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Flavour physics

[] flavour anomalies = opportunity for BSM

[J QCD = crucial for confirming significance and
interpreting

experiment = SM x perturbative QCD x (non=perturbative QCD)
+ BSM x perturbative QCD x (non=-perturbative QCD)

e — - _ N e pp—— _—— . S

[J QCD is complicated

mesons baryons

[J Difficult to extract non-perturbative
predictions

tetraquarks hybrids
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Recipe for strong force predictions

1. Lagrangian defining QCD

2. Formal / numerical machinery (lattice field theory)

3. A few experimental inputs (e.g. M, My, M)
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Wide range of precision pre-/post-dictions

mg/IS ( ,u) —

" " " " " : : S

gA

(g — 2)HVP
w I /D

a® (M) = 0.1176(11)

-

F o

N Flavoul L&oeAA ing G (?l
‘ r veraging Group

a5 (M) = 0.1184(8) lattice average

PDG 20 (non-lattice)

C Overwhelming evidence for QCD Vv

Tool for new-physics searches v )
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Lattice QCD

[J a non-perturbative regularization of QCD

[J a definition that is well-suited to numerical evaluation

render the quantum path-integral finite-dimensional — evaluate using Monte Carlo importance sampling
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Lattice QCD

[J a non-perturbative regularization of QCD

[J a definition that is well-suited to numerical evaluation

render the quantum path-integral finite-dimensional — evaluate using Monte Carlo importance sampling
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Challenges for lattice QCD
observable — /D¢ Gis

interpolator

for observable




Challenges for lattice QC

dN e S | interpolator

observable! —
for observable |

To proceed we have to make three modifications

Im F4 :

] e 1l nonzero lattice spacing
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2 finite volume, L

Also... Mw,lattice > Mw,our universe

(but physical masses — increasingly common)
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Some more details of LQCD

[dJ Continuum theory is defined as... 4 K -

D, =0, —igl'"Aj,

1 _
Lacn = G867 £ 3 Ty (i D, —my) ¥,

[J First step to putting on a lattice is to replace derivative with finite difference

T, Tr ]‘ A I [ [ I
U (x)yH0, Vs (z) — \I!f(x)fy“a Vi(z+ap) — Ve(x)] k &4 4 : :
or, for the covariant derivative... 000 -E ------ E ------ :L ----- :L -
_ _ 1 A : | : :
U (2)y" Dy (z) — Yp(a )y~ [Un(@)Wp(z +ap) - Vp(2)] 1 ' ;. 8 8
L

[J Some key messages .

. . . i
Uﬂ(x) is the link variable L,
exact gauge invariance for nonzero lattice spacing LR
field strength tensor from a “plaquette”

: . 2 3
U,(x) = et () P (x) = ¢ Fuy (2)+0(a”)




Many kinds of quarks...

[J Naive implementation of a quark on the lattice does not work

put in one flavour... turns out you are simulating 16 flavours!

[ Fixing this issue leads to many possibilities

domain-wall quarks, staggered quarks, Wilson quarks, twisted-mass quarks

J

| Quarks are integrated out analytically

[ Resulting integral is very high dimensional ( ~ 100* X 10 = 10’ dims)
(O) — / DU [ det(Ds[U]) e=5<1V) O(D~1, )
f

~ Y O™ U)

Ucek

observable Dirac operator




Matrix elements and LQCD /8—

[J Single-hadron initial and final states

[0 Calculated directly in LQCD 6 ’ \6
[ New theory challenge = QED
] See FLAG averages
B — Knlte—
[J Two-hadron final states K —nm Lo+

als

L
Significantly more challenging - i _— : N.J‘P'
Subtle finite volume issues ‘ \6 é__)<g

] Multi-hadron states for /s > 4M,

[J All or nothing (must constrain all channels for a prediction)

L)
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Processes with QCD-stable hadrons
[ Three categories:

[0 Decay constants [0 Form factors [J Mixing parameters
(0|71) (1[71") (1HA2)
fri f0 IB PG, faon(d®) B, B
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[ Three categories:
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[J Summary of the approach...

[J Importance sampling QCD gauge fields — correla ‘
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Processes with QCD-stable hadrons
[ Three categories:

[0 Decay constants [0 Form factors [J Mixing parameters
(0|71) (1[71") (1HA2)
N PG, faon(d®) B, B

[CJ Summary of the approach...

[J Importance sampling QCD gauge fields — correlators

bare
<A T L mq,a,<

temporal length /volume \ quark masses lattice spacing
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Processes with QCD-stable hadrons
[ Three categories:

[0 Decay constants [0 Form factors [J Mixing parameters
(0|71) (1[T71") (1HA2)
N PG, faon(d®) B, B

[J Summary of the approach...
[J Importance sampling QCD gauge fields — correlators

renorm bare
Z <A T L mq a<l - \

temporal length /volume \ quark masses lattice spacing

[ Renormalization of currents required (typically non-perturbative)
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Processes with QCD-stable hadrons
[ Three categories:

[J Decay constants ] Form factors [J Mixing parameters
UNVARY (1]7]17) (I[HAT=2 1)
fﬂ?fKafB ffow_ (q2)7 fB—>7r(q2) B(Bn;l), B(B?Z)

[J Summary of the approach...

[J Importance sampling QCD gauge fields — correlators

zrenorm <A2are(0) 7Tp(_7-)>T,L,mq,a | %7\\\\ —|— //7\\\\ _|_ Ce

temporal length volume quark masses lattice spacing

L] Renormalization of currents required (typically non-perturbative)

[ Large time separation filters excited states

A

zrenorm <A2are(0) 7Tp(_7_)>T,L,mq,a — <Azenorm(0) e—H’T Wp(0)>

s Z e by T L.m,.a
r>om O p,ufw( o Liy Mg, )
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Processes with QCD-stable hadrons
[ Three categories:

[0 Decay constants [J Form factors [J Mixing parameters
(0|71) (1[T71") (1HA2)
N PG, faon(d®) B, B

[J Summary of the approach...

[J Importance sampling QCD gauge fields — correlators

Zrenorm {Aza’re(()) Tl T i oy Zne T ip, fru (T, Lymy, a)

temporal length volume quark masses lattice spacing
L] Renormalization of currents required (typically non-perturbative)
[J Large time separation filters excited states
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Processes with QCD-stable hadrons
[ Three categories:

[0 Decay constants [J Form factors [J Mixing parameters
(0|71) (1[T71") (1HA2)
N PG, faon(d®) B, B

[J Summary of the approach...

[J Importance sampling QCD gauge fields — correlators

21 (A (0) mp(—T ) bamga 3 Zne T iplfa(T, Lmy, a)

temporal length volume quark masses lattice spacing
L] Renormalization of currents required (typically non-perturbative)
[ Large time separation filters excited states
[J Extrapolation/interpolation to physical point
lim lm f(T, L, mPWs q) = fPhys L
T,L— 00 a—0 fx(T, L, a )= I
e e ——————
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Decay constants (0|7 |1)

[J Summary (from Bazavov et. al. [Fermilab/MILC] 2018)

uuuuuuuuuuuuuuuuuuuuuuuuuuu

¥ Fermilab/MILC 18

o =1 ETM 14

& #* Fermilab/MILC 14

I e | O [ BES 3 + CKM unitarity
A A RBC/UKQCD 17

xQCD 14

A HPQCD 12

Fermilab/MILC 11 (Clover c)
AL HPQCD 10

>

I~
>

.........................
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...........

