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Flavour physics
flavour anomalies = opportunity for BSM

QCD = crucial for confirming significance and 
interpreting

experiment = SM x perturbative QCD x (non-perturbative QCD)
+ BSM x perturbative QCD x (non-perturbative QCD).

glueballs tetraquarks hybrids

mesons baryonsQCD is complicated

Difficult to extract non-perturbative 
predictions
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Recipe for strong force predictions

Wide range of precision pre-/post-dictions

mMS
q (µ)

fD
fB

f⇡

fK

mp

mn

gA

(g � 2)HVP

µ

↵MS(µ)

Formal / numerical machinery (lattice field theory)

LQCD =
X

f

 f (i /D �mf ) f � 1

4
Ga

µ⌫G
µ⌫
a

A few experimental inputs (e.g. )Mπ, MK, MΩ

Overwhelming evidence for QCD ✓           Tool for new-physics searches ✓

Lagrangian defining QCD1.

2.

3.

<latexit sha1_base64="5nRVULLsWZEtpbUYHn+mVIbuqI0="></latexit>

↵(5)

MS
(MZ) = 0.1176(11)

<latexit sha1_base64="tYfGPKCmes6S+59uTo6YgGI5BMc="></latexit>

↵(5)

MS
(MZ) = 0.1184(8)

PDG 20 (non-lattice)

lattice average

+
+
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Lattice QCD

Non-perturbative quantum field theory (QFT)

Lattice QFT

Lattice QCD

a non-perturbative regularization of QCD

a definition that is well-suited to numerical evaluation

render the quantum path-integral finite-dimensional  evaluate using Monte Carlo importance sampling→
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Lattice QCD

Non-perturbative quantum field theory (QFT)

Lattice QFT

Lattice QCD

Imaginary time

Finite-volume QFT

a non-perturbative regularization of QCD

a definition that is well-suited to numerical evaluation

render the quantum path-integral finite-dimensional  evaluate using Monte Carlo importance sampling→
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Lattice QCD

Non-perturbative quantum field theory (QFT)

Lattice QFT

Lattice QCD

Imaginary time

Numerical  
lattice QCD

Finite-volume QFT

a non-perturbative regularization of QCD

a definition that is well-suited to numerical evaluation

render the quantum path-integral finite-dimensional  evaluate using Monte Carlo importance sampling→
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Challenges for lattice QCD

=

Z
D� eiS

h
interpolator


for observable

i
observable
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To proceed we have to make three modifications

Euclidean

signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator


for observable

i
observable?

Challenges for lattice QCD
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Some more details of LQCD
<latexit sha1_base64="Wjk/VZDaN5pKCOvXmorQPub4Zxc="></latexit>

LQCD = �1

4
Ga

µ⌫G
aµ⌫ +

X

f

 f (i�
µDµ �mf ) f

<latexit sha1_base64="wdEAklhPWqkdUYBJyfSH/CipDTM="></latexit>

Dµ = @µ � igT aAa
µ

Continuum theory is defined as…

<latexit sha1_base64="1mk+LJIhxfLaxwS4tWdl2HTAUa0="></latexit>

 f (x)�
µDµ f (x) �!  f (x)�

µ 1

a
[Uµ(x) f (x+ aµ̂)� f (x)]

or, for the covariant derivative…

First step to putting on a lattice is to replace derivative with finite difference
<latexit sha1_base64="oGm3L2EPPg97seB2Gz8i0q3NKS0="></latexit>

 f (x)�
µ@µ f (x) �!  f (x)�

µ 1

a
[ f (x+ aµ̂)� f (x)]

Some key messages

exact gauge invariance for nonzero lattice spacing

 is the link variableUμ(x)

field strength tensor from a “plaquette”

<latexit sha1_base64="Ct4wBMQeJTMKMbqKsnx+/ew1Txg="></latexit>

Pµ⌫(x) = eia
2
Fµ⌫(x)+O(a3)

<latexit sha1_base64="awnOi8oYgVgX/bS8zEm8YqgZxS4="></latexit>

Uµ(x) = eiaAµ(x)
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observable Dirac operator

Many kinds of quarks…
Naive implementation of a quark on the lattice does not work

put in one flavour… turns out you are simulating 16 flavours!

Fixing this issue leads to many possibilities

domain-wall quarks,   staggered quarks,   Wilson quarks,   twisted-mass quarks

Quarks are integrated out analytically

Resulting integral is very high dimensional (  dims)∼ 1004 × 10 = 109

<latexit sha1_base64="0gHiUHvbJzpIPqS6fRV268zjuSo="></latexit>

hOi =

Z
DU

Y

f

det(Df [U ]) e�SG[U ]
O(D�1, U)

<latexit sha1_base64="kHn+v6x9UBXtVh44uSagzL9pUXo="></latexit>

⇠

X

U2E

O(D�1, U)



Matrix elements and LQCD 
Single-hadron initial and final states

Calculated directly in LQCD 
New theory challenge = QED
See FLAG averages

`+
`�

B ! ⇡`+`�

Multi-hadron states for
All or nothing (must constrain all channels for a prediction)

p
s > 4M⇡

D ! ⇡⇡,KK

Two-hadron final states
Significantly more challenging
Subtle finite volume issues

`+
`�B ! K⇡`+`�

K ! ⇡⇡
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…
Importance sampling QCD gauge fields → correlators 

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

temporal length volume quark masses lattice spacing

Importance sampling QCD gauge fields → correlators

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs

14



0

1

2

3

4
0

1

2

3

4

0.0

0.5

1.0

0

1

2

3

4
0

1

2

3

4

0.0

0.5

1.0

+ + · · ·

Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

Renormalization of currents required (typically non-perturbative)

Importance sampling QCD gauge fields → correlators

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs

temporal length volume quark masses lattice spacing
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Large time separation filters excited states

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs

temporal length volume quark masses lattice spacing
Renormalization of currents required (typically non-perturbative)

<latexit sha1_base64="mLuZLN+7N/JKSl1MR9/tJuEWr60="></latexit>

Zrenorm hAbare
µ

(0) ⇡p(�⌧)iT,L,mq,a = hArenorm
µ

(0) e�Ĥ⌧ ⇡p(0)i

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )
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µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

Importance sampling QCD gauge fields → correlators
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

Large time separation filters excited states

Importance sampling QCD gauge fields → correlators

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
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Processes with QCD-stable hadrons
Three categories:

