQhlq3+NXpSZpEIAzlROu258bGT4kyjHIYFzqJhpjQIelD21JBItB+Or16jI+s0sOhVLaEwVP190RKIq1HUWA7I2IGet6biP957cSEF37KRJwYEHS2KEw4NhJPIsA9poAaPrKEUMXsrZgOiCLU2KAKNgRv/uVF0jgte2dl765Sql5lceTRATpEx8hD56iKblEN1RFFCj2jV/TmPDkvzrvzMWvNOdnMPvoD5/MH8EiRhA==</latexit>

D = 4� ✏

➡ The      are functions of momenta and masses of the particles.<latexit sha1_base64="7/eetyLgm7LKW5FSmU2FQe6cHwo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB9oX/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSeui6tWq3v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPHz9+jcc=</latexit>ai
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⟨NuMeriQS⟩Feynman integrals
Analytic Numerical

• If we can obtain analytic 
expressions for the Laurent 
coefficients, the problem is 
solved!

• Feynman integrals must be 
complicated transcendental 
functions, depending on 
many variables.

• Mathematically: Periods of 
(very complicated, singular) 
algebraic varieties.

• Problem: Divergences and 
regularisation!

• There are algorithms that 
provide integrands for the 
Laurent coefficients.

• These algorithms are typically 
not very efficient.

• Advantage: form of functions 
and number of variables 
irrelevant.



⟨NuMeriQS⟩Project B04

• Goal of Project B04: Development of novel purely numerical 
approaches for Feynman integrals!

• Important questions we will address:

➡ Can one identify a ‘basis’ of Feynman integrals such that 
most of the complicated integrals are finite?

➡ Can we develop an efficient numerical algorithm to 
integrate those integrals?



⟨NuMeriQS⟩Feynman integrals
Polynomial

Propagator:

<latexit sha1_base64="VfCfegX7yS82V98ZepMdEMgEyeo="></latexit>Z

RD

dDk
N

D1 D2 · · ·Dp
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Di = (k � qi)
2 �m2

i Real positive number (mass)

Scalar product:
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v2 = v20 � (v21 + v22 + . . .+ v2D�1)

➡ Singularities lie on quadrics: hyperbolas and ellipsoids.

• The integral over       can be done using residues. 
<latexit sha1_base64="wwwRPBgXcjwQd3LIUOK0cmr8AyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Hf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9W9e4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD4R42Y</latexit>

k0

➡ Integrand more complicated.
➡ Fewer integrations left.

[Feynman; Catani, Rodrigo, …]

➡ Can use MC methods to do remaining integrations (if integral 

converges).



⟨NuMeriQS⟩Feynman integrals

• Important observation: After      integration, all singularities lie 
on ellipsoids.

➡ Ellipsoids are compact.

➡ Possible advantage: Exponential convergence!

<latexit sha1_base64="wwwRPBgXcjwQd3LIUOK0cmr8AyY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh3Hf7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVa9W9e4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c2Rzovz7nwsWgtOPnMMf+B8/gD4R42Y</latexit>

k0

• There are quadrature methods that can be applied to such 
integrals!

• Goal of B04: 

➡ Develop and implement a quadrature algorithm for 
Feynman integrals!

[Capatti, Hirschi, Kermanschah, 
Pelloni, Ruijl]
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1D hp-quadrature

hp-interpolation in 1D:
Using a geometric mesh,
domain is subdivided such
that all domain elements
not bordering the
singularity have
(exponential) p-scaling

Elements bordering
singularity have general
h-scaling, which is
exponential with respect to
mesh size n
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• hp interpolation in 1D

➡ Using a geometric mesh, 
domain is subdivided such 
that all domain elements not 
bordering the singularity 
have (exponential) p-scaling.

➡ Elements bordering 
singularity have general h-
scaling, which is exponential 
with respect to mesh size    .<latexit sha1_base64="hF4HLgRz3tqYAhghlSRPlgMy4R0="></latexit>n

[Slide by B. Kovačić]
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hp-quadrature in higher dimensions:
Domain is partitioned such that the
diameter of each element is
proportional to distance from
singularity.