175 185 195 205 215 225 235 245 255
fp+ (MeV) [B,

[ Current precision sufficient for BES Ill, BELLE I
[J Fermilab/MILC includes QED uncertainty (not yet rigorous)

(MeV)

[J MILC quoting higher precision than any other 2+1(+1) calculation

Fermilab/MILC 18

HPQCD 17 (pseudoscalar current)
ETM 16

HPQCD 13 (NRQCD b)

RBC/UKQCD 14

HPQCD 12 (NRQCD b)
HPQCD 11 (HISQ b)
Fermilab/MILC 11 (Clover b)

Need comparable precision from other calculations to cross-check

==
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Decay constants: latest FLAG update for charm

2+1+1

N¢=

Ni=241

Nf=2

FLAG2021

fp,
our average for Ny=2+1+1
FNAL/MILC 17
FNAL/MILC 14A
ETM 14E
ETM 13F
FNAL/MILC 13
FNAL/MILC 12B

xQCD 20A
RBC/UKQCD 17
xQCD 14

j
HPQCD 12A

FNAL/MILC 11

H—D—H PACS-CS 11

FNAL/MILC 05

our average for Ns=2+1

our average for N¢=

Balasubramamian 19
Blossier 18

TWQCD 14

ALPHA 13B

ETM 13B

ETM 11A

ETM 09

HPQCD 10A
k ||_|| i
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i

HPQCD/UKQCD 07
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fo./fo

FLAG2021

FLA

Flavour Lattice Averaging Group N

24+141
L

EI.

N¢

Lo
I

our average for Ne=2+1+1

FNAL/MILC 17
FNAL/MILC 14A
ETM 14E

ETM 13F
FNAL/MILC 13
FNAL/MILC 12B

ot

Ne=2+1
I

(]

 FNAL/MILC

our average for N,=2+1

,ﬁ QCD 20A
BC/UKQCD 18A
RBC/UKQCD 17
HPQCD 12A
FNAL/MILC 11
PACS-CS 11
HPQCD/UK CD 07

! |,

+
—_—{1—

Nf=2

our average for Ny=2

TWQCD 14
ALPHA 13B
ETM 13B
ETM 11A
ETM 09

1.10 1.15 1.20 1.25

fp

212.0(0.7) MeV

fp. = 249.9(0.5) MeV

/D,
fp

1.1783(0.0016)
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Decay constants: latest FLAG update for bottom m

Flavour Lattice Averaging Group N

FIAG2021 fg [MeV] FIAG 2021 fs. [MeV]
= our average for Ne=2+1+1 :-I- our average for Ne=2+1+1
i FNAL/MILC 17 + FNAL/MILC 17
N HPQCD 17A I i HPQCD 17A
3 H ETM 16B z " ETM 16B
H——_—H ETM 13E } [} ETM 13E
—Eh HPQCD 13 —— HPQCD 13
—lH our average for Ny=2+1 . our average for Ne=2+1
S I —— RBC/UKQCD 14 1 o
. _—— RBC/UKQCD 14 2 3 e - . RBCIUKGCD 14A
iy T RBC/UKQCD 13A (stat. err. only) I - RBC/UKQCD 13A (stat. er. only)
Il z - HPQCD 12
) — W HPQCD 12
= HEH HPQCD 11A
I HPQCD 12 / 11A SN0 Rliica
I - FNAL/MILC 11 P L/
{1 HPQCD 09 L HPQCD 09
» our average for N¢=2 —il— our average for N¢=2
. ALPHA 14 |—0—.+—| Balasubramamian 19
{1 ALPHA 13 o~ b ALPHA 14
= ETM 13B, 13C 5 L I ALPHA 13
H HA—{H—— ALPHA 12A — B ETM 13B, 13C
- —{ ETM 128 —{ ALPHA 12A
{1+ ALPHA 11 ETM 12B
i ETM 11A ETM 11A
| B | ETM 09D B ETM 09D
160 175 190 205 220 235 250 210 230 250 270 290

Ny =2+1: fB
Ny =2+1: B,
/B,
/B

192.0(4.3) MeV
228.4(3.7) MeV

Nf=2—|—1

1.201(0.016)
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lattice QCD + QED

[ Relevant for sub-percent uncertainties QQED ™~ Mu 7 1%
Aqcp
[ Meaning of decay constants
G2|V.,. 2 2\ 2
[J Pure QCD (K™ =0 7y = rVus Kme%( — m—;)
8T mi.
(] QCD + QED (K~ = u~ 7, [y]) = (1.0032 + 0.0001) T O(K~ — u~7,)

(GRS scheme) C. Sachrajda (Durham flavour workshop) * Di Carlo et al.

] QED in a box T O L e

- 5 - >

] Periodicity incompatible with Gauss law \ / :: : 5 -

[J QED = long range ) @ | el ::

[J Require modification (vanishes as L — o) RSN
SN A

[] Different soft scales for different particles
[J Well-understood for pions and kaons

] Band D = different soft scale = requires theory developments
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Neutral meson mixing I|HA=211)

[[] B-mixing dominated by local matrix element

SN~

@

[J Summary (from Bazavov et al. [Fermilab/MILC] 201 6)

2 50
f B, BBd

2 5
B
fBS B,

)

i

HFOH4 B

]
0.04

0.06

|
0.08

GeV?
[] Lattice precision (~3-4%) is well behind even older experiments (~0.06 - 0.2%)

0.1

KLR 18 L &
RBC 18 ' ' !
Fermilab/MILC 16 '
RBC 14 O
Fermilab/MILC 12 — O
Fermilab/MILC 11
HPQCD 09 ——
Nf= 2+1
ETM 13
1.2014 oo Np=2
L1 l | |
1.15 121 127 1.33

~
B,

KLR 18 =
King, Lenz, Rauh (2018)
(OCD sum rules)

plot from Kronfeld

(Durham workshop 2019)

[J Challenging to find optimal ‘discretization’ (lattice definition of quarks)
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Neutral meson mixing (I|HAF=21)

[J B-mixing dominated by local matrix element

-em b
1.20f...... i
@ CO
o c
& Mo
115} & Ml
o FL| Lo |
* ¢ . s TE + :
" ; SR N S T e
; + & o e
1.10} : :
lattice prevents direct relativistic
calculation here quarks
1.05f i :
0.1 . 0i2 0i3 0I4 015 016

mp! [GeV ']

Uses a relativistic action for the b quark

Extrapolates to the heavy mass
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B-mixing — FLAG plots FiaG:

Flavour Lattice Averaging Group N

FiG2021 € Bg./Bg, FAG2021 fp, Y éBd fe, v éBs

. :
;_: HEH FLAG average for Ne=2+1+1 |—ll— (:" Ld FLAG average for Ny=2+1+ 1
o~ I
] >
2 88 HPQCD 19A = . = - HPQCD 19A ™
d RLPG anerade OFlg=2+ | - L FLAG average for N¢=2+1 -
H_H RBC/UKQCD 18A {H FNAL/MILC 16
- il Hl-
- =1 FNAL/MILC 16 - T
~ —— RBC/UKQCD 14A ——— ) ——+—l RBC/UKQCD 14A ‘ -
= H—F—— FNAL/MILC 12 3} - B o FNAL/MILC11 A ——
- RBC/UKQCD 10C i HPQCD 09 — i
HH HPQCD 09 ' Ll ' HPQCD 06A P#
— FLAG for Ny=2
Siaia st . - FLAG average N¢=2 i
o I ETM 13B 3
z — 01— ETM 12A,12B HiH ETM 138 HilH
1.1 1.2 13 0.9 1.0 1.1 180 220 260 220 260 300 MeV