Decay constants Form factors Mixing parameters

h1|H�F=2
|1ih1|J |10ih0|J |1i

Summary of the approach…

Zrenorm
hAbare

µ (0) ⇡p(�⌧)iT,L,mq,a �!
⌧��E⇡

Z⇡e
�E⇡⌧ ipµf⇡(T, L,mq, a) +O(e��E⇡⌧ )

lim
T,L!1

lim
a!0

f⇡(T, L,m
phys
q , a) = fphys

⇡

Extrapolation/interpolation to physical point

Importance sampling QCD gauge fields → correlators

f⇡, fK , fB fK0⇡�

+ (q2), fB!⇡(q
2) B(n)

Bd
, B(n)

Bs

temporal length volume quark masses lattice spacing
Renormalization of currents required (typically non-perturbative)
Large time separation filters excited states

18



Decay constants
Summary (from Bazavov et. al. [Fermilab/MILC] 2018)

fD+ fDs fB+ fBs

h0|J |1i

Current precision sufficient for BES III, BELLE II

Fermilab/MILC includes QED uncertainty (not yet rigorous)

MILC quoting higher precision than any other 2+1(+1) calculation

Need comparable precision from other calculations to cross-check
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Decay constants: latest FLAG update for charm

20



Decay constants: latest FLAG update for bottom
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lattice QCD + QED
Relevant for sub-percent uncertainties ↵QED ⇠ mu �md

⇤QCD
⇠ 1%

Different soft scales for different particles

QED in a box

+q +q
Periodicity incompatible with Gauss law
QED = long range
Require modification (vanishes as L → ∞)

Well-understood for pions and kaons
B and D = different soft scale → requires theory developments

�(K� ! µ� ⌫µ [�]) = (1.0032± 0.0011)�(0)(K� ! µ� ⌫µ)QCD + QED 
(GRS scheme) C. Sachrajda (Durham flavour workshop)  •  Di Carlo et al.

Meaning of decay constants

�(K� ! `� ⌫`) =
G2

F |Vus|2f2
K

8⇡
mKm2

`

✓
1� m2

`

m2
K

◆2

Pure QCD

22



Neutral meson mixing h1|H�F=2
|1i

B-mixing dominated by local matrix element

66

Summary (from Bazavov et al. [Fermilab/MILC] 2016)

⇠ =
fBs

q
B̂Bs

fBd

q
B̂Bd

Lattice precision (~3-4%) is well behind even older experiments (~0.06 - 0.2%)

Challenging to find optimal ‘discretization’ (lattice definition of quarks)

KLR 18 =

King, Lenz, Rauh (2018)


 (QCD sum rules)

plot from Kronfeld

(Durham workshop 2019)

O
q
iBq Bq
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Neutral meson mixing h1|H�F=2
|1i

B-mixing dominated by local matrix element

⇠ =
fBs

q
B̂Bs

fBd

q
B̂Bd

O
q
iBq Bq

RBC/UKQCD 2018

Uses a relativistic action for the b quark

Extrapolates to the heavy mass
relativistic 

quarks
lattice prevents direct 

calculation here

24



B-mixing — FLAG plots

25



B-mixing — FLAG values
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Form factors
Significantly more information (functions vs numbers)

h1|J |10i

Conformal mapping → z-expansion → wider kinematic range

Report z coefficients + correlations
Bhattacharya, Hill, Paz (2011)

Joint fit to LQCD and experiment → CKM

Better precision needed for BES III, LHCb and 
BELLE II

Kronfeld (Durham workshop) (2019)
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Form factors
Example: 

h1|J |10i
fB!⇡(q2)

See new FLAG report/website for details

Please cite original work (each figure has a .bib)
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Matrix elements and LQCD 
B ! ⇡`+`�

29

Single-hadron initial and final states
Calculated directly in LQCD 
New theory challenge = QED
See FLAG averages

`+
`�

Multi-hadron states for
All or nothing (must constrain all channels for a prediction)

p
s > 4M⇡

D ! ⇡⇡,KK

Two-hadron final states
Significantly more challenging
Subtle finite volume issues

`+
`�B ! K⇡`+`�

K ! ⇡⇡



Multi-hadron observables
Exotics, XYZs, tetra- and penta-quarks, H dibaryon

QCD Fock space|Xi, |⇢i , |K⇤i , |f0i 62

   •   LHCb (PRD92, 2015)   •   

e.g. X(3872)

CP violation in charm

B ! K⇤ `` ! K⇡ ``

Eletroweak, CP violation, resonant enhancement

Resonant B decays

f0(1710) �ACPcould enhance
   •   Soni (2017)   •   

D ! ⇡⇡,KK
   •   LHCb (PRL, 2019)   •   

⇠ |D0D
⇤0

+D
0
D⇤0i?

30



QCD Fock space 
At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Overlaps of multi-hadron asymptotic states → S matrix

0 0

00

0 0

|⇡⇡, ini

h⇡⇡, out|

s = E2
cmdepends on

and angular variables

diagonal in angular momentum

S(s) ⌘

e2i�0(s)

e2i�1(s)

e2i�2(s)

|KK, ini|⇡⇡⇡⇡, iniAn enormous space of information · · ·

M`(s) / e2i�`(s) � 1
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Roughly speaking, a bump in:

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

scattering rate

pions

QCD resonances

Protopopescu et al. (1972)

|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)
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scattering rate
Roughly speaking, a bump in:

ImE

ReE

Extend to the 
complex plane

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions
Protopopescu et al. (1972)

|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)
QCD resonances
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resonance

Analytic continuation reveals a complex pole

ER = MR + i�R/2

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions

EB = MB

bound state

Protopopescu et al. (1972)

scattering rate
Roughly speaking, a bump in: |M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)

ImE

ReE

QCD resonances
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Instead of                 → analytically continue the amplitude itself

Analyticity
|M(s)|2

For two-particle energies , what is the analytic structure?(2m)2 < s < (4m)2

⇢(s)|M`(s)|2 = ImM`(s)

⇢(s) =

p
1� 4m2/s

32⇡

The optical theorem tells us…

where                                      is the two-particle phase space

M`(s) =
1

K`(s)�1 � i⇢(s)Unique solution is…

K matrix (short distance) phase-space cut (long distance)

Key message: The scattering amplitude has a square-root branch cut
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Analyticity (all orders diagrammatic)

