MAX-PLANCK-INSTITUT
FUR KOHLENFORSCHUNG

Automated Generator Environment in ORCA

for Accurate Many-Body Theory

Hang Xu, Frank Neese

Department of Molecular Theory and Spectroscopy
Max-Planck-Institut fiir Kohlenforschung

September 30, 2024

H.Xu (MPI-Kofo) ORCA-AGE September 30, 2024



Quantum Chemistry - What do we want?

Quantum chemists focus on determining the electronic structure of chemical systems with high
accuracy, which enables the calculations of:

® Energies

® Molecular properties
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Quantum Chemistry - What do we want?

Quantum chemists focus on determining the electronic structure of chemical systems with high
accuracy, which enables the calculations of:

® Energies

® Molecular properties

What are the current goals?

® To tackle systems that were not accessible before (like heavy-metal complexes, large
biomolecules, etc.)

® To achieve expected accuracy (chemical accuracy ~ lkcal/mol )

® To calculate (approximate) numbers faster (lower scaling)
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N-Particle Space and Wavefunction

Suppose we have N particles with labels 1,2,3,...,n and their respective single-particle Hilbert
space:

Hi, Ha, H3, -, Ha (1)
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N-Particle Space and Wavefunction

Suppose we have N particles with labels 1,2,3,...,n and their respective single-particle Hilbert

space:
Hi, Ha, H3, -, Ha (1)

Then the N-particle Hilbert space and respective wavefunction (Slater Determinant) look like:

HN = AH1 QH2 @ Hz @ -+ @ Ha) (2)
Nparticles
i) ba(a) oo Pn(x)
1 |hie)  Pa(x) ... Pn(x) )

lll(xl,xz,...,XN):W . . .
i) 2(xn) o ()
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N-Particle Space and Wavefunction

Suppose we have N particles with labels 1,2,3,...,n and their respective single-particle Hilbert
space:
Hi, Ho, Hs, ..., Ha (1)

Then the N-particle Hilbert space and respective wavefunction (Slater Determinant) look like:

HN = AH1 @ Ha @ H3 ® -+ @ Hn) ()
Nparticles
Y1) Y2(xa) . Yn(xa)
. 1 |hie)  Pa(x) ... Pn(x) 5
X1, X2,y .y XN) = —— . .
(a, % N) N : : (3)
Y1) P200) - Ynw)
and the N-particle Fock space and the wavefunction (Occupation Number State, or Fock State):
N
FYH) =PH =1 o oW & - oH" (4)
i=0
W) =]1,1,1,...,0,0,0,...) = ahal,...al o) (5)
Noccupied
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The Hamiltonian

The non-relativistic electronic Hamiltonian under Bonn-Oppenheimer (BO) approximation:

) Ne Ny Ny 2478
e _4A%B 6
Z %in—rl DYt R ©
_,_/
Te Vee Ven Vnn
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The Hamiltonian

The non-relativistic electronic Hamiltonian under Bonn-Oppenheimer (BO) approximation:

R Ne Ny Ny Z4Z8
=— v+ — 6
=SS IS R S @
_,_/
Te Vee Ven Vi

Using second quantization and neglecting the nuclear-nuclear repulsion term, it could be written
as:

Aetec = th 5 aq 2 Z (pq|rs)§};§];§s§, (7)

P»q,r,s
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The Hamiltonian

The non-relativistic electronic Hamiltonian under Bonn-Oppenheimer (BO) approximation:

Ne Ny Ny

ZaZ5
= Loy _4A%B 6
Z %In—nl DYt R ©
_,_/
Te Vee Ven VAN

Using second quantization and neglecting the nuclear-nuclear repulsion term, it could be written
as:

elec = th 5 3 2 Z (pq|rs)§};§];§s§, (7)
Psq,r,s
with:
oo = (plbla) = [ w3 (592 - er o ®)

(palrs) = / Yp(ryg(r2) ¢r(f1)¢s(r2) r1drs ©)

r1 — r2|
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Overview of Quantum Chemistry Methods

Accuracy —p

(Future) Deep learning
& quantum chemistry
coupled methods

s

Atomistic
molecular
mechanics (MM) “*

Coars ed simulations
& continuum mechanics

Cost of Calculation ——p

1Borges, Ricardo, Et al. (2021). Focus Review. Chemical Reviews
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Starting Point: Hartree-Fock Method

® N-electron wavefunction: single Slater determinant |$yg) =1,1,1,...,0,0,0,...)
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Starting Point: Hartree-Fock Method

® N-electron wavefunction: single Slater determinant |$yg) =1,1,1,...,0,0,0,...)