B zs



B-mixing — FLAG values FiaG:

Flavour Lattice Averaging Group N

Nf=2+1:

fB.\/ BB, =225(9)MeV  fp,\/Bp, =274(8)MeV  Refs. [19, 23, 47],

A A

Bp, = 1.30(10) Bp, = 1.35(6) Refs. 19, 23, 47],
¢ = 1.206(17) Bp,/Bp, = 1.032(38) Refs. [19, 47].
Nf =2+1+1:

fB,A/ By, = 210.6(5.5) MeV fB.A/Bp, = 256.1(5.7) MeV  Ref. [48],
Bp, = 1.222(61) Bp, = 1.232(53) Ref. [48],
¢ =1.216(16) Bp,/Bp, = 1.008(25) Ref. [48].
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Form factors (1|7(1")

[] Significantly more information (functions vs numbers)

[ Conformal mapping — z-expansion — wider kinematic range

Lt E

— e ——— \

— ~ ——

R |

2 2 AN P
_Qmax 9mﬂ. ~ i _’

Bhattacharya, Hill, Paz (2011)
[CJ Report z coefficients + correlations

/ ’Vudl |Vus| |Vub| \
nt—IlTvy KT—ITv BTtV
[ Joint fit to LQCD and experiment = CKM at—snletv  K—mltv  B-oalty
|Vcd | |Vcs | ’Vcb |
o Dt —lty Df—Iltv  Bf—1ty
] Better precision needed for BES lIl, LHCb and Doaltv  Dokltv  Bemltv
SELLEN Vid| Vi \23
BY'—=n%1ti— BO—kOt—
\ B« B° BY<»BY )

Kronfeld (Durham workshop) (2019)
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Form factors (1|7|1") FiaGs

[J Example: f B—m (q2) Fovour g verging G (4

TlAG|2|O|23| T T T T T | T T T T
: fo average i
. Q f+ average -
: { I f+ HPQCD 06 = ]
i 1 f+ FNAL/MILC 15 +e— |
i f+ RBC/UKQCD 15 44— A
s f+ JLQCD 22 o
& E 'L fo FNAL/MILC 15 +e— |
- E § fo RBC/UKQCD 15 +=2— A
k — i fo JLQCD 22 94— -
Qg 0.6 B k
S E ® I g
VS — I i .
A | ! 1
= 04 —¥ 1 I - .
- : 1§ :
02 - :
00 EL L .

Rl -0.2 -0.1 0.0 0.1 0.2 0.3

z(qzvtopt)
[J See new FLAG report/website for details

[] Please cite original work (each figure has a .bib)

D 28



Matrix elements and LQCD /8—
dSingle-hadron initial and final states

[0 Calculated directly in LQCD 6 ’ \6
[ New theory challenge = QED
] See FLAG averages
B — Knlte—
[J Two-hadron final states K —nm Lo+

als

L
Significantly more challenging - i _— : N.J‘P'
Subtle finite volume issues ‘ \6 é__)<g

] Multi-hadron states for /s > 4M,

[J All or nothing (must constrain all channels for a prediction)

L)

. —
<3, D an KK
By
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Multi-hadron observables . LHCb (PRD92, 2015) -

160

[ Exotics, XYZs, tetra- and penta-quarks, H dibaryon _ 140
2 120
5 100

e.g. X(3872)
~ DD + D D*)?

80
60

Candidates per

40

20

AR P A l“‘u .......
740 760 780 800 820

AM = Mr'mdly) - M(J/y) [MeV]

[0 Eletroweak, CP violation, resonant enhancement

— — (— 4+ —4
CP violation in charm D — T, KK AAcp = (-15.44+2.9) x 10

. LHCb (PRL, 2019) -

f0(171()) could enhance AACP
e Soni (2017) -

Resonant B decays B — K* ff —> Kﬂ' M

X)), 1p),|K*),|fo) € QCD Fock space

I 30
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QCD Fock space

[J At low-energies QCD = hadronic degrees of freedom 7 ~ ud, K ~ su, p ~ uud

[ Overlaps of multi-hadron asymptotic states — S matrix

|77, in)

.g. |

dependson § = Egm
and angular variables

diagonal in angular momentum

L%
S(s) = <7T7T»0“t|$o
Ve

[J An enormous space of information nrnm,in)  |KK,in)

My(s) ox €2¥¢0s) — 1

_
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QCD resonances
[J Roughly speaking,a bump in: |./\/lg(8)‘2 X ‘62i5£(8) — 1‘2 X Sin2 55(8)

scattering rate

60

0.6

o

0.8 1
o, [9(JTY) =17(177)

s [ ®s |
) Un: @<I: nnn§§§§ :><:6

Protopopescu et al. (1972)

0.6

0.8 1

E (GeV)
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘z X ‘62i5€(8) — 1‘2 X Sin2 5g(8)

scattering rate

60 0.6 0.8 1
e, [O(JTO) =17 (177) T — T
—‘_‘40 nﬂ [0 Unn .‘}\/.‘,
DY c O o ® "o _
— 20 o Pw<:o, Ttz 9/pivo>!z
0 ; Protopopescu et al. (1972)

0.6 0.8 1

Extend to the
complex plane
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QCD resonances
[J Roughly speaking,a bump in: ‘./\/lg(s)‘Z X ‘6%52(8) — 1‘2 X Sin2 5g(8)

scattering rate
0.6 0.8 1

60 .
G(TPCY _ 14+ (1——
e M) =1 T — T
—‘_‘40 un p nn !} .‘,
z a @ ';3<I./00 a _ | \/ «'
o X “ pions ¥
Protopopescu et al. (1972)
0.8 1
E (GeV)
A Analytic continuation reveals a complex pole
< O
@ bound state
Ep = Mp

Er = Mg+ il'g/2

resonance @ :>¢C<:.
9
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Analyticity

[ Instead of |M(s)|* — analytically continue the amplitude itself 6> <:C

For two-particle energies (2m)? < s < (4m)?, what is the analytic structure! @

[0 The optical theorem tells us...
p(s)|Me(s)]* = Im M,(s)

/1 —4m?/s
B 327

where p(s) is the two-particle phase space

1
[ Unique solution is... M(s) = KE(S)_l — ip(S)

K matrix (short distance) phase-space cut (long distance)

C Key message: The scattering amplitude has a square-root branch cut )

35



Analyticity (all orders diagrammatic) C> <6

=@ @O @D o

propagating pion

C_\ . Bethe-Salpeter kernel
cuttmg rule I /[real analytic]

Qe Ol = 0PV + for (2m)? < 5 < (4m)?

p(s ocz\/s— (2m)?

on-shell particles = singularities:
non-analytic for (2m)? < s < (4m)?

defines the K matrix

o emer |+ [’“*]ﬂ’“*] L

p(s)
1
= K(s) + K(s)p(s)K(s) + -+ = K(s)~1 — p(s)
K matrix (short distance) phase-space cut (long distance)
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Cuts and sheets

1 1 2665(s) '
— 10p(S) 1 - 2
Ko(s) "L —ip(s) peotonls)—ip p(s) o< /5 — (2m)

