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Schrodinger equation and time evolution
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Suzuki-Trotter decomposition
[Suzuki CommunMathPhys 51 (1976); Trotter ProcAMS 4 (1959)]
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Error estimation and efficiency [Omelyan et al. CPC 146 (2002), CPC 151 (2003)]
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Decompositions into /I operators [JO JPhysA 56 (2023)]
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Heisenberg model and error estimation
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Heisenberg model and error estimation

[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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Benchmarking the Heisenberg model
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Error accumulation
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Error accumulation
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Error accumulation

error/t

10~*

107° -

106

ev 159 (1967) ——

Blan

es & Moan (
Non-L
Unif. Non-\

an et al. CPC 151 (2003) oo

“ompApplMath 142 (2002
nitary [JO JPhysA 56 (2023)] =w=mrm-
Jnitary [JO.JPhysA 56 (2023)] ---------- i

tA 146 (1990 -

cp = 0.140.0251
dip =0.1+40.0251
co = 0.1 —0.0661
dy = 0.1 —0.0661
cg = 0.1 +0.0821

order = 4,
cycles =5,
Eff, = 6.38

10/14



Adaptive step size [Blanes et al. Ap/NumMat 146 (2019); Zhao et al. PRXQ 4 (2023)]

ZHAO, BUKOV, HEYL, and MOESSNER PRX QUANTUM 4, 030319 (2023)
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Quantum circuit optimisation
[Mansuroglu et al. QuantSciTech 8 (2023); Tepaske et al. SciPostPhys 14 (2023)]

[Mc Keever & Lubasch PRR 5 (2023)]
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Quantum circuit optimisation
[Mansuroglu et al. QuantSciTech 8 (2023); Tepaske et al. SciPostPhys 14 (2023)]

[Mc Keever & Lubasch PRR 5 (2023)]
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How to choose... [JO JPhysA 56 (2023)]

Use Blanes&Moan, Use Verlet
order n =4 (43) somewhat | Do you care about order n =2 (24)
performance? (Quick and easy
but always good) to0 code)

(Not always optimal,

Do you need high precision Is the hamiltonian H bounded
(relative error < 10~%)7 and can it be applied instead of "7

no

Use Taylor expansion Use non-unitary
scheme (33), order n = 4
or higher (sec. 3.2.14)
(As cheap as it gets,

Use Blanes&Moan,
order n = 6 (45)

or higher (sec. 3.2.14)
(High pre
made affordable)

(Only the exact solution
is more precise)

sion
yet precise)

Can you split the hamiltonian H into
exactly two operators H = A+ B (see eq. (2))?

one of the operato Use Suzuki
dominant (e.g. A < B)? order n = 4 (35)
(1t's well established
for a reason)

Use Omelyan’s small A Use Blanes&Moan,
order n =4 (43)
(1t’s always good,
but here it’s optimal

scheme (32), order n
(Make most out of
your prior knowledge)

)
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The A4 Project Plan

1. Optimise higher order
schemes.

2. Generalise 2-operator
efficiencies for A

Constrained
energy shell

operators. .
3. Include in-practice error " Adaptive step Time

accumulation. [ Quench _ Trotter  ADA Trotter ]
4. Combine with alternative — —O— ==
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Proof of validity of A-operator decomposition |

For every i € {1,...,q} (setting dy = 0)

¢it+dioy=a; —di—1 +diq
= Qg ,
di—FCi:bi—Ci—FCi
:bi7

i.e. decomposition works trivially for A = 2.
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Proof of validity of A-operator decomposition |l

Use the Baker—Campbell-Hausdorff formula:

A
H eAk‘cih — eC’lcih+Cg(cih)2+03(cih)3+...
k=1
1
H oArdih | (Didiht-Da(dih)*+Ds(dih)* 4
k=A
A
where C7 = Dy = > Ay and the remaining operators Cj, D; are some

k=1
linear combinations of [th order commutators

[AkN[Akm Tt [Akz—lvAkl] T H
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Proof of validity of A-operator decomposition Il

C), Dy are independent of ¢ and for every A > 2 all the C; (D;) are

mutually non-commuting and linearly independent in general. Thus, the

right hand side is completely independent of A.
For A = 2:

A
n+1
eh kgl Ak+0(h ) — eclclh+02(Clh)2+"'eDld1h+D2(dlh)2+'"

.. eCreghtCaleh)* - Didgh-+Da(dgh)*+--
Since the ¢;, d; fulfil this condition for every C;, D; (they solve the
corresponding system of polynomial equations), they automatically fulfil it

for every A.
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Heisenberg model and error estimation
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]
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Symplectic integrators [Omelyan et al. CPC 151 (2003)]

» Numerically solve equations of motion
T=0p
p=-V(z)
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Symplectic integrators [Omelyan et al. CPC 151 (2003)]
» Numerically solve equations of motion
T =p
p=-V'(z)
» Preserve phase space = error of H = %pz + V(z) bounded.

0.95

" Runge-Kutta Euler
Symplectic Euler

0.9

1 = X + alhpo
= o p1 = po — biAV' (1)
08 T9 = X1 -+ aghpl

) 9/12



Special case of Trotterization [Omelyan et al. CPC 151 (2003)]
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_ 4 >(p(0) )
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Special case of Trotterization [Omelyan et al. CPC 151 (2003)]

(1)-0 ()

= [B,[B,[A,B]]] =0

= 05 =N [A> [Aa [Av [A7 BHH + 72[‘47 [Av [Bv [Av Bm]
+731B, (A, [A, [A, Bl]]] + 5alB-AB-AB-ABlH]
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Suzuki's recursive method [Suzuki JMatPhys 26 (1985)]

1. Choose a symmetric decomposition S, (h) of order O (h").

11/12



Suzuki's recursive method [Suzuki JMatPhys 26 (1985)]

1. Choose a symmetric decomposition S, (h) of order O (h").

2. Choose p € N, best p = 2.

11/12



Suzuki's recursive method [Suzuki JMatPhys 26 (1985)]

1. Choose a symmetric decomposition S, (h) of order O (h").

2. Choose p € N, best p = 2.

1

3. Calculate coefficient s,, = ————.
2p—(2p) 1T

11/12



Suzuki's recursive method [Suzuki JMatPhys 26 (1985)]

1. Choose a symmetric decomposition S, (h) of order O (h").

2. Choose p € N, best p = 2.

1

3. Calculate coefficient s,, = ————.
2p—(2p) 1T

4. Construct O (h”+2) method:

Spa2(h) = Sp(sph)?' S, (1 — 2psy)h) Sp(syh)?

11/12



Yoshida's optimisation method [Yoshida PhysLetA 150 (1990)]

1. Use 2nd order building blocks S3(h).
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Yoshida's optimisation method [Yoshida PhysLetA 150 (1990)]

1. Use 2nd order building blocks S3(h).
2. Choose target order n and parameter m.

3. Ansatz:

Sn(h) = SQ(U}mh) s SQ(U)Qh)SQ(?UﬂZ) Sg(onh) Sg(wlh) ce Sg(wmh) y
Wy = 1—2 Z Wm,
i=1
4. Find weights w; so that S, (k) has order O (h").
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