® The molecular orbitals v); are solved by minimizing the total electronic energy
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Starting Point: Hartree-Fock Method

® N-electron wavefunction: single Slater determinant |$yg) =1,1,1,...,0,0,0,...)
® The molecular orbitals v); are solved by minimizing the total electronic energy

® Eigenvalue problem

Fipi = ejipi (10)
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Starting Point: Hartree-Fock Method

® N-electron wavefunction: single Slater determinant |$yg) =1,1,1,...,0,0,0,...)
® The molecular orbitals v); are solved by minimizing the total electronic energy

® Eigenvalue problem

Fupi = ey (10)
® The Fock operator £ depends on 1;, making it a Self-Consistent Field (SCF) problem:
F=h+) (2] - K) (1)
J
in which the Coulomb and exchanged operators are defined as:

Juity = | WP e Rye) = / HOUT) ar (12)

r—v] r—v|
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Starting Point: Hartree-Fock Method

® N-electron wavefunction: single Slater determinant |$yg) =1,1,1,...,0,0,0,...)
® The molecular orbitals v); are solved by minimizing the total electronic energy

® Eigenvalue problem

Fyi = e

® The Fock operator £ depends on 1;, making it a Self-Consistent Field (SCF) problem:

F b+ Y00 Ry
J
in which the Coulomb and exchanged operators are defined as:

Juity = | WP e Rye) = / HOUT) ar

r—v] r—v|

® Once converged, the total energy Eyr could be evaluated via:

Enr = Y (vilhli) + Z (Wijlidy) — (biyli))

i i
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The Wavefunction: Coupled Cluster Ansatz

The coupled-cluster wavefunction

Wee) = el |[our) = e7[1,1,1,...,0,0,0,...) (14)
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The Wavefunction: Coupled Cluster Ansatz

The coupled-cluster wavefunction
|WCC>:ef|¢HF):ei—‘171717"'7070707"'> (14)

in which the coupled-cluster excitation operators are defined as:

A S 1 be...pata ata ati
T = E Tm= E CE E tgkf'_"{ala;aZajaik.,.} (15)
m m ijk...
abc...
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The Wavefunction: Coupled Cluster Ansatz

The coupled-cluster wavefunction

|WCC> = e-,A—|d>HF) = ei—‘lv 1,1,...,0,0,0,. >

in which the coupled-cluster excitation operators are defined as:

o ~ 1 b e
T= Z Tm= Z 7(,"!)2 Z tgkf'_"{ala;aZajaik .
m m

ijk...
abc...

Schrédinger Equation:

Aaec|Wee) = EcclWee)
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The Wavefunction: Coupled Cluster Ansatz

The coupled-cluster wavefunction

|WCC> = e-,A—|d>HF) = ei—‘lv 1,1,...,0,0,0,. >

in which the coupled-cluster excitation operators are defined as:

o ~ 1 b e
T= Z Tm= Z 7(,"!)2 Z tgkf'_"{ala;aZajaik .
m m

ijk...
abc...

Schrédinger Equation:

Aaec|Wee) = EcclWee)

or (via the "effective” Hamiltonian):

H|our) = e Auece |Pnr) = Ecc|Pur)
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The Wavefunction: Commutator Expression

The effective Hamiltonian could be expanded with the Baker-Campbell-Hausdorff (BCH) formula
which truncates naturally here:

A=eThe = A+[A, T]1+ Z[[A, T), T] + %[[[H, 71, 1), T+ %[[{[ﬁ, T, 71, 71, 71 (18)

N | =
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The Wavefunction: Commutator Expression

The effective Hamiltonian could be expanded with the Baker-Campbell-Hausdorff (BCH) formula
which truncates naturally here:

- e s o oa 1 a0l e A a1 e A A
A=eTHe = H+ [H’ T] + 5[[H’ T]7 T] + g[[[H’ T]7 T]’ T] + g[[[[’t T]’ T]: T]’ T] (18)
By projecting the Schrddinger equation onto the ground state we obtain the energy in closed-form:

Ecc = (Puel H|®pr) = (Puple™ " Aaece” [On) = (ue|H + [A, T1+ ... |Ppe) (19)
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The Wavefunction: Commutator Expression