My(s)

[J Each channel generates a square-root cut = doubles the number of sheets

A A
physical sheet g — Egm unphysical sheet

SR — (MRo—l— iFR/2)2
< o e e S aaaa oo S oA AAAAAAAAALAL
S —9<o

v v

resonance poles only on 2nd sheet

[J Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate...
(i) long-distance kinematic singularities

(ii) short-distance/microscopic physics (depending on interaction details)

D %
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3

Special request... bit more about different discretizations

] Naive approach leads to doubling
] Need a modification to remove the doublers... many options:

Staggered quarks (BMW/FNAL/MILC)

Reduce doublers from 16 to 4, then take a fourth root

Domain-wall quarks (RBC/UKQCD)

Fifth dimension with theory living on a 4d membrane

Twisted-mass quarks (ETMC)

Break parity to automatically remove linear lattice effects

Wilson quarks (alpha, HadSpec)
Original approach
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Matrix elements and LQCD /8—
dSlngle hadron initial and final states

[0 Calculated directly in LQCD 6 ) \6
[ New theory challenge = QED
] See FLAG averages
B — Kntti— (4~
1 Two-hadron final states K — mm //‘, ot

als

L
Significantly more challenging - 7
Subtle finite volume issues ‘ \6 ‘——)<6

] Multi-hadron states for /s > 4M,

[J All or nothing (must constrain all channels for a prediction)

‘——)( <I6 ﬁ‘ D—rr, KK
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Cuts and sheets

1 1 2665(s) '
— 10p(S) 1 - 2
Ko(s) "L —ip(s) peotonls)—ip p(s) o< /5 — (2m)

My(s)

[J Each channel generates a square-root cut = doubles the number of sheets

A A
physical sheet g — Egm unphysical sheet

SR — (MRo—l— iFR/2)2
< o e e S aaaa oo S PR AAAAAAAAALAL
S —9<,

v v

resonance poles only on 2nd sheet

[J Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate...
(i) long-distance kinematic singularities

(ii) short-distance/microscopic physics (depending on interaction details)
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Challenges for lattice QC

L &1
® o o o
® © o o
® © o o
® o o o

observable! —

dNp e "

interpolator

for observable

To proceed we have to make three modifications

nonzero lattice spacing

_
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2 finite volume, L

Im E&
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Euclidean
signature
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Also... Mw,lattice > Mw,our universe

(but physical masses — increasingly common)
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Difficulties for multi-hadron observables

] The Euclidean signature | imaginary time...

O Obscures real time evolution (that defines scattering)

O Prevents normal LSZ (want pf = — (p? + m?), but we have only pf > ()
/
L0 0 0.0 [d The finite volume...
o 0o 0 o o
o® e e® o® o O Discretizes the spectrum
le” o° o° o o)/ O Eliminates the branch cuts and extra sheets
O Hides the resonance poles
—m
Finite-volume analytic structure Infinite-volume analytic structure
TSheetl
< l O ¢FEARARARALARA
B oo
l o 1 Sheet I
< oA AAAAAAAAAAL
v O
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Importance of the finite volume

‘X>7|:0>7|K*>7‘f0> Z QCD Fock

77, out), |Kmout), ---€  QCD Fockspace

(continuum of states)

Relation is (highly) non-trivial

. A Es(L)
/\/\/ [ B1(L) c Discrete set of finite-
LT volume states
r __________ :/L Eo(L)
L
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The finite-volume as a tool

[d Finite-volume set-up [ cubic, spatial volume (extent L)

______________ ] periodic

,.-.'.':'._._;:.------.I ; A EQ(L) 27.‘.

: ; o, — — — 3

SR Ey(L) p=—mn, nel

v . . — M, L

T :/L Eo(L) 1 Lis large enough to neglect €
L

[ T and lattice also negligible

[J Scattering leaves an imprint on finite-volume quantities

Eo = 2M;

Infinite-volume threshold

./\/lgzo (QMW) = —327

 Huang, Yang (1958) -

T et S
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Derivation (all orders diagrammatic) M(s)
] Consider the finite-volume correlator: probability
amplitude

M (P)
poles give f.v.
spectrum

ML(P) ::.:—I--I-—I—-~ —— propagating pion

© 1/L" . Bethe-Salpeter kernel

‘ +

F = matrix of known geometric functlons

Defines the K matrix

[ oo - ll++lcll++] L

F

1

— < 0-0—0-0—> det[KK~!(s) + F(P,L)] =0

K(s)='+ F(P,L)

e Lischer (1986) e« Kim, Sachrajda, Sharpe (2005) « MTH, Sharpe (coupled channels, 2012)

3
2
e
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General relation

F ( P7 L) Matrix of known

geometric functions

A Ey(L) finite volume . o unitarity " o
> ¥ < S -
L) L L L)

Holds only for two-particle energies s < (4m)2 Neglects e~ ML

Generalized to non-degenerate masses, multiple channels, spinning particles

Encodes angular momentum mixing

» Lischer (1989) e« many others -

Scattering processes and resonances from lattice QCD
Ratl A. Bricefio,!' * Jozef J. Dudek,'2 T and Ross D. Young? ?

REVIEWS OF MODERN PHYSICS
e ————— ————eedmmsseseSNRENNRTT




Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 254 Oz A
oo Hﬂi
_ i HOHCEH
0.16 ] ] n 150 #:,é_{
0.4 b %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
0 |—n—||_'_$p_|
0.14 0.15 0.16 0.17 0.18 019 o, F..,

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
0.16 o 150 + ﬁ
O %
16 20 24 120
Ex'e P =0,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T — T
HrpR—
0 Il_(w_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 as Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
"0 0 501 &
014 b %
1I6 2Io 2I4 120
o P =10,0,0]
90 L o Ljas, =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 1
oy T — T
HrpR—
0 Il_h_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -
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Using the result

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

020y —mm™— _______________ 180 -
0.18 | 2 -2 ’_‘NE‘:‘ 5
0.16 | 150
o, 0) o) (ﬁ
O %
1I6 2Io 2I4 120
Sa'a P =10,0,0]
90 - o Ljas=16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
60 - HH s Ljag =24 P=11,1]
P =10,0,2]
A
30 0
oy T —> 7T
HpR—
0 II_(S_| I I | I I
0.14 0.15 0.16 0.17 0.18 0.19 a; Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -

R 48



Using the result

0.20 +

0.18 +

0.16 |

0.14

0.20

0.18

0.16

0.14

[] Single-channel case (pions in a p-wave)

K(sn) ' = pcotd(sy) = —F(E,, P, L)

P = [000)| 77
__________________________________________________________________________ 180
@ o O *‘ﬂ@ 5
Ex'e P =10,0,0]
i o Ljas =16 P =10,0,1]
HaHEH 0 L/as =20 P=10,1,1]
- = s Ljag=24 | P=I[L11
. . . P =10,0,2]
16 20 24
30+
e T — T
0 =01 ilji
0.14 0.15 0.16 0.17 0.18 0.19 a;Eem

* Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505 -




P — T
19(JPC)y =17(1"7)

" Guo et al. (2016)

