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Schrödinger equation and time evolution

i
∂
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|ψ⟩ = H |ψ⟩ (ℏ = 1)

▶ Real time evolution
▶ Imaginary time evolution
▶ Symplectic integration
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ẋ =
∂H

∂p
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Suzuki-Trotter decomposition
[Suzuki CommunMathPhys 51 (1976); Trotter ProcAMS 4 (1959)]

H =
Λ∑
i

Ai , AiAj ̸= AjAi

U(h) ≡ eiHh

U(h) = eiA1h eiA2h · · · eiAΛh +O
(
h2
)

U(h) = eiA1h/2 eiA2h/2 · · · eiAΛh/2 eiAΛh/2 · · · eiA2h/2 eiA1h/2 +O
(
h3
)

...
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Error estimation and efficiency [Omelyan et al. CPC 146 (2002), CPC 151 (2003)]

e(A+B)h+O1 h+O3 h
3+O5 h

5+··· = eAa1h eBb1h · · · eBbqh eAaq+1h

O1 = (ν − 1)A+ (σ − 1)B, ν =
∑

i ai, σ =
∑

i bi

O3 = α[A, [A,B]] + β[B, [A,B]]

O5 = γ1[A, [A, [A, [A,B]]]] + γ2[A, [A, [B, [A,B]]]]

+ γ3[B, [A, [A, [A,B]]]] + γ4[B, [B, [B, [A,B]]]]

+ γ5[B, [B, [A, [A,B]]]] + γ6[A, [B, [B, [A,B]]]]

Eff2 =
1

q2
√
|α|2 + |β|2

Eff4 =
1

q4
√∑6

j=1 |γj|2
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Decompositions into 2 operators

e(A+B)h+O(hn+1) = eAa1h eBb1h eAa2h · · · eBbqh eAaq+1h

= eAc1h eBc1h eBd1h eAd1h · · · eBdqh eAdqh

c1 = a1 , d1 = b1 − c1 ,

c2 = a2 − d1 , d2 = b2 − c2 ,
... ...
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Decompositions into Λ operators [JO JPhysA 56 (2023)]

e
h

Λ∑
k=1

Ak+O(hn+1)

=

(
Λ∏

k=1

eAkc1h

)(
1∏

k=Λ

eAkd1h

)
· · ·

(
Λ∏

k=1

eAkcqh

)(
1∏

k=Λ

eAkdqh

)

AΛ

A1

c1 c2d1 cqdq−1 dq

A2

...
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Classical and quantum spin chains

▶ Classical Ising model

▶ Quantum Heisenberg model
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]

H =
L∑
i=1

(Si · Si+1 + hiS
z
i ) ,

eiHt ≡ U(t) = U(h)t/h

= U(h)t/h +O (hn) ,

U(h) = eiH
x
1 c1heiH

y
1 c1heiH

z
1 c1heiH

x
2 c1heiH

y
2 c1heiH

z
2 c1h · · · eiHz

1dqheiH
y
1 dqheiH

x
1 dqh ,

error ∝
∣∣∣∣∣∣U(t)− U(h)t/h

∣∣∣∣∣∣
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Benchmarking the Heisenberg model

10−6

10−5

10−4

10−3

10−2

10−1

100

10

er
ro

r

cost

Verlet PhysRev 159 (1967)

AΛ

A1
1
2

1
2

A2

...

order = 2 ,

cycles = 1
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Benchmarking the Heisenberg model
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Eff4 = 10.2

9 / 14



Benchmarking the Heisenberg model
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Non-Unitary [JO JPhysA 56 (2023)]

AΛ

A1

A2

...

c1 d1 d2 c2c2 d2 d1 c1

c1 ≈ 0.10 + 0.02 i

d1 ≈ 0.15 + 0.07 i

c2 ≈ 0.14 + 0.07 i

d2 ≈ 0.11− 0.16 i

order = 4 ,

cycles = 4 ,

Eff4 = 29.9
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Error accumulation
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Error accumulation
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Non-Unitary [JO JPhysA 56 (2023)]
Unif. Non-Unitary [JO JPhysA 56 (2023)]

c1 = 0.1 + 0.025 i

d1 = 0.1 + 0.025 i

c2 = 0.1− 0.066 i

d2 = 0.1− 0.066 i

c3 = 0.1 + 0.082 i

order = 4 ,

cycles = 5 ,

Eff4 = 6.38
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Adaptive step size [Blanes et al. AplNumMat 146 (2019); Zhao et al. PRXQ 4 (2023)]
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Quantum circuit optimisation
[Mansuroglu et al. QuantSciTech 8 (2023); Tepaske et al. SciPostPhys 14 (2023)]

[Mc Keever & Lubasch PRR 5 (2023)]

Ansatz: brickwall circuit
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How to choose... [JO JPhysA 56 (2023)]

13 / 14



The A4 Project Plan

1. Optimise higher order
schemes.

2. Generalise 2-operator
efficiencies for Λ
operators.

3. Include in-practice error
accumulation.

4. Combine with alternative
approaches.
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Proof of validity of Λ-operator decomposition I