The effective Hamiltonian could be expanded with the Baker-Campbell-Hausdorff (BCH) formula
which truncates naturally here:

- N A a1l e Al A A a1 A s
A=eTHe = H+ [H’ T] + 5[[H’ T]7 T] + 6[[[H’ T]7 T]’ T] + g[[[[’t T]’ T]: T]’ T] (18)
By projecting the Schrddinger equation onto the ground state we obtain the energy in closed-form:

Ecc = (Puel H|®pr) = (Puple™ " Aaece” [On) = (ue|H + [A, T1+ ... |Ppe) (19)

projecting onto the u-body excitation manifold we can solve for the corresponding CC amplitude
ty:

0 = (& Aldnr) = (Ppule™ " Feece” |Our) = (PulA +[A, T+ ... [Pur) (20)
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Number of Diagrams for Coupled Cluster Theory

:\/_v+w«+w*
*U*H*\LO"V
sl nd

Theory Time Diagrams per excitation level

s o 1 2 3 4 5 6 7 8
CCSD 01 3 14 31
CCSDT 07 3 15 37 47
CCSDTQ 24 3 15 38 53 74
CCSDTQP 63 3 15 38 54 80 99
CCSDTQPH 138 3 15 38 54 81 105 135
CCSDTQPH7 260 3 15 38 54 81 106 141 169
CCSDTQPH78 454 3 15 38 54 81 106 142 175 215

2F.Evangelista, AGMBT workshop 2023 Saclay

H.Xu (MPI-Kofo)

ORCA-AGE

September 30, 2024



Equation Generator: The Commutator Approach

In ORCA_AGE we use the single-particle replacement operator:

Ac’; = 5;aaqa + é:;ﬁaQﬂ (21)
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Equation Generator: The Commutator Approach

In ORCA_AGE we use the single-particle replacement operator:
(‘1’ = 5,T;a¢-°lqa + §Z,ﬁflqﬂ
We can arrange any target into this form:

oot = (Spe| ETE] . Ef|dug)
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Equation Generator: The Commutator Approach

In ORCA_AGE we use the single-particle replacement operator:
5 = 5;aaqa + é:;ﬁaQﬂ (21)
We can arrange any target into this form:
Yovd = (Oue|ETE] . EL|®ug) (22)

and then apply these commutator relation and termination conditions for equation generation:

[éf;, Esr] = E-sp&rq - ééaps (23)
El|PnF) = 26| OhF) (Pur| EP = 255 (Ppr| (24)
EP|®dpr) =0 (durlE; =0 (25)
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Equation Generator: The Commutator Approach

In ORCA_AGE we use the single-particle replacement operator:
5 = 5Eaaqa + é:,ﬁaqﬁ (21)
We can arrange any target into this form:
Yovd = (Oue|ETE] . EL|®ug) (22)

and then apply these commutator relation and termination conditions for equation generation:

[éf;, Esr] = E-sp&rq - ééaps (23)
El|PnF) = 26| OhF) (Pur| EP = 255 (Ppr| (24)
EP|®dpr) =0 (durlE; =0 (25)

® Move indices around with commulation relations

® Creates 0 and Kronecker deltas
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Equation Processing: The Toolchain

A= BCDE
A=BC 1
A=BC X =BC
Write inputs 1 Y = XD Find optimal
for chosen index order of
ansatz A=2BC A=YE tensors
Reorder A=CB
tensors for A=DB
optimal scaling l
A=(C+D)B

® Equation Generation — Equation Processing (Factorization) — Code Generation
® Maths utilities: indices, tensors, contractions, symmetry, etc.

® Text-based symbol manipulation
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ORCA_AGE Interface

An equation file contains:
® Header: containing information about tensor storage, permutational symmetry etc.
® Equations: containing actual contractions:
® Target tensor
® Source tensors

® factors and summation information
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ORCA_AGE Interface

An equation file contains:

® Header: containing information about tensor storage, permutational symmetry etc.
® Equations: containing actual contractions:

® Target tensor

® Source tensors

® factors and summation information

Example:

S3P 4+ = (kilbc)Tif (26)
ke

Sijab(a0,i0,b0,j0) += -1.0 I(K0,i0,b0,C0) Tau(a0,kK0,CO,j0)