150+ N=2, mr=226 MeV

61[°]

am,=0.1390(5) -

am,=0.4603(10) |
8pmn=599(11) |
x?/dof=33.5/9=3.7 -

am,,=0.4613(10) -
8prn=5.69(12)
y?/dof=8.04/6=134 |

I 1 L 1 I

Ecm/ My

4.0

4.5

-
180
135 A
Leskovec et al. (2017)
g 90 - N=2+I, mr=316 MeV
45+ am,, = 0.4609(16)(14)
Jporm — 569(13)(16)
0.42 048 0.4  0.60

170}
2130}

90|

Andersen et al., (2019)
N=2+1, mp=220 MeV

4.0




180 —————————mmmm e oo oo -

61/°
150 -
120 -
90 -
60 -
30+

fo - | o |
700 = % % 900 = 1100
\\9039 \\gd)y \%} \\0'39\} Ecm / MeV
/%L\ %L /%L\ %L\

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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kK, K* - K
IJ7) = 1/2(1)

m =Rey/so/MeV 391 Mev K~

880 900 920 . 940 060
I 327 MeV ‘o | Vio=934(2)MeV
> 10 V50 = (914(2) — £6(1)) MeV
g 284 MeV &5 |
E -20 V50 = (909(4) — 513(2)) MeV
@ o 239 MeV &' o0 (902(2) - 123(2)) MeV K*(892)
N
[
—
| -50 |-
140 MeV ; ot + UFD [50]
) ' VS0 = 893(1) — £56(2)

 Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002 -
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Dr— Dr, [ =1/2

m = Rey/sg/MeV
2100 2200 2300
My =239 MeV . —391 MoV
D7T thr. Dﬂ-’thr.
0 A
T, =391 MeV
>
)
=
~—
@ 200
=
o
| 400 |
l my, = 239 MeV
600
0 my = 239 I\f;[eV | mr = 391 MeV .
K, fof I koo
- . ""ME o N oty
L H blldlol @’ —o— °
2100 2200 2300 2400 0 500 1000 1500 2000 2500
Eem/MeV lc|/MeV

— Isospin-1/2 Dr scattering and the lightest DO* resonance from lattice QCD —
Hadron Spectrum Collaboration — (2021) JHEP 07 (2021) 123

:
B
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Coupled channels

-------------

[J The cubic volume mixes different partial waves...

eg. Km— Kr | Kt 0 Feo  Fgp
Fro > (5 )+ (5 5

p

...as well as different flavor channels...

e,g, a =TT

' Ka—)a Ka—)b - Fa 0 L © e
] (5 5 D)

Kooa Koo

0 Workflow...

Vary L and P to recover a

Reliably extract dense set of energies
finite-volume energies

Correlators with a large
operator basis

[000,Ay, ©0O O o O

(Qn (T)2],(0)) ~ e Fm{BIT WA 00 © o o

011],A;, ©O O ©O O o
had/spec

' » F,, (L)
|dentify a broad list of K-matrix parametrizations

polynomials EFT based dispersion — Perform gIObaI fits to the
finite-volume spectrum

(0a(1)0}(0))

and poles theory based
53




Coupled-channel scattering

~
- pipjltisl’ My ~ 390MeV
B T — T
04L KK — KK
Q b 0-21 71— KK
~_—— ol | 4 ol |
o e 800 1000 1200 1400 Em/MeV
—+0Oq | O—0n |
| o mp
C\/C -100 | £,
6/\6 FR 200 L —%— 2
2300 Ccif = 1.4(3)
Bricefio, Dudek, Edwards & Wilson (2017)
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Formal progress: Transition amplitudes

L)
] Weak decay <7T7T, Out‘/H|K> — .J—->/ .

Lellouch, Liischer (2001) « Kim, Sachrajda, Sharpe (2005) + Christ, Kim, Yamazaki (2005) « MTH, Sharpe (2012)

[(] Time-like form factors <7T7T7 OU.t‘jul()>

Meyer (2011)

(] Resonance form factors <K7T, out\jag ‘B>

[J Particles with spin (N, 0Ut|j,u N) =

Agadjanov et al. (2014) + Bricefio, MTH, Walker-Loud (2015) ¢ Briceio, MTH (2016)




Pion photo-production (7, out| T, ) = ""44 Y

[J Formal relation
get this from the lattice experimental observable
[(n, L|J,|m)|? = (x| T, |77, in)R(E,,, L){m7,out|J,|r)

Bricefio, MTH, Walker-Loud (2015)

[J Numerical implementation

- 100
200} m, ~ 400MeV | ;i my. ~ 320MeV
Q — 80 5
= o [(rmout| T, m 2 | =
_5 100 S
ig I 60T
S 50t ~
A

90 2.1 2.2 23 c 40F
< T
E{i 400 E 20 F
7L 200] ©
Nbl: 0 1 1

. | | | 700 800 900 1000

20 2.1 22 23 B /m, V5 [MeV]

Bricefio et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502 (2018)




Hadronic D decays

[] Integrating out electroweak physics — basis of four-quark operators

DY DY

- oo m omomomom e
- 8
-
-
-
-

Ko+ (2H[1) |

1
-
1 ; 1 '
1 '¢ 1 ’
’
’ 1
! . ' .
*
1 N ’
LY L
. U
K z g
________________

[J Complicated: non-perturbative renormalization, many operators and contractions
See the RBC/UKQCD calculation of K—TTTT

g ~
multi-hadron final state <7"L L Hweak D : L> e_lgggrgmg D meson

volume effects
k renormalized weak Hamiltonian J

K—I—

e

mrw, KK, mmwmwm, - - - have same quantum numbers + no asymptotic separation in the box

How do we interpret (n, L|?

B S
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The finite-volume as a tool

] Coupled channels leave an imprint on finite-volume energies

infinite-volume
scattering amplitudes

o, "
o e

T — KK
(i) given these
experimentally

(i) predict from
first principles

finite-volume energies

1200
< > ‘
know field theoretic relation, _
exact up to e~ Mnl 1000+
2 800
can predict finite-volume signature S
m

given lattice energies

KK like

TN RN TR S R B | L

| TR B T

1t like

AN

20 2.5 3.0 3.5 4.0

L (M;™)

n, L) = "™ (L) |nr, out) + ¢ (L) KK, out)

path to physical amplitude
e —— T

« MTH, Sharpe, Phys.Rev. D86 (2012) 016007 «
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How far in the future?

<TL L‘ Hweak ’D7L>

n, L) = ™ (L) |z, out) + ¢ (L) |[KK, out)

[ Pilot calculation underway at the University of Edinburgh

[J Wilson-quark ensembles at the SU(3); symmetric point
[J See Fabian Joswig talks: Lattice2022 and MIT Colloquium

biggest challenge = still missing strategy for treating zzzx etc, channels

n, L) = CST”’)( ) |, out) + c(n)( L) |KK,out) + cg';)\ﬂwww, out) + - --

UK Research

Funded by UKRI Future Leaders Fellowship and Innovation
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Matrix elements and LQCD /8—
dSingle-hadron initial and final states

[0 Calculated directly in LQCD 6 ’ \6
[ New theory challenge = QED
] See FLAG averages
B — Knlte—
1 Two-hadron final states K —nrm / ot

als

L
Significantly more challenging - i _— : N.J‘P'
Subtle finite volume issues ‘ \6 é__)<g

] Multi-hadron states for /s > 4M,

[J All or nothing (must constrain all channels for a prediction)

L)

. —
<3, D an KK
By
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3-particle amplitudes

2-to-2 only samples J¥ 0t 1= 2t ...