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

i✏ i✏ i✏M(s) ⌘

i✏ = PV +
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

⇢(s)
⇢(s) / i

p
s� (2m)2

cutting rule

propagating pion
non-analytic for (2m)2 < s < (4m)2

on-shell particles = singularities:

Bethe-Salpeter kernel

= + · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+

<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

⇢(s)

defines the K matrix

= K(s) +K(s)⇢(s)K(s) + · · · = 1

K(s)�1 � ⇢(s)
K matrix (short distance) phase-space cut (long distance)

<latexit sha1_base64="MkeWX19ma2SlpvksYEHowYYB3hU=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBRQlpLdUuhKIblxXsA5JQJtNJO3QyCTMTIYQu3fgrblwo4tZPcOffOH0IPg8MHM695869x48Zlcq2343cwuLS8kp+tbC2vrG5ZW7vtGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy4m9c4NEZJG/FqlMfFCNOA0oBgpLfXM/TPoUq6gk7kygNrJSm4JIo5Yqigeez2zaFuVeq1yXIe/SdmypyiCOZo9883tRzgJCVeYISmdsh0rL0NCj2NkXHATSWKER2hAHE05Con0sukhY3iolT4MIqGfXmqqfnVkKJQyDX3dGSI1lD9rE/GvmpOo4NTLKI8TRTiefRQkDKoITlKBfSoIVizVBGFB9a4QD5FAWOnsCjqEz0vh/6Rdsco1q3pVLTbO53HkwR44AEegDE5AA1yCJmgBDG7BPXgET8ad8WA8Gy+z1pwx9+yCbzBePwDED5k9</latexit>

=

Z
[real, analytic]

for (2m)2 < s < (4m)2
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<latexit sha1_base64="9SUIXoZf4X6ZeWvfIIGY2+Ab71k="></latexit>

M`(s) =
1

K`(s)�1 � i⇢(s)
/ 1

p cot �`(s)� ip
/ e2i�`(s) � 1

Cuts and sheets

physical sheet s = E2
cm

sR = (MR + i�R/2)
2

unphysical sheet

resonance poles only on 2nd sheet

Each channel generates a square-root cut → doubles the number of sheets

Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate…
(i) long-distance kinematic singularities 
(ii) short-distance/microscopic physics (depending on interaction details)

<latexit sha1_base64="3Lsf/01kzykBqxh+4IsNKz+vKhw="></latexit>

⇢(s) /
p

s� (2m)2
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Special request… bit more about different discretizations

Naive approach leads to doubling

Need a modification to remove the doublers… many options:

Staggered quarks (BMW/FNAL/MILC)
Reduce doublers from 16 to 4, then take a fourth root

Domain-wall quarks (RBC/UKQCD)
Fifth dimension with theory living on a 4d membrane

Twisted-mass quarks (ETMC)
Break parity to automatically remove linear lattice effects

Wilson quarks (alpha, HadSpec)
Original approach
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Matrix elements and LQCD 
Single-hadron initial and final states

Calculated directly in LQCD 
New theory challenge = QED
See FLAG averages

`+
`�

B ! ⇡`+`�

Multi-hadron states for
All or nothing (must constrain all channels for a prediction)

p
s > 4M⇡

D ! ⇡⇡,KK

Two-hadron final states
Significantly more challenging
Subtle finite volume issues

`+
`�B ! K⇡`+`�

K ! ⇡⇡
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<latexit sha1_base64="9SUIXoZf4X6ZeWvfIIGY2+Ab71k="></latexit>

M`(s) =
1

K`(s)�1 � i⇢(s)
/ 1

p cot �`(s)� ip
/ e2i�`(s) � 1

Cuts and sheets

physical sheet s = E2
cm

sR = (MR + i�R/2)
2

unphysical sheet

resonance poles only on 2nd sheet

Each channel generates a square-root cut → doubles the number of sheets

Important lessons:

Details of analyticity = important for quantitative understanding

Possible to separate…
(i) long-distance kinematic singularities 
(ii) short-distance/microscopic physics (depending on interaction details)

<latexit sha1_base64="3Lsf/01kzykBqxh+4IsNKz+vKhw="></latexit>

⇢(s) /
p

s� (2m)2
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To proceed we have to make three modifications

Euclidean

signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator


for observable

i
observable?

Challenges for lattice QCD
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Difficulties for multi-hadron observables

The finite volume…

Discretizes the spectrum

Eliminates the branch cuts and extra sheets

Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
Sheet I

Sheet II

The Euclidean signature / imaginary time…

Obscures real time evolution (that defines scattering)

Prevents normal LSZ (want ,  but we have only )p2
4 = − (p2 + m2) p2

4 > 0
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Importance of the finite volume

QCD Fock |Xi, |⇢i , |K⇤i , |f0i 62

|⇡⇡, outi, |K⇡, outi, · · · QCD Fock space 
(continuum of states)

2

L

L

L

E0(L)

E1(L)

E2(L)

2 Discrete set of finite-
volume states

Relation is (highly) non-trivial
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The finite-volume as a tool
Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L)

periodic

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

M`=0(2M⇡) = �32⇡M⇡a

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

   •   Huang, Yang (1958)   •   

scattering length

T and lattice also negligible
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For two-particle energies , what is the L dependence?(2m)2 < s < (4m)2

ML(P ) ⌘

Consider the finite-volume correlator:
Derivation (all orders diagrammatic)

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
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L L L=

= PV +
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F
F = matrix of known geometric functions

L

P
k=

⇠ e�mL
⇠ 1/Ln

= + · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
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F

�
Defines the K matrix

=
1

K(s)�1 + F (P,L)
det[K�1(s) + F (P,L)] = 0

   •   Lüscher (1986)   •   Kim, Sachrajda, Sharpe (2005)   •   MTH, Sharpe (coupled channels, 2012)   •    

propagating pion

Bethe-Salpeter kernel

M(s)
probability 
amplitude

poles give f.v. 
spectrum

ML(P )
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Holds only for two-particle energies(2m)2 < s < (4m)2

General relation

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects e�mL

det[K�1(s) + F (P,L)] = 0 F (P,L) ⌘ Matrix of known 
geometric functions

Encodes angular momentum mixing

E0(L)

E1(L)

E2(L)

M2K2

finite volume unitarity

   •   Lüscher (1989)   •   many others   •
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⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV
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�
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��

I(JP ) = 1/2(0+)