® Summation indices are capitalized

® Rank-4 tensors like Sgb stored on disk, as a Matrix Container: Sj; j(a, b)
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Canonicalization

Utilizing permutational symmetry to reduce redundant terms, e.g. for the target:
Eccsp < (Pur|AT2|OnF) (27)

during the equation generation there are many redundant terms:

Eccsp Y _(ialjb) T3° (28)
ijab

Eccsp < (jblia) T§" (29)
ijab
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Canonicalization

Utilizing permutational symmetry to reduce redundant terms, e.g. for the target:
Eccsp < (Pur|AT2|OnF) (27)

during the equation generation there are many redundant terms:

Eccsp Y _(ialjb) T3° (28)
ijab

Eccsp < (jblia) T§" (29)
ijab

Using the symmetry relation (ialjb) = (jb|ia) we can merge these two terms into one:

Eccsp < 2y (ialjb) 3" (30)
ijab
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Factorization

Given the following contractions:

A = BCDEF (31)
X = PQCDR (32)
Y = JDEFL (33)
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Factorization

Given the following contractions:

A = BCDEF
X = PQCDR
Y = JDEFL

There might be several different ways to factorize term A:

A= (((BC)D)E)F
A = B((CD)(EF))
A = (BC)(D(EF))

Which one shall we pick? — The global minimization problem

H.Xu (MPI-Kofo) ORCA-AGE September 30, 2024
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Cost Model

® Estimates the FLOP count for a given contraction
® Based on the index space sizes
® Determines the factorization scheme
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Cost Model

® Estimates the FLOP count for a given contraction
® Based on the index space sizes
® Determines the factorization scheme

1000 ¢

Cost model time estimation (s)

RHFCISD o oo
ROHFCISD o o8’
FIC-MRCI(6,6) © 00-
o
o kel
o
o
8
[-)
l PR
100 1000
Wall time (s)
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Cost Model

® Estimates the FLOP count for a given contraction
® Based on the index space sizes

® Determines the factorization scheme - virtual
1000
RHF CISD (] an Bl
0 ROHFCISD © %’
5 FIC-MR%I(G,B) o & —l—
©
£ 111 1| Ll active
» o
[ o“?@ (-] _T_
Q
E _T_l_
3 o
g 8 _14—
3 e _T_l_ inactive
() I |
il L L Lo
100 1000
Wall time (s)
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Cost Model: An Example

Contraction:

Factorization Scheme (1):

bc abc
XJk _Zt Eijk

Emy <> Xf,’belkc)

jkab

FLOP = 6.402 x 1010

H.Xu (MPI-Kofo)

Ery Z t730°(jblkc)

ijkabc
Factorization Scheme (2):
(39) =Y t5°(jblkc)
Jjkbe
(40) Ery < D_t7X7

ia

FLOP = 6.400 x 1010

ORCA-AGE
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(41)

(42)
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Cost Model: An Example

Contraction:

Eqry < Y t7t2p(jblkc) (38)
ijkabc
Factorization Scheme (1): Factorization Scheme (2):
X = Z g (39) =D _ticGblke)  (41)
Jjkbe

Em < Z)@‘fublkc) (40) Emy < > 6X7 (42)

Jjkab ia
FLOP = 6.402 x 1010 FLOP = 6.400 x 10%°

Note that in practice, Nyt >> Ninactive > MNactive
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Other Tools

® Summation Intermediates (distributive law):
S+ AC
S+ BC
as addition is chepaer than multiplication:

D+ A+ B
S+ DB

H.Xu (MPI-Kofo) ORCA-AGE September 30, 2024
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Other Tools

® Summation Intermediates (distributive law):

as addition is chepaer than multiplicat

® |/O minimization:

U[i,j](aa b) + X[i,j](a» b)

H.Xu (MPI-Kofo)

S+ AC
S+ BC

ion:

D+ A+ B
S+ DB

Vs

ORCA-AGE

U[iaf](a’ b) + X[a,b](i:.i)
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Contraction Engine (I): Optimized Efficiency

® Part of the C++ code generator

® Inserts specialized hand-written function calls based on pattern matching
® Reduces |/O as much as possible

® Improves efficiency as much as possible

= Load as much as possible into memory, use BLAS whenever possible
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Contraction Engine (I): Optimized Efficiency

® Part of the C++ code generator

® Inserts specialized hand-written function calls based on pattern matching
® Reduces |/O as much as possible

® Improves efficiency as much as possible

= Load as much as possible into memory, use BLAS whenever possible

Example:

Choy < > A B (48)

stu
tuv

Clp,ql(r,5) < A, 7,u1(P, 1, V)BT 11(q, V) (49)
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Contraction Engine (II)

Cp,q1(r,8) < A, 7,u1(P, 1, V)Bir,u1(q, V) (50)

loop p:
loop q:
load C_pg;
loop T,U:
load B_TU;
loop s:
load A_sTU

Very slow, as well as redundant and unnecessary I/O with the p, g loop.