=

Sarda % BESTT

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

A?C 6\‘

many interesting resonances have significant 3-body decays

®

\

Applications...
exotic resonance pole positions, couplings, quantum numbers

w(782), a1(1420) — 7w X(3872) — J/¢rm X (3915)[Y(3940)] — J/¢rm

form factors and transitions

and much more!... (3-body forces, weak transitions, gluons content)

3
2
e



Complication: degrees of freedom

6\/6 |2 momentum

components

| p1+p2 — P34+ pg ——> Mandelstam S, 1
L) L -10 Poincare generators

2 degrees of freedom

/6 18 momentun?c ., ® 15 momentum
components components
D) ) -10 Poincaré generators ®, _10 Poincaré generators

8 degrees of freedom 5 degrees of freedom




Complication: on-shell states

[0 Classical pairwise scattering




Comp.

C

ication: on-shell states

assical pairwise scattering
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Complication: on-shell states

[ Classical pairwise scattering

— — i i i -Particl ing Amplitudes. I*
for mi = m2 = ms up to 3 Dispersion Relations for Three-Particle Scattering Amp es

MorTON RUBIN

binary collisions are possible Physics Depariment, University of Wisconsin, Madison, Wisconsin
AND m| =m2=m3 - &:
ROBERT SUGAR il 1
;(./ Physics Department, Columbia University, New York, New York 4 COIIISIonS POSSI ble
e o T K

GEORGE TIKTOPOULOS
Palmer Physical Laboratory, Princeton Universily, Princeton, New Jersey
(Received 31 January 1966)
T —— ——
- b<?2

T . (m1+ms) (ma+ms)
— -

5 collisions possible

mim
U 2 ———tma 7TK K
It follows that if
b2 (b—1)>1, (IV.18)
then 2741 successive binary collisions are kinematically
impossible.

[ Correspond to Landau singularities

iMa a2 = fully connected —
3—3 correlator

difficult to disentangle kinematic
singularities from resonance poles

complicate analyticity & unitarity




Two key observations

[J Intermediate Ky ; removes singularities

__ fully connected diagrams 3 E .
K dt,3 =/ py pole prescription \,_/\/\‘: " "

same degrees of freedom as M3 smooth real function relation to M3 = known

1 K5 has a systematic low-energy expansion

2
1s0,0 1so,1 S — (Sm)
de,3(p37p27p1; k37 k27 kl) — de,S T de,S A T A= (3m)2
smooth real function
analogous to effective range expansion gives handle on many degrees of freedom

pcotd = —% + % rp® + O(ph) (DOFs enter order by order)

=
*
i
-
i



Status...

0

General relation between energies and two-and-three scalar scattering

No 2-to-3, no sub-channel resonance

Ey(L)

.:@i L
finite volume L L unitarity

B g > s < >
Eo(L) ’h}‘

o o

« MTH, Sharpe (2014, 2015) -

S0

S0

2-to-3, no sub-channel resonance

e Bricefio, MTH, Sharpe (2017) -

Including sub-channel resonances + different isospins + non-degenerate

TAT — PT — W — PT — TAT
* Bricefio, MTH, Sharpe (2018) ¢ MTH, Romero-Lopez, Sharpe (2020) ¢ Blanton, Sharpe (2020)




General relation
det K35 (s) + F5(P, LIK2)] =0

F3 (P, L|/C2) = Matrix of functions depending on kinematics + two-particle dynamics

mL

Holds only for three-particle energies Neglects €

« MTH, Sharpe (2014-2016) < See also Doring, Mai, Hammer, Pang, Rusetsky

Review: Lattice QCD and Three- h
particle Decays of Resonances D)
‘ |\

MTH and Sharpe, 1901.00483




Non-interacting energies
® L
b . 404 SO y

° <> ° — Al
i " e T E

X

4.0 A5 5.0 5.5 6.0 6.5 7.0 75 3.0
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Non-interacting energies
: L) L)
::@::. ::@i. 4 By(L)

w0 T S

Eo(L) = 3m + O(e™™")

4.0 A5 5.0 5.5 6.0 6.5 7.0 75 3.0
mL
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Non-interacting energies
| . _,
L) L)

SEre-o

vec;

Eo(L) = 3m + O(e™™")

o

=3 A

—>

PPy ps] x L*/(2m)* = [nangns]

N

000]

4.0 A5 5.0 5.5

6.0 6.5 7.0 75 3.0
mL
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Two-particle interactions

o  16mys
S = - 16mysa ’Z@i ' N

- —1/a —ip
) | EN(L)
* L
.= .o
L L
.07
4.51
S
—~
~ 4.07
Q
3.5- -
3.0
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

mL
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Two-particle interactions

o  16mys
S = - 16mysa ’Z@i ' N

- —1/a —ip
) | EN(L)
* L
.= .o
L L
.07
4.51
S
—~
~ 4.07
Q
3.5- -
3.0
4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0

mL
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7ttt — ot at T in lattice QCD

lattice details ° ° ° °

° ° ° °

Nf —=2+1 CLS/at :3.444(6) Ls/as=20,24 a:t: : : :
m. ~ 400MeV as ~ 0.12tm L a,

[0 Workflow outline

L) _ L)

) Es(L) finite volume ::@::‘ unitarity ::@:Q

s > e < > e e

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

5ol ._M,. o—M»o




7ttt — ot at T in lattice QCD

lattice details ® ® ® ®
Ja; = 3.444(6) . e e .
Ne =2 1 g/ At — O. - Y Y 9
f=2t ’ Ls/as = 20,24 e ¢ e o
m,. ~ 400MeV as ~ 0.12fm | a. |
0 Workflow outline
0. )
. //i b/
Es(L) finite volume @ @ unitarity
Ei(L) = = < =
Eo(L)
Determine

finite-volume
energy spectrum

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




1.4

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

14

1.3

1.2

1.1

1.0

[=3(rtntxt), P=1[000], A=A], L/as = 24

£ T T T 1.4 T T T 1.4 T T T T 1.4 T T T T T
- n=0 n=1 n =2 - n=3
. @B, =0.2137£0.00141 131 a B, = 0.2858 4 0.00091 13| a, E, = 0.3377 4 0.0009 1 '3 - ayE,, = 0.3483 £ 0.0011
;  x®/dof = 13/12 | 12f 2 /dof = 5.7/11 | 12f x*/dof = 13/15 1 12 - X*/dof = 7.5/11 ]
\\ 1.1 % |
1.0
‘ 5 1I0 1I5 Qb 0 1IO 1l5 2I0 I5 IIO 1I5 2I0 é lb 1I5 Zb
T T T T 1.4 T T T 1.4 T T T T 1.4 T T T T
n=4 n=2>5 n==~06 n="17
a:E, = 0.3758 £ 0.0008 | "°[ aFE, =0.377240.0011 7 "*| a:F,, = 0.3891 +0.0008 1 * a:F,, = 0.3983 + 0.0008 |
x?/dof = 16/16 { 12t x?/dof = 7.3/11 4 12t x?/dof = 11/15 {12 x?/dof = 14/15 -

)t/at

5 10 15 20 0 10 15 20 5 10 15 20 5 10 15 20
. , 14 -
} n—==8 n=9
. @B, =0.4091 £0.0014 ] [ a B, = 0.4244 £ 0.0009 | ePalt=t) ) (1 40)
L x%/dof =16/14 1 12f x*/dof =12/14 1 0 |

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001



T T energies

(L)L M

W7

*
n

.