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV
284 MeV

239 MeV

κ(700)

K*(892)

   •   Wilson et al.	 Phys.Rev.Lett. 123 (2019) 4, 042002   •   
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   •   Wilson et al.	 Phys.Rev.Lett. 123 (2019) 4, 042002   •   

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV

284 MeV

239 MeV

140 MeV

K*(892)
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Dπ → Dπ, I = 1/2

—  Isospin-1/2 Dπ scattering and the lightest D0* resonance from lattice QCD  —  		

Hadron Spectrum Collaboration  —  (2021) JHEP 07 (2021) 123
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Coupled channels
The cubic volume mixes different partial waves…

…as well as different flavor channels…

det

✓
Ka!a Ka!b

Kb!a Kb!b

◆�1

+

✓
Fa 0
0 Fb

◆�
= 0

a = ⇡⇡

b = KK
e.g.

det

✓
K�1

s 0
0 K�1

p

◆
+

✓
Fss Fsp

Fps Fpp

◆�
= 0

K⇡ ! K⇡
~P 6= 0

e.g.

Workflow…

Correlators with a large 
operator basis 

Reliably extract 
finite-volume energies

Vary L and P to recover a 
dense set of energies 

hOa(⌧)O
†
b(0)i

h⌦m(⌧)⌦†
m(0)i ⇠ e�Em(L)⌧

[000],A1

[001],A1

[011],A1

En(L)

Identify a broad list of K-matrix parametrizations
Perform global fits to the 
finite-volume spectrumEFT basedpolynomials 

and poles
dispersion 

theory based

spec
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Briceño, Dudek, Edwards & Wilson (2017)

 0.2

 0.4

 0.6

 0.8

 1

 800  1000  1200  1400

-300

-200

-100

m⇡ ⇠ 390MeV⇢i⇢j |tij |2

σ(500)

IG(JPC) = 0+(0++)

f0(980)
Coupled-channel scattering



Formal progress: Transition amplitudes 

h⇡⇡, out|H|Ki ⌘

Lellouch, Lüscher (2001)  •  Kim, Sachrajda, Sharpe (2005)  •  Christ, Kim, Yamazaki (2005)  •  MTH, Sharpe (2012)

Weak decay

h⇡⇡, out|Jµ|0i ⌘
Meyer (2011)

hK⇡, out|J↵� |Bi ⌘

Agadjanov et al. (2014)  •  Briceño, MTH, Walker-Loud (2015)  •  Briceño, MTH (2016)

hN⇡, out|Jµ|Ni ⌘

`+
`�

Time-like form factors

Resonance form factors

Particles with spin
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h⇡⇡, out|Jµ|⇡i ⌘

get this from the lattice experimental observable

|hn, L|Jµ|⇡i|2 = h⇡|Jµ|⇡⇡, iniR(En, L)h⇡⇡, out|Jµ|⇡i
<latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit><latexit sha1_base64="RHnewmCDOBd77WNnl1O9MZGN524="></latexit>

Pion photo-production
Formal relation

Briceño, MTH, Walker-Loud (2015)

Briceño et. al., Phys. Rev. D93, 114508 (2016) Alexandrou et. al., Phys. Rev. D98, 074502  (2018)

m⇡ ⇡ 320MeV
<latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit><latexit sha1_base64="EXqL5RbwLDsv6dq8j8y8fcEkUws="></latexit>
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m⇡ ⇡ 400MeV
<latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit><latexit sha1_base64="+G4GT+kbE4a7wmdaRS0JtWWDY20="></latexit>

Numerical implementation
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Hadronic D decays

cū

ūs

s̄
u K+

K�

D0
cū

ūs

s̄
u K+

K�

D0

L

L

Lh2|H|1i

Integrating out electroweak physics  →  basis of four-quark operators

See the RBC/UKQCD calculation of K→ππ
Complicated: non-perturbative renormalization, many operators and contractions

⇡⇡,KK,⇡⇡⇡⇡, · · · have same quantum numbers + no asymptotic separation in the box

How do we interpret             ?hn, L|

hn, L| HMS
weak |D,Li

renormalized weak Hamiltonian

multi-hadron final state
incoming D meson

e�M⇡L volume effects
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The finite-volume as a tool
Coupled channels leave an imprint on finite-volume energies
infinite-volume 

scattering amplitudes
finite-volume energies

know field theoretic relation,
exact up to              .e�M⇡L

⇡⇡ ! KK

(i) given these 
experimentally

(ii) predict from 
first principles

can predict finite-volume signature

given lattice energies

KK like

ππ like

•   MTH, Sharpe, Phys.Rev. D86 (2012) 016007  •

L

L

L

cū

ūs

s̄
u K+

K�

D0

|n, Li = c(n)⇡ (L) |⇡⇡, outi+ c(n)K (L) |KK, outi
path to physical amplitude
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How far in the future?

Pilot calculation underway at the University of Edinburgh

Funded by UKRI Future Leaders Fellowship

Wilson-quark ensembles at the  symmetric pointSU(3)F

L

L

L

cū

ūs

s̄
u K+

K�

D0

|n, Li = c(n)⇡ (L) |⇡⇡, outi+ c(n)K (L) |KK, outi

hn, L| HMS
weak |D,Li

See Fabian Joswig talks:   Lattice2022 and MIT Colloquium

biggest challenge = still missing strategy for treating  etc, channelsππππ
<latexit sha1_base64="xW6SSASATsk6H9fK5KGijm2nAG0="></latexit>

|n, Li = c(n)⇡ (L) |⇡⇡, outi+ c(n)K (L) |KK, outi+ c(n)4⇡ |⇡⇡⇡⇡, outi+ · · ·
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Matrix elements and LQCD 
B ! ⇡`+`�

Single-hadron initial and final states
Calculated directly in LQCD 
New theory challenge = QED
See FLAG averages

`+
`�

Multi-hadron states for
All or nothing (must constrain all channels for a prediction)

p
s > 4M⇡

D ! ⇡⇡,KK

Two-hadron final states
Significantly more challenging
Subtle finite volume issues

`+
`�B ! K⇡`+`�

K ! ⇡⇡
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3-particle amplitudes