For every i ∈ {1, . . . ,q} (setting d0 = 0)

ci + di−1 = ai − di−1 + di−1

= ai ,

di + ci = bi − ci + ci

= bi ,

i.e. decomposition works trivially for Λ = 2.
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Proof of validity of Λ-operator decomposition II

Use the Baker–Campbell–Hausdorff formula:(
Λ∏

k=1

eAkcih

)
= eC1cih+C2(cih)

2
+C3(cih)

3
+···

(
1∏

k=Λ

eAkdih

)
= eD1dih+D2(dih)

2
+D3(dih)

3
+···

where C1 = D1 =
Λ∑

k=1

Ak and the remaining operators Cl, Dl are some

linear combinations of lth order commutators
[Ak1,[Ak2, · · · [Akl−1

,Akl] · · · ]].
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Proof of validity of Λ-operator decomposition III

Cl, Dl are independent of i and for every Λ ≥ 2 all the Cl (Dl) are
mutually non-commuting and linearly independent in general. Thus, the
right hand side is completely independent of Λ.
For Λ = 2:

e
h

Λ∑
k=1

Ak+O(hn+1)
= eC1c1h+C2(c1h)

2
+···eD1d1h+D2(d1h)

2
+···

· · · eC1cqh+C2(cqh)
2
+···eD1dqh+D2(dqh)

2
+···

Since the ci, di fulfil this condition for every Ci, Di (they solve the
corresponding system of polynomial equations), they automatically fulfil it
for every Λ.
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Heisenberg model and error estimation
[Childs et al. PRX 11 (2021); Heyl et al. SciAdv 5 (2019); Schubert & Mendl PRB 108 (2023)]

H =
L∑
i=1

(
σxi σ

x
i+1 + σyi σ

y
i+1 + σzi σ

z
i+1 + hiσ

z
i

)
,

eiHt ≡ U(t) = U(h)t/h

= S(h)t/h +O (hn) ,

S(h) = eiH
x
1 c1heiH

y
1 c1heiH

z
1 c1heiH

x
2 c1heiH

y
2 c1heiH

z
2 c1h · · · eiHz

1dqheiH
y
1 dqheiH

x
1 dqh ,

error =
1√
N

∣∣∣∣∣∣U(t)− S(h)t/h
∣∣∣∣∣∣

F

=
1√
N

√∑
v

∣∣U(t) · v − S(h)t/h · v
∣∣2
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Symplectic integrators [Omelyan et al. CPC 151 (2003)]

▶ Numerically solve equations of motion

ẋ = p

ṗ = −V ′(x)

▶ Preserve phase space ⇒ error of H = 1
2p

2 + V (x) bounded.
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 0.85

 0.9

 0.95

 0  1  2  3  4  5  6

H

t

Runge−Kutta Euler
Symplectic Euler

x1 = x0 + a1hp0

p1 = p0 − b1hV
′(x1)

x2 = x1 + a2hp1
...
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ṗ = −V ′(x)

▶ Preserve phase space ⇒ error of H = 1
2p

2 + V (x) bounded.

 0.45

 0.5

 0.55

 0.6

 0.65

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 0  1  2  3  4  5  6

H

t

Runge−Kutta Euler
Symplectic Euler

x1 = x0 + a1hp0

p1 = p0 − b1hV
′(x1)

x2 = x1 + a2hp1
...

9 / 12



Symplectic integrators [Omelyan et al. CPC 151 (2003)]

▶ Numerically solve equations of motion
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Special case of Trotterization [Omelyan et al. CPC 151 (2003)]

(
x(t)
p(t)

)
= et(p

∂
∂x−V ′(x) ∂

∂p)
(
x(0)
p(0)

)

=: et(A+B)

(
x(0)
p(0)

)
⇒ [B,[B,[A,B]]] = 0

O3 = α[A, [A,B]] + β[B, [A,B]]

⇒ O5 = γ1[A, [A, [A, [A,B]]]] + γ2[A, [A, [B, [A,B]]]]

+ γ3[B, [A, [A, [A,B]]]] + γ4[B, [B, [B, [A,B]]]]

+ γ5[B, [B, [A, [A,B]]]] + γ6[A, [B, [B, [A,B]]]]
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Suzuki’s recursive method [Suzuki JMatPhys 26 (1985)]

1. Choose a symmetric decomposition Sn(h) of order O (hn).

2. Choose p ∈ N, best p = 2.

3. Calculate coefficient sn = 1

2p−(2p)
1

n+1
.

4. Construct O
(
hn+2

)
method:

Sn+2(h) = Sn(snh)
p Sn ((1− 2psn)h) Sn(snh)

p
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Yoshida’s optimisation method [Yoshida PhysLetA 150 (1990)]

1. Use 2nd order building blocks S2(h).

2. Choose target order n and parameter m.

3. Ansatz:

Sn(h) = S2(wmh) · · ·S2(w2h)S2(w1h)S2(w0h)S2(w1h) · · ·S2(wmh) ,

w0 = 1− 2
m∑
i=1

wm

4. Find weights wi so that Sn(h) has order O (hn).
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