September 30, 2024
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Contraction Engine (lII)

Cip,q)(rss) < A, 1,u1(p, 1, V)BT 01(q, V) (51)
Alternatively, we define the intermediates A_T,B_T,C_T (BLAS-able and kept in memory!):
loop s,T,U:
load A-sTU; Load A into A_T
loop p,r,V:

A_T(prs,TUV) < A_sTU(p,r,V)

loop T,U: .
load B_TU; Load B into B_T

loop q,V:
B_T(q,TUV) < B_TU(q,V)

C_T(prs,q) « A_T(prs,TUV) B_T(q,TUv)T  [BLAS Call

loop p,q:

load C_pq;
loop r,s: Store C_T into C

Cpq(r,s) < C_T(prs,q)

® All terms applicable would invoke this! (Pattern matching)
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Nuclear Gradient (Analytic)

RHF CCSD UHF CCSD
1201 —— PpAL1 1204 PAL1
100/ —— PAL4 1007 —— PAL4
—— PAL8 —— PALS
< 80 - 80
[} [}
£ 60 £ 60
40 40
20 20
0 0
200 400 600 100 200 300 400
number of basis functions number of basis functions

® Maxcore: 5000 MB per core
CPU: AMD EPYC 75F3
Basis: def2-TZVP

® Frozen core, single gradient step
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Response Properties(l)

The total electronic energy under external perturbations:

E(X)=Eo+2i:(g—;) X + = Z(axax) XiXj+ ...

(0,0)

where X = (F, B, 1,...) is the collection of perturbations.

We can identify various molecular properties as the derivatives in the Taylor series:

OE . . .
° oF" electric dipole p;
° 6?‘ oF " : polarizability «;;

4 %: magnetizability 8;;

4 BB 8mN : NMR shielding o

H.Xu (MPI-Kofo) ORCA-AGE September 30, 2024
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Response Properties(|l)

BXB y Ox Oy

8 h oD, Oh
S DN Dk LT (53
pnv iz
We can post-process the generated equations to obtain new equations for derivatives:
® Product rule

® Relabel the quantities with corresponding derivatives
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Response Properties(|l)

BXB y

Oy Oy

Shl,
SR ILIEU DY
pv pv

ox

ot (53)

We can post-process the generated equations to obtain new equations for derivatives

® Product rule

® Relabel the quantities with corresponding derivatives

Write inputs
for chosen
ansatz

A = BC
9 d_ﬂlmﬁ
dx _ dx dx
A= BCDE
A=BC
A=BC X=BC
1 Y =XD
A=2BC A=YE

H.Xu (MPI-Kofo)

Reorder
tensors for
optimal scaling

ORCA-AGE

A=CB
A=DB

!

A= (C+D)B

Find optimal
index order of
tensors




Response Properties(lI)

CCSD Analytic Polarizability

60l — PAL1
—— PAL4
50/ — PAL8
< 40 ® Maxcore: 5000 MB per core
P ® CPU: AMD EPYC 75F3
€ 30 ® Basis: def2-TZVP
= ® Frozen core, single gradient
20 step
10
0
100 150 200 250

number of basis functions

® Scales the same as unperturbed methods, with a pre-factor
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Summary and Outlook

Summary:

® |n quantum chemistry (electronic structure theory), we strive for highly accurate electronic
energy and molecular properties

® Accurate wavefunction method like higher-order Coupled Cluster methods are hard
implement

® Automated code generation gives us the access towards these "advanced” methods
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Summary and Outlook

Summary:

® |n quantum chemistry (electronic structure theory), we strive for highly accurate electronic
energy and molecular properties

® Accurate wavefunction method like higher-order Coupled Cluster methods are hard
implement

® Automated code generation gives us the access towards these "advanced” methods

In the future, we wish to have:
® Better performance in parallelization

® |ower scaling methods (new approximations)
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