i

he
b

000

| I

001]

Qi

S

| /s

/

ot

1002

—

W7

20 24

20 24

20 24

20 24

20 24

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




nt T energies

1l i
b Jo11] [111]
i =
5 K \0“
= S
KN

e

20 24 20 24 20 24 20 24
L/ag

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




7TI7T{7TI%7T+7T+7T—|—
lattice details O o ® o
- — 3 444(6) - : : : :
Np=2+1  asfar=3 Ly/as = 20,24 e o o o
| |

m,. ~ 400MeV a, ~ 0.12fm

0 Workflow outline

S

4 Es(L) finite volume unitarity
T < > ™) < >
L] L
Determine
finite-volume Fit to constrain
energy spectrum two- and three-

body K matrices

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




K matrix fits

0 20° [000] e 24% [000]
0.5 = 20° [001]  » 24° [001]
o 20% [011] w243 [011]
v 20° [111] v 243 [111]
A 20° [002] A 24% [002]

\ A
\ \\q x. % x n

2.0 2.5 3.0 3.5
E3/m;

LO
3,10
o1
-
G
i IR
|

3.0 3.5 4.0 4.5

Finite-volume formalism
relates energies to K matrices

One-to-one for K 5
depending only on E__ = E*

Fit both two and three-body
K to various polynomials

Cut on the CM
energy in the fits

K¢ 3 is scheme

dependent (removed
upon converting to )




| | |
Tt rt > ptatat
lattice details ® ® o o
Jay = 3.444(6) . e e .
Neg=2+1 As/Qr = O. - e o o e
f Ls/as — 207 24 —t o ® o o
m, ~ 400MeV  as ~ 0.12fm | Qg
[ Workflow outline
0 @
R J/h:: o/
Es(L) finite volume L 9, unitarity
Ei(L) < > !}\ ng < >
Eo(L) ®— —> @,
7/ N
) )
Determine :
: , , Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3

body K matrices :
scattering

v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Integral equation

M3"(E3,p, k) = D" (L3, p, k) +E (LS, p)T (E3)E™ (L], k)
A

| k | Vanishes for K~ = 0
@ @-@ df,3 —
5 —|_ x —I_ o
. (M) (M)

D(N,e) =—M -G(e) M —-M-G(e) - P-D(N,e)

D" (E3,p,k) =lim lim D, (N,e)

e—0 N—o0

[J See also...

Solving relativistic three-body integral equations in the presence of bound states

Andrew W. Jackura,’?* Ratl A. Bricefio," /! Sebastian M.

Dawid,®%/f Md Habib E Islam,?[s and Connor McCarty® ¥ ~ @Xiv: 2010.09820
e ———

=
-



Integral equation

. Re [pk/\/ly\

O —
— 500+
1.8 1.9 2.0 2.1 9.9 2.3
Egk/mﬂ
10001 Tm [pk M 5"]
500-
0 \ K —
1.8 1.9 2.0 2.1 2.9 2.3
Egk/mﬂ

Total angular momentum =0

Two-particle sub-system
angular momentum = 0

Plot at fixed EJ and p

Both two- and three-body
uncertainties estimated

Still need to symmetrize

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




40 45 50 55 60 65 7.0

m%z/ mi

7.5

7 x 108

5 x 108

3 x 108

1 x 108

7.5

7.01

6.51

6.01

0.57

.07

4.51

4.0

40 45 50 55 60 65 7.0

m%2/ m721'

7.5

5 x 108

4 % 108

3 x 108

2 % 108

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001




(i S S L L
o o @ o
3.444(6 . e e .
Ny=2+1  as/a; =3.444(6) Ls/as = 20,24 e e e .
m,. ~ 400MeV as ~ 0.12tm a1

O Workflow outline

.:@i L :@i L
A E5(L) finite volume L) () unitarity [ )

21 < > ™ < > ~ ™)
. e

L L L L
Determine :
: : . Solve integral
finite-volume Fit to constrain :
equations to
energy spectrum two- and three-

extract 3 — 3
scattering

v v

MTH, Bricefio, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

body K matrices
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(Incomplete) landscape of lattice observables

easier

harder

easier [(hadron\ O(O) |hadr0n> n harder

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

Qmulti—hadron state|multi-hadron state) f precision
casier k (multi-hadron state|O(0)|hadron) J) harder

channels with

single two-
> two particles

particle channel

[ (hadron|J (x)O(0)|hadron) J

easier four-point functions are difficult harder

no Can multi-hadron states propagate between the currents!? yes




Formal & numerical progress: Long-distance matrix elements

[J Formal method understood... assuming only two-hadron intermediate states

X7 — N7 — py” K —7mr— K
HW HW HW

O lIssue of growing exponentials (Christ et al.)

1 _ 6_(En_MK)T

(K[ Hw (0)Hw (—|T)EK)r =) ca(L)e” B8 — Cn

0
o dT

My — Ey,

O Issue of power-like finite-volume effects (after discarding exponential)

FL:ZMKCiEn

n

Christ, Feng, Martinelli, Sachrajda (2015) < Christ et al. (2016)
 Bricefio, Davoudi, MTH, Schindler, Baroni (2019) ¢ Erben, Giilpers, MTH, Hodgson, Portelli (2022)
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Formal & numerical progress: Long-distance matrix elements

e

Christ, Feng, Martinelli, Sachrajda (2015) « Christ et al. (2016)
 Bricefio, Davoudi, MTH, Schindler, Baroni (201/9) ¢ Erben, Giilpers, MTH, Hodgson, Portelli (2022)

fr \ B ( )
lllllllllll ﬁnite—VOIume . .
“t e quantities insensitive generalized Liischer &
:-----AE- -------- .:f E tO ﬁme Signature LellouCh'LﬁSCher ) .\ .
finite-volume : . foralicn partla.l wave <
spectrum . ....... e amplitudes ./' .
"3
local one-to-two ] U = 2+ .7 — 2
matrix elements \[t}us formalism] e : amplitudes / °
............. : one-body
- matrix elements
_J
: : 1+7 -1 e
local one-body P i i amplitudes and
matrix elements ; - 3 \ form factors ®
\ A
. [ this formalism] >
&5 4 ) infinite Minkowski
Spacetime
non-local s
one-body :
matrix elements : . : ;
- finite Euclidean , '
Soaceft 1+ > 1+J e
pacetime . :
L )) amplitudes r'f N——7 \
\. | o
r i
quantities directly \ . J
accesible via lattice QCD tw.o-p.artlc =
unitarity cut

31




Not discussed here

s

Three-hadron transitions (K — zzz, y* — nrn)

finite-volume methods exist

Left-hand branch cuts

finite-volume methods break on left-hand cuts (e.g. T.'.)