Applications…

!(782), a1(1420) ! ⇡⇡⇡ X(3872) ! J/ ⇡⇡ X(3915)[Y (3940)] ! J/ ⇡⇡

and much more!… (3-body forces, weak transitions, gluons content)

form factors and transitions

exotic resonance pole positions, couplings, quantum numbers

JP 0+ 1� 2+ · · ·2-to-2 only samples

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

X

J/ 

many interesting resonances have significant 3-body decays



2 degrees of freedom

12 momentum 
     components

-10 Poincaré generators

Complication: degrees of freedom

8 degrees of freedom

18 momentum 
     components

-10 Poincaré generators

5 degrees of freedom

15 momentum 
     components

-10 Poincaré generators

~p1 + ~p2 ! ~p3 + ~p4 s, tMandelstam



Classical pairwise scattering

Complication: on-shell states
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Classical pairwise scattering

Complication: on-shell states

for m1 = m2 = m3 up to 3 
binary collisions are possible

m1 = m2 = m3 - ε:
4 collisions possible

⇡⇡K

b < 2
5 collisions possible

⇡KK

Correspond to Landau singularities

complicate analyticity & unitarity difficult to disentangle kinematic 
singularities from resonance poles

=iM3!3 ⌘ fully connected 
correlator + · · ·+



iM3!3 ⌘ fully connected diagrams
w/ PV pole prescription

Intermediate  removes singularitiesKdf,3

Two key observations

same degrees of freedom as M3 smooth real function

iKdf,3 + · · ·+�

relation to M3 = known

 has a systematic low-energy expansionKdf,3

Kdf,3(p3, p2, p1; k3, k2, k1) = Kiso,0
df,3 +Kiso,1

df,3 �+ · · · � =
s� (3m)2

(3m)2

smooth real function

analogous to effective range expansion gives handle on many degrees of freedom 
(DOFs enter order by order)

p cot � = �
1

a
+

1

2
r p2 +O(p4)



   •   MTH, Sharpe (2014, 2015)   •   

Status…
General relation between energies and two-and-three scalar scattering

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

finite volume unitarity

No 2-to-3, no sub-channel resonance

17

   •   Briceño, MTH, Sharpe (2018)   •   MTH, Romero-López, Sharpe (2020)   •   Blanton, Sharpe (2020)

   •   Briceño, MTH, Sharpe (2017)   •   

E0(L)

E1(L)

E2(L)
Kdf,e2e2

Kdf,3e2

Kdf,e23

Kdf,33

M22 M23

M32 M33

2-to-3, no sub-channel resonance

Including sub-channel resonances + different isospins + non-degenerate

⇡⇡⇡ ! ⇢⇡ ! ! ! ⇢⇡ ! ⇡⇡⇡



Holds only for three-particle energies

General relation

Neglects e�mL

   •   MTH, Sharpe (2014-2016)   •   See also Döring, Mai, Hammer, Pang, Rusetsky   •

Review: Lattice QCD and Three-
particle Decays of Resonances

MTH and Sharpe, 1901.00483

<latexit sha1_base64="tw4+D+n6YpUts8JIplUlBWJjOMs="></latexit>

det
⇥
K�1

df,3(s) + F3(P,L|K2)
⇤
= 0

Matrix of functions depending on kinematics + two-particle dynamics
<latexit sha1_base64="FW5qkEp7xUPbj41rbK4UNVs9jo0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCS1qMuiIIIuKtgHNCFMppN26GQSZyaFEvoBbvwVNy4UcesHuPNvnLRZaOuBgcM55zL3Hi9iVCrT/DYWFpeWV1Zza/n1jc2t7cLOblOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uAy9VtDIiQN+b0aRcQJUI9Tn2KktOQWivDKPSnVj2+hrWMK2gFSfYwYvHErR9AmDzEd6pRZNieA88TKSBFkqLuFL7sb4jggXGGGpOxYZqScBAlFMSPjvB1LEiE8QD3S0ZSjgEgnmRwzhoda6UI/FPpxBSfq74kEBVKOAk8n013lrJeK/3mdWPnnTkJ5FCvC8fQjP2ZQhTBtBnapIFixkSYIC6p3hbiPBMJK95fXJVizJ8+TZqVsnZard9Vi7SKrIwf2wQEoAQucgRq4BnXQABg8gmfwCt6MJ+PFeDc+ptEFI5vZA39gfP4AYmGZWA==</latexit>

F3(P,L|K2) ⌘

<latexit sha1_base64="o1h4OozuRv+Vb5NwbOccjwfVEdg="></latexit>

F3 ⌘ 1

3
F + F K2

1

1� (F +G)K2
F



4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
mL

3.0

3.5

4.0

4.5

5.0

E
n
(L

)/
m

26

Non-interacting energies

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2 = 0

= 0

= 0

= 0



4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
mL

3.0

3.5

4.0

4.5

5.0

E
n
(L

)/
m

26

Non-interacting energies

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2 = 0

= 0

= 0

= 0

E0(L) = 3m+O(e�mL)
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= 0

= 0

E0(L) = 3m+O(e�mL)

E1(L) = m+ 2
p
m2+ (2⇡/L)2

[000]

[011]

[112]

[022]

[~p 2
1 ~p

2
2 ~p

2
3 ]⇥ L2/(2⇡)2 = [n1n2n3]
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Two-particle interactions

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

= 0
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I = 3 (⇡+⇡+⇡+), P = [000], ⇤ = A�
1 , L/as = 24
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K matrix fits

Cut on the CM 
energy in the fits

Finite-volume formalism 
relates energies to K matrices

One-to-one for  
depending only on 

Kdf,3
E𝖼𝗆 = E⋆

 is scheme 
dependent (removed 

upon converting to )

Kdf,3

ℳ3

Fit both two and three-body 
K to various polynomials
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Integral equation
Mun

3 (E?
3 ,p,k) = Dun(E?
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Vanishes for Kdf,3 = 0
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See also…

arXiv: 2010.09820
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Integral equation
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Total angular momentum = 0

Two-particle sub-system 
angular momentum = 0

Plot at fixed  and E⋆
3 p

Both two- and three-body 
uncertainties estimated

Still need to symmetrize
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(Incomplete) landscape of lattice observables

mesons baryons
quark bilinear four-quark operators
light-quarks heavy-quarks

easier harder

precision
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channels with 
> two particles
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Formal & numerical progress: Long-distance matrix elements 
Formal method understood… assuming only two-hadron intermediate states

Christ, Feng, Martinelli, Sachrajda (2015)  •  Christ et al. (2016) 
  •  Briceño, Davoudi, MTH, Schindler, Baroni (2019)  •  Erben, Gülpers, MTH, Hodgson, Portelli (2022)
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Issue of growing exponentials (Christ et al.)