Employ quadratures of orders
scaling with respect to the volume
of each element.

Regularize singular elements using
Duffy transformations
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hp-quadrature

• hp-quadrature for ellipsoidal singularities 

➡ Domain is partitioned such 
that the diameter of each 
element is proportional to 
distance from singularity. 

➡ Employ quadratures of 
orders scaling with respect to 
the volume of each element. 

[Slide by B. Kovačić]

➡ Regularize singular elements 
using Duffy transformations.
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• Numerical methods can only be used if integral converges.

• It is possible to choose the numerator polynomials so that many 
of the most complicated integrals are finite!

• Goal of B04: 

➡ Develop and implement an algorithm to render most 
complicated (basis) integrals finite.

<latexit sha1_base64="VfCfegX7yS82V98ZepMdEMgEyeo="></latexit>Z

RD

dDk
N

D1 D2 · · ·Dp

[Gambuti, Kosower, Novichkov, 
Tancredi]

Project B04



⟨NuMeriQS⟩Conclusion

• Work on Project B04 has started!

➡ We have identified a simple example of a finite integrals, 
and we are implementing a quadrature algorithm.

➡ We have implemented a general algorithm to perform the 
residue integration.

➡ We are implementing the algorithm to choose the 
numerators.

• Final goal: divide et impera!

- divergent integrals are ‘easy’: can be done analytically.
➡ Find a basis of integrals where:

- ‘complicated’ integrals are finite: needs efficient numerical 
algorithms.
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• Loop integrations:

➡ 1 loop: usually doable.

➡ 2 loops: typically            and            with massless particles.<latexit sha1_base64="hHu7YNp1nNIlefHbwkIqjdiOWSw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcEtQzYWEYwD0iWMDu5m4yZnV1mZoWwBGzsbfUX7MTWD/EP/Awnj8IkHhg4nHPnPk6QCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HNxG8+otI8lvdmlKAf0b7kIWfUWKlR7piYlLuFoltypyCrxJuTIsxR6xZ+Or2YpRFKwwTVuu25ifEzqgxnAsf5TqoxoWxI+9i2VNIItZ9Ntx2Tc6v0SBgr+6QhU/Xvj4xGWo+iwFZG1Az0sjcR//PaqQmv/YzLJDUo2WxQmApiT5ycTnpcITNiZAllittdCRtQRZmxAS1MmfRWOtTjvI3GWw5ilTTKJe+yVLmrFKvVp1lIOTiFM7gAD66gCrdQgzoweIAXeIU359l5dz6cz1npmjMP9gQW4Hz9AnmtmGM=</latexit>
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➡ 3 loops:            and first            with massless particles.2 ! 1
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• Combing real and virtual corrections:

➡ NLO: usually doable.

➡ NNLO: typically            and first           .<latexit sha1_base64="hHu7YNp1nNIlefHbwkIqjdiOWSw=">AAACA3icbVC7SgNBFL3rM8ZX1NJmMAhWYTcEtQzYWEYwD0iWMDu5m4yZnV1mZoWwBGzsbfUX7MTWD/EP/Awnj8IkHhg4nHPnPk6QCK6N6347a+sbm1vbuZ387t7+wWHh6Lih41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HNxG8+otI8lvdmlKAf0b7kIWfUWKlR7piYlLuFoltypyCrxJuTIsxR6xZ+Or2YpRFKwwTVuu25ifEzqgxnAsf5TqoxoWxI+9i2VNIItZ9Ntx2Tc6v0SBgr+6QhU/Xvj4xGWo+iwFZG1Az0sjcR//PaqQmv/YzLJDUo2WxQmApiT5ycTnpcITNiZAllittdCRtQRZmxAS1MmfRWOtTjvI3GWw5ilTTKJe+yVLmrFKvVp1lIOTiFM7gAD66gCrdQgzoweIAXeIU359l5dz6cz1npmjMP9gQW4Hz9AnmtmGM=</latexit>
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