Spectral densities from regulated inverse Laplace transform

Resonance form factors (xz — wxy)

41



Conclusions

[ LQCD is in the era of ‘rigorous resonance spectroscopy’

[ The finite-volume = a useful tool

[ Challenges and progress

formal analysis was technical — ground work is now set

scattering demands high precision excited states — advanced algorithms make this possible

3-body amplitude is highly singular — intermediate K matrix is not

] Next steps...

complete 3-particle formalism — extend to N-particle formalism
extend studies involving an external current

push more channels into the precision regime

D 40



Big Picture
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Back-up slides




3-particle derivation

(] Study 3-body correlator in an all-orders skeleton expansion

Cr = 0-'0"0-0

@ - X+>@( +§ e kernels have suppressed L dependence
= e 5+3@e+_” lines = fully dressed hadrons

« MTH, Sharpe (2014) -




Two types of cuts




Two types of cuts

ASFKy;FA; + AJFKFPA; + AFKFPA; +-- = ASF KosF Aj

ALFK:GKyFA; +

have not yet considered entire diagram contributions

missing contributions from off-shellness missing smooth terms (short-distance parts)

_



Short-distance parts & summation

CrL—Cox =AiF33 A3+ A;F355Kar 3 Fa3 Az + - -

1 1 1
As F.. = —_-F+FK F
Fay + Kars B TR FrOK,

— Al

no term left behind




24+ F > 2

[0 Formalism for multi-hadron form factors

% e
(w7, out| T, |, in) = C>/, m
T o \‘b

[ Continuation to the pole = resonance form factors

[J Must carefully treat triangle singularities

(Ef =2.01m )

3 2.0 :\_[E; = (2.0+10°)m

<

> i\(E; — (2.0 — 10~%)m |
IS |\ N (B = 1.999m)

S 0.0 I ——————

Ut ~J
() Ot
AU R I
1l
=5 S
o O
=S

m?ImZ 4 x 102
DO
Ot

=
o

2.0 2.1 2.9 2.3 9.4 25 2.6

—_
Ne)

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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—0.15 1
2.257

2.20 1

2.151

—0.05 1
—0.15 1 /

2.10 1

2.051-

—0.05 1
—0.15 1
200_ T

2.0 25 3.0 35 2.00 2.05 210 215 220 225 9.0 21

EX/m

Bricenio, MTH (2017) < Baroni, Briceno, MTH, Ortega-Gama (2018) <« Bricefio, MTH, Jackura (2020)
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Two strategies...

d Finite-volume as a tool

O LQCD — Energies and matrix elements

(0;(1)0](0)) = Y (0]0;(7)|Ex){En|O](0)|0) = Y e~ 177, ;27

n n

O Our task is relate ,,(L) and (£ |J (0)|Ep,) to experimental observables

O Applicable only in limited energy range for two- and three-hadron states

[J Spectral function method

O Formally applies for any number of particles / any energy range
O An answer to the question... “Can’t you just analytically continue?”

O Still important challenges and limitations to consider
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Two strategies...

8 Finite-volume as a tool

O LQCD — Energies and matrix elements

(0;(1)0}(0)) = Y (010;(7)| Ex){En|O](0)[0) = Y e BT Z, 575

n n

O Our task is relate E,,(L) and (£, |J (0)|Ey,) to experimental observables

O Applicable only in limited energy range for two- and three-hadron states

[J Spectral function method

O Formally applies for any number of particles / any energy range
O An answer to the question... “Can’t you just analytically continue?”

O Still important challenges and limitations to consider
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Correlation functions — observables

[J Lattice QCD gives finite-volume Euclidean correlators
A~
(0] O1(0) e H7™ 04(0) |0, nave
[0J Complete physical information is contained in...

(0] O1(0) f(H) O3(0) 00y~ van




Correlation functions — observables

[J Lattice QCD gives finite-volume Euclidean correlators
—Hr
<O‘ 01 (O) € 02 (O) ‘O>L have
[0 Complete physical information is contained in...

(0] O1(0) f(H) O3(0)|0)e  want

[J Detailed choice of f(E) and operators determines the observable

R-ratio D-meson total lifetime

(017,(0)6(H —w) j,(0)|0)os (D|Hw(0)8(Mp — H) Hw (0) | D)o

Meyer -« Baiali,x I;Ir?csllriéﬁlgglliggga (2020) MTH, Meyer, Robaina (2017)
mm — 1M amplitude j = mm amplitude
1 1
7| (0 - m(0) | | (0 - 7,(0) 10
(rlm(0) o—— 7O Imec (7 7(0) - Ju(0) [0}

Bulava, MTH (2019)




Linear reconstruction

(O0)e=H70(0)) = / dw =" (O(0)8(w — HO(0))

have want

G(r) = [dwe" plw)

have want

[ Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

S K@ G =Y K@) / do =" p(w)




Linear reconstruction

(O0)e=H70(0)) = / dw =" (O(0)8(w — HO(0))

have want

G(r) = [dwe" plw)

have want

[J Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

S K@ G =Y K@) / do =" p(w) = / A [ K@, 7) 7] p(w)

— /dw ZS\A ((D, w) p(w) — - O is exactly known

L] Non-linear (not discussed here...) See multiple ECT* and CERN workshops, work by

O Maximum Entropy Method (MEM) Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis,
O Direct fits Giudice, Hands, Harris, Hashimoto, Jiger, Karpie, Liu,

O Neural networks Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, ...
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Role of the finite volume

oL (W) = /Ooodw oa(@,w) pr(w) Gr(T) = /dw e “" pr(w)

[ Any reconstructed spectral function that # forest of deltas...
contains implicit smearing (or else L — o)

We require. ..
1/L <AL Mphysical
smearing function / smearing does not overly
covers many delta peaks distort observable

MTH, Meyer, Robaina (2017)




1+1 O(3) Model .

Slo] = —/d2x8 o(x) - 0,0(x)
[J Integrable theory with some nice similarities to QCD 292 H K

O Asymptotically free

.C 1 abc _a b
i io(x) = =€*0%(x)0,0° (x
O Dynamically generated mass gap () e (%)0u0” (2)
O ISO-SPin like symmetry conserved current

O Conserved iso-vector vector current

05 —-== exact (2-particle) ) R )
- — cxact (2,4,6-particle) E) =2 0| 7¢ 0 52 P — y 4 0)I
AN T o @assance)  p(E) = 2r (Q1j(0) 6°(P — p) 2 (0)])
I spectral function
__0.3-
u
: - 3 2 2
01- @) _3m 6+ h3€
; PEE) = S g a0 5
0) 10 20 30 40 0—=2 cosh—1 -E_




Smeared spectral function vs analytic result

[J Construct different smearings of p(w)

1 2 1 €
o0 0% (z) = exp [—=5 |, 60(p) = — — —
V2me [ 262] e () Tx2 4 €2’
RE) = [ wREww e
0 @ = ey @) = 5y

0.5]

+<H - HH H@H

g E=2.0m, | | }

Pe(E)

Bulava, MTH, Hansen, Patella, Tantalo (2021)




Extrapolation
[J Targeting p(E) for E = 14m here

O(&?)
O(&3)
O(&%)
(] .
05 S ,1:0, S .1:5. S :|0—3 : 10_2 : 10_1 .,.1,00
EE—2m,) x2%/d.o.f.

[ Use known relations between different smearing kernels

Bulava, MTH, Hansen, Patella, Tantalo (2021)
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Result

0.5

j —-—~= exact (2-particle)
= cxact (2,4,6-particle)
0.4 ]l e pert. theory (2-loop)
‘ $ lattice calculation

O
| - OO
O
- ) A
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—— 1 Y
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v h e '
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......... i "
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l . R e T v o o .
________
0.1
O O v T T T T T T T 1 N ' ' v ! ) ) ) ' '
0 10 20 30 40

E/m,

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Many QCD applications already published... see work by A. Barone, S. Hashimoto, A. Jiittner, T.
Kaneko, R. Kellermann, R. Frezzotti, G. Gagliardi, V. Lubicz, F. Sanfilippo, S. Simula ...
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