Issue of power-like finite-volume effects (after discarding exponential)
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Not discussed here

Left-hand branch cuts

finite-volume methods exist

Three-hadron transitions ( ,   )K → πππ γ⋆ → πππ

Spectral densities from regulated inverse Laplace transform

finite-volume methods break on left-hand cuts (e.g.  )T+
cc

41

Resonance form factors ( )ππ → ππγ



Conclusions

40

The finite-volume = a useful tool

Challenges and progress

scattering demands high precision excited states   →   advanced algorithms make this possible

formal analysis was technical   →   ground work is now set

3-body amplitude is highly singular   →   intermediate K matrix is not

LQCD is in the era of  ‘rigorous resonance spectroscopy’

Next steps…

complete 3-particle formalism   →   extend to N-particle formalism

push more channels into the precision regime

extend studies involving an external current



Big Picture
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Stay tuned, and… 
Thanks for listening!
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3-particle derivation
Study 3-body correlator in an all-orders skeleton expansion

   •   MTH, Sharpe (2014)   •   
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kernels have suppressed L dependence
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have not yet considered entire diagram contributions

missing contributions from off-shellness missing smooth terms (short-distance parts)
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Short-distance parts & summation



h⇡⇡, out|Jµ|⇡⇡, ini ⌘

Formalism for multi-hadron form factors

Briceño, MTH (2017)   •   Baroni, Briceño, MTH, Ortega-Gama (2018)   •   Briceño, MTH, Jackura (2020)   

2 + 𝒥 → 2

Continuation to the pole → resonance form factors

Must carefully treat triangle singularities
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Briceño, MTH (2017)   •   Baroni, Briceño, MTH, Ortega-Gama (2018)   •   Briceño, MTH, Jackura (2020)   
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<latexit sha1_base64="kZYbLgyIfWvYSsnqjS2ouWKZMIM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9FgUwWMF+wFtDJvtpl26m4TdiRBC/CtePCji1R/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzcpWdXtnd2/fPjjs6DhVlLVpLGLVC4hmgkesDRwE6yWKERkI1g0m11O/+8iU5nF0D1nCPElGEQ85JWAk364NQkVofuOHDwMNRBW5LHy77jScGfAycUtSRyVavv01GMY0lSwCKojWfddJwMuJAk4FK6qDVLOE0AkZsb6hEZFMe/ns+AKfGGWIw1iZigDP1N8TOZFaZzIwnZLAWC96U/E/r59CeOnlPEpSYBGdLwpTgSHG0yTwkCtGQWSGEKq4uRXTMTFpgMmrakJwF19eJp2zhus03LvzevOqjKOCjtAxOkUuukBNdItaqI0oytAzekVv1pP1Yr1bH/PWFaucqaE/sD5/AGIGlTw=</latexit><latexit sha1_base64="kZYbLgyIfWvYSsnqjS2ouWKZMIM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9FgUwWMF+wFtDJvtpl26m4TdiRBC/CtePCji1R/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzcpWdXtnd2/fPjjs6DhVlLVpLGLVC4hmgkesDRwE6yWKERkI1g0m11O/+8iU5nF0D1nCPElGEQ85JWAk364NQkVofuOHDwMNRBW5LHy77jScGfAycUtSRyVavv01GMY0lSwCKojWfddJwMuJAk4FK6qDVLOE0AkZsb6hEZFMe/ns+AKfGGWIw1iZigDP1N8TOZFaZzIwnZLAWC96U/E/r59CeOnlPEpSYBGdLwpTgSHG0yTwkCtGQWSGEKq4uRXTMTFpgMmrakJwF19eJp2zhus03LvzevOqjKOCjtAxOkUuukBNdItaqI0oytAzekVv1pP1Yr1bH/PWFaucqaE/sD5/AGIGlTw=</latexit><latexit sha1_base64="kZYbLgyIfWvYSsnqjS2ouWKZMIM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9FgUwWMF+wFtDJvtpl26m4TdiRBC/CtePCji1R/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzcpWdXtnd2/fPjjs6DhVlLVpLGLVC4hmgkesDRwE6yWKERkI1g0m11O/+8iU5nF0D1nCPElGEQ85JWAk364NQkVofuOHDwMNRBW5LHy77jScGfAycUtSRyVavv01GMY0lSwCKojWfddJwMuJAk4FK6qDVLOE0AkZsb6hEZFMe/ns+AKfGGWIw1iZigDP1N8TOZFaZzIwnZLAWC96U/E/r59CeOnlPEpSYBGdLwpTgSHG0yTwkCtGQWSGEKq4uRXTMTFpgMmrakJwF19eJp2zhus03LvzevOqjKOCjtAxOkUuukBNdItaqI0oytAzekVv1pP1Yr1bH/PWFaucqaE/sD5/AGIGlTw=</latexit><latexit sha1_base64="kZYbLgyIfWvYSsnqjS2ouWKZMIM=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVBIR9FgUwWMF+wFtDJvtpl26m4TdiRBC/CtePCji1R/izX/jts1BWx8MPN6bYWZekAiuwXG+rZXVtfWNzcpWdXtnd2/fPjjs6DhVlLVpLGLVC4hmgkesDRwE6yWKERkI1g0m11O/+8iU5nF0D1nCPElGEQ85JWAk364NQkVofuOHDwMNRBW5LHy77jScGfAycUtSRyVavv01GMY0lSwCKojWfddJwMuJAk4FK6qDVLOE0AkZsb6hEZFMe/ns+AKfGGWIw1iZigDP1N8TOZFaZzIwnZLAWC96U/E/r59CeOnlPEpSYBGdLwpTgSHG0yTwkCtGQWSGEKq4uRXTMTFpgMmrakJwF19eJp2zhus03LvzevOqjKOCjtAxOkUuukBNdItaqI0oytAzekVv1pP1Yr1bH/PWFaucqaE/sD5/AGIGlTw=</latexit>
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<latexit sha1_base64="1qW63dWDdfrs190O0O4F+vuDySo=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KlkRFEQoevFYwX5Au5Zsmm1Dk+ySZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YSK4sRh/e0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zUemDY/VvR0lLJCkr3jEKbFOeugY3pfkqo3xJcZBt1TGFTwFWiR+TsqQo9YtfXV6MU0lU5YKYkzbx4kNMqItp4KNi53UsITQIemztqOKSGaCbHr1GB07pYeiWLtSFk3V3xMZkcaMZOg6JbEDM+9NxP+8dmqjiyDjKkktU3S2KEoFsjGaRIB6XDNqxcgRQjV3tyI6IJpQ64IquhD8+ZcXSeO04uOKf3dWrl7ncRTgEI7gBHw4hyrcQg3qQEHDM7zCm/fkvXjv3sesdcnLZw7gD7zPH84pkWM=</latexit><latexit sha1_base64="1qW63dWDdfrs190O0O4F+vuDySo=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KlkRFEQoevFYwX5Au5Zsmm1Dk+ySZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YSK4sRh/e0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zUemDY/VvR0lLJCkr3jEKbFOeugY3pfkqo3xJcZBt1TGFTwFWiR+TsqQo9YtfXV6MU0lU5YKYkzbx4kNMqItp4KNi53UsITQIemztqOKSGaCbHr1GB07pYeiWLtSFk3V3xMZkcaMZOg6JbEDM+9NxP+8dmqjiyDjKkktU3S2KEoFsjGaRIB6XDNqxcgRQjV3tyI6IJpQ64IquhD8+ZcXSeO04uOKf3dWrl7ncRTgEI7gBHw4hyrcQg3qQEHDM7zCm/fkvXjv3sesdcnLZw7gD7zPH84pkWM=</latexit><latexit sha1_base64="1qW63dWDdfrs190O0O4F+vuDySo=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KlkRFEQoevFYwX5Au5Zsmm1Dk+ySZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YSK4sRh/e0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zUemDY/VvR0lLJCkr3jEKbFOeugY3pfkqo3xJcZBt1TGFTwFWiR+TsqQo9YtfXV6MU0lU5YKYkzbx4kNMqItp4KNi53UsITQIemztqOKSGaCbHr1GB07pYeiWLtSFk3V3xMZkcaMZOg6JbEDM+9NxP+8dmqjiyDjKkktU3S2KEoFsjGaRIB6XDNqxcgRQjV3tyI6IJpQ64IquhD8+ZcXSeO04uOKf3dWrl7ncRTgEI7gBHw4hyrcQg3qQEHDM7zCm/fkvXjv3sesdcnLZw7gD7zPH84pkWM=</latexit><latexit sha1_base64="1qW63dWDdfrs190O0O4F+vuDySo=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4KlkRFEQoevFYwX5Au5Zsmm1Dk+ySZJWy9H948aCIV/+LN/+NabsHbX0w8Hhvhpl5YSK4sRh/e0vLK6tr64WN4ubW9s5uaW+/YeJUU1ansYh1KySGCa5Y3XIrWCvRjMhQsGY4vJn4zUemDY/VvR0lLJCkr3jEKbFOeugY3pfkqo3xJcZBt1TGFTwFWiR+TsqQo9YtfXV6MU0lU5YKYkzbx4kNMqItp4KNi53UsITQIemztqOKSGaCbHr1GB07pYeiWLtSFk3V3xMZkcaMZOg6JbEDM+9NxP+8dmqjiyDjKkktU3S2KEoFsjGaRIB6XDNqxcgRQjV3tyI6IJpQ64IquhD8+ZcXSeO04uOKf3dWrl7ncRTgEI7gBHw4hyrcQg3qQEHDM7zCm/fkvXjv3sesdcnLZw7gD7zPH84pkWM=</latexit>

Pi = [000]
<latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit><latexit sha1_base64="QXmGOokr6n5D3SrEJVBkeQJ+lRw=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFclYkIuhGKblxWsA9IQ5hMJ+3QyYOZGzGE+ituXCji1g9x5984bbPQ1gMXDufcy733BKkUGgj5tlZW19Y3Nitb1e2d3b19++Cwo5NMMd5miUxUL6CaSxHzNgiQvJcqTqNA8m4wvpn63QeutEjie8hT7kV0GItQMApG8u1aH/gjBCFu+QJfYZcQ4vl2nTTIDHiZOCWpoxIt3/7qDxKWRTwGJqnWrkNS8AqqQDDJJ9V+pnlK2ZgOuWtoTCOuvWJ2/ASfGGWAw0SZigHP1N8TBY20zqPAdEYURnrRm4r/eW4G4aVXiDjNgMdsvijMJIYET5PAA6E4A5kbQpkS5lbMRlRRBiavqgnBWXx5mXTOGg5pOHfn9eZ1GUcFHaFjdIocdIGa6Ba1UBsxlKNn9IrerCfrxXq3PuatK1Y5U0N/YH3+AG9Hk08=</latexit>

Pf = [001]
<latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit><latexit sha1_base64="m+uKH1YHc8KCKpRN4YDpeYh+rj0=">AAACAXicbVBNS8NAEN34WetX1IvgZbUInkoigl6EohePFewHNCFstpt26WYTdidiCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/PCVHANjvNtLSwuLa+sltbK6xubW9v2zm5TJ5mirEETkah2SDQTXLIGcBCsnSpG4lCwVji4Hvute6Y0T+QdDFPmx6QnecQpASMF9j72gD1AGOF6kHuH0Qhf4o7juH5gV5yqMwGeJ25BKqhAPbC/vG5Cs5hJoIJo3XGdFPycKOBUsFHZyzRLCR2QHusYKknMtJ9PPhjhY6N0cZQoUxLwRP09kZNY62Ecms6YQF/PemPxP6+TQXTh51ymGTBJp4uiTGBI8DgO3OWKURBDQwhV3NyKaZ8oQsGEVjYhuLMvz5PmadV1qu7tWaV2VcRRQgfoCJ0gF52jGrpBddRAFD2iZ/SK3qwn68V6tz6mrQtWMbOH/sD6/AGtEJUU</latexit>
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VC2!2
L (Pf , Pi) =

<latexit sha1_base64="iM+hpoywKeDlPSAdWoYhmiRKpTs=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEEHCbhC0EYJpLCxWMA9I1mV2MpsMmX0wMyuEZRt/xcZCEVs/w86/cfIoNHpg4HDOvdw5x084k8qyvozC0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbHzUmfvuBCsni6E6NE+qGeBCxgBGstOSZBw3v5j6roZ6KUS2vOF5w6njs5NIzy1bVmgL9JfaclGEOxzM/e/2YpCGNFOFYyq5tJcrNsFCMcJqXeqmkCSYjPKBdTSMcUulm0wA5OtZKHwWx0C9SaKr+3MhwKOU49PVkiNVQLnoT8T+vm6rgws1YlKSKRmR2KEg50mknbaA+E5QoPtYEE8H0XxEZYoGJ0p2VdAn2YuS/pFWr2prfnpXrV/M6inAIR1ABG86hDtfgQBMI5PAEL/BqPBrPxpvxPhstGPOdffgF4+Mb1+eUnw==</latexit><latexit sha1_base64="iM+hpoywKeDlPSAdWoYhmiRKpTs=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEEHCbhC0EYJpLCxWMA9I1mV2MpsMmX0wMyuEZRt/xcZCEVs/w86/cfIoNHpg4HDOvdw5x084k8qyvozC0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbHzUmfvuBCsni6E6NE+qGeBCxgBGstOSZBw3v5j6roZ6KUS2vOF5w6njs5NIzy1bVmgL9JfaclGEOxzM/e/2YpCGNFOFYyq5tJcrNsFCMcJqXeqmkCSYjPKBdTSMcUulm0wA5OtZKHwWx0C9SaKr+3MhwKOU49PVkiNVQLnoT8T+vm6rgws1YlKSKRmR2KEg50mknbaA+E5QoPtYEE8H0XxEZYoGJ0p2VdAn2YuS/pFWr2prfnpXrV/M6inAIR1ABG86hDtfgQBMI5PAEL/BqPBrPxpvxPhstGPOdffgF4+Mb1+eUnw==</latexit><latexit sha1_base64="iM+hpoywKeDlPSAdWoYhmiRKpTs=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEEHCbhC0EYJpLCxWMA9I1mV2MpsMmX0wMyuEZRt/xcZCEVs/w86/cfIoNHpg4HDOvdw5x084k8qyvozC0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbHzUmfvuBCsni6E6NE+qGeBCxgBGstOSZBw3v5j6roZ6KUS2vOF5w6njs5NIzy1bVmgL9JfaclGEOxzM/e/2YpCGNFOFYyq5tJcrNsFCMcJqXeqmkCSYjPKBdTSMcUulm0wA5OtZKHwWx0C9SaKr+3MhwKOU49PVkiNVQLnoT8T+vm6rgws1YlKSKRmR2KEg50mknbaA+E5QoPtYEE8H0XxEZYoGJ0p2VdAn2YuS/pFWr2prfnpXrV/M6inAIR1ABG86hDtfgQBMI5PAEL/BqPBrPxpvxPhstGPOdffgF4+Mb1+eUnw==</latexit><latexit sha1_base64="iM+hpoywKeDlPSAdWoYhmiRKpTs=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEEHCbhC0EYJpLCxWMA9I1mV2MpsMmX0wMyuEZRt/xcZCEVs/w86/cfIoNHpg4HDOvdw5x084k8qyvozC0vLK6lpxvbSxubW9Y+7utWScCkKbJOax6PhYUs4i2lRMcdpJBMWhz2nbHzUmfvuBCsni6E6NE+qGeBCxgBGstOSZBw3v5j6roZ6KUS2vOF5w6njs5NIzy1bVmgL9JfaclGEOxzM/e/2YpCGNFOFYyq5tJcrNsFCMcJqXeqmkCSYjPKBdTSMcUulm0wA5OtZKHwWx0C9SaKr+3MhwKOU49PVkiNVQLnoT8T+vm6rgws1YlKSKRmR2KEg50mknbaA+E5QoPtYEE8H0XxEZYoGJ0p2VdAn2YuS/pFWr2prfnpXrV/M6inAIR1ABG86hDtfgQBMI5PAEL/BqPBrPxpvxPhstGPOdffgF4+Mb1+eUnw==</latexit>



Finite-volume as a tool

Spectral function method
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LQCD → Energies and matrix elements

Our task is relate             and                            to experimental observablesEn(L)
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An answer to the question…   “Can’t you just analytically continue?”

Formally applies for any number of particles / any energy range

Still important challenges and limitations to consider

Applicable only in limited energy range for two- and three-hadron states

Two strategies…



Finite-volume as a tool

Spectral function method
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An answer to the question…   “Can’t you just analytically continue?”

Formally applies for any number of particles / any energy range

Still important challenges and limitations to consider

Applicable only in limited energy range for two- and three-hadron states

Two strategies…



Correlation functions → observables
Lattice QCD gives finite-volume Euclidean correlators
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Correlation functions → observables
Lattice QCD gives finite-volume Euclidean correlators

<latexit sha1_base64="R1KsRPTJP0MdBuX5fKAUx+fOhLk="></latexit>

h0| O1(0) e
�Ĥ⌧
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π π  → π π  amplitude j → π π  amplitude

Bulava, MTH (2019)

Detailed choice of f(E) and operators determines the observable
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Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

G(τ) =

∫
dω e−ωτ ρ(ω)

have want
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Linear reconstruction



Linear reconstruction

Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)

δ is exactly known

Neural networks

Maximum Entropy Method (MEM)
Direct fits

See multiple ECT* and CERN workshops, work by  
Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis, 

Giudice, Hands, Harris, Hashimoto, Jäger, Karpie, Liu, 
Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, …

G(τ) =

∫
dω e−ωτ ρ(ω)

have want
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Non-linear (not discussed here…)
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Role of the finite volume
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Any reconstructed spectral function that ≠ forest of deltas…
contains implicit smearing (or else L → ∞)

We require…

smearing function 
covers many delta peaks

smearing does not overly 
distort observable

MTH, Meyer, Robaina (2017)
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Integrable theory with some nice similarities to QCD

1+1 O(3) Model

Dynamically generated mass gap

Asymptotically free

Conserved iso-vector vector current

Iso-spin like symmetry conserved current

spectral function



Smeared spectral function vs analytic result
Construct different smearings of ρ(ω)

Bulava, MTH, Hansen, Patella, Tantalo (2021)



Extrapolation

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Targeting  for  hereρ(E) E = 14m

Use known relations between different smearing kernels



Result

Bulava, MTH, Hansen, Patella, Tantalo (2021)

Many QCD applications already published… see work by									A. Barone, S. Hashimoto, A. Jüttner, T. 
Kaneko, R. Kellermann, R. Frezzotti, G. Gagliardi, V. Lubicz, F. Sanfilippo, S. Simula …


