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A bit of history

• Basic developments in NLEFT here at Bonn/FZJ in collaboration with Dean Lee (NCSU),

later Bochum also joined

• Major funding sources:

TRR 16 “Subnuclear structure of matter” (Bonn, Bochum, Giessen) 2004-2016

HGF VH-VI-417 “Nuclear Astrophysics” (GSI, TU Darmstadt, Bonn,...) 2011-2017

• If you have a new method, you must do something the others could not do!

↪→ take-home message for the young people!

CRC 16 CRC 110
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NLEFT within the CRC 110

• In FP1, part of B7 “Chiral Dynamics of Nuclei and Hypernuclei”
PLs: N. Kaiser, UGM, A. Nogga

↪→ very succesful, split into two projects in FP2

• In FP2, part of B9 “Lattice Nuclear Physics”
PLs: T. Luu, UGM

↪→ LQCD part develops slowly, move into A2 in FP3

• In FP3, the whole B9 “Lattice Nuclear Physics” is NLEFT
PLs: H. Krebs, UGM

↪→ seed for the ERC AdG “EXOTIC” (2021-2026)

↪→ seed for a Research Unit in Nuclear Physics (in preparation)

⇒ Impossible to review all results, just discuss selcted hi-lites
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Fundamentals of
NLEFT
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Our goal: Ab initio nuclear structure & reactions

4/4/2017 nuchart1.gif (1054×560)

http://rarfaxp.riken.go.jp/~gibelin/Nuchart/nuchart1.gif 1/1

• Nuclear structure:

c© National Nuclear Data Center

• Nuclear reactions, nuclear astrophysics:

? alpha-particle scattering

? triple-alpha reaction

? alpha-capture on carbon

··
·

and the original angular distributions are not reported.
Differential cross section measurements below Sp are avail-
able only for the ground state transition and only in the limited
energy range around the broad lowest energy 1− resonance
that corresponds to the level at Ex ¼ 9.59 MeV (Dyer and
Barnes, 1974; Redder et al., 1987; Ouellet et al., 1996; Fey,
2004; Assunção et al., 2006; Makii et al., 2009). These data
are used to determine the relative interference between the E1
and E2 components of the cross section, but it is possible that
measurements over other regions, where the two components
are closer in magnitude, would provide better constraint.
Above Sp, measurements are available in Larson and Spear
(1964) and Kernel, Mason, and Wimmersperg (1971) over the
broad states at Ex ¼ 12.45 (1−), 12.96 (2þ), and 13.10 (1−)
MeV. The Q coefficients (Rose, 1953; Longland et al., 2006)
used to correct for the extended geometry of the γ-ray
detectors are listed in Table VIII.
The best fit to the 12Cðα; γ0Þ16O angle-integrated data of

Brochard et al. (1973), Dyer and Barnes (1974), Kettner et al.
(1982), Redder et al. (1987), Kremer et al. (1988), Ouellet
et al. (1996), Roters et al. (1999), Gialanella et al. (2001),
Kunz et al. (2001), Fey (2004), Assunção et al. (2006), Makii
et al. (2009), Schürmann et al. (2011), and Plag et al. (2012) is
shown in Fig. 9. The simultaneous fit to the ground state
angular distribution differential cross section data (Dyer and
Barnes, 1974; Redder et al., 1987; Fey, 2004; Assunção et al.,
2006) is shown in Fig. 10 and the differential excitation curves
of Ouellet et al. (1996) and Makii et al. (2009) are shown
in Fig. 11.

C. Cascade transitions

While the cascade cross sections make a small contribution
to the total low-energy cross section (≈5% at Ec:m: ¼
300 keV), at higher energies they can dominate as shown
in Figs. 6 and 7. However, another compelling reason for their
accurate measurement would be to constrain the ANCs of the
subthreshold states, in particular, those of the Ex ¼ 6.92 and

7.12 MeV states, through their external capture contributions.
The Ex ¼ 6.13 MeV transition capture cross section, which is
external capture dominated, is also connected to the β-delayed
α emission spectrum through its ANC as discussed further in
Sec. VI.D.
Cascade transition excitation curves for the 12Cðα; γÞ16O

reaction have been measured by Kettner et al. (1982), Redder
et al. (1987), Matei et al. (2006), and Schürmann et al. (2011).
The measurements of these transitions are complicated exper-
imentally by the close energy spacing of the bound states at
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FIG. 9. Fit to the 12Cðα; γ0Þ16O cross section. (a) The E1
contribution from Dyer and Barnes (1974), Redder et al.
(1987), Kremer et al. (1988), Ouellet et al. (1996), Roters
et al. (1999), Gialanella et al. (2001), Kunz et al. (2001), Fey
(2004), Assunção et al. (2006), Makii et al. (2009), Schürmann et
al. (2011), and Plag et al. (2012). (b) The E2 contribution from
Redder et al. (1987), Ouellet et al. (1996), Roters et al. (1999),
Kunz et al. (2001), Fey (2004), Assunção et al. (2006), Makii
et al. (2009), Schürmann et al. (2011), and Plag et al. (2012).
(a) The angle-integrated cross section data of Brochard et al.
(1973) are also shown at high energy for comparison as they are
dominated by E1 capture. Note that the data have been subjected
to overall normalizations as determined by the fitting procedure.

TABLE VIII. Summary of Q coefficients for extended detector geometry corrections. In cases where the coefficients
were not reported they have been approximated using a GEANT4 simulation and the details of the geometry presented in the
reference; the source for these cases is indicated as “this work.”

Reference Detector Q1 Q2 Q3 Q4 Source

Larson and Spear (1964) 0.897 0.719 0.509 0.311 This work
Kernel, Mason, and Wimmersperg (1971) 0.989 0.968 0.937 0.896 This work
Dyer and Barnes (1974) 0.955 0.869 0.750 0.610 Table 5.5 of

Sayre (2011)
Ophel et al. (1976) 0.990 0.969 0.948 0.900 This work
Ouellet et al. (1996) 28° 0.9719 0.9173 0.8395 0.7431 Table 1

60° 0.9675 0.9047 0.8162 0.7061
90° 0.9541 0.8670 0.7474 0.6068
90° 0.9543 0.8675 0.7486 0.6091
120° 0.9762 0.9296 0.8672 0.7787
143° 0.9831 0.9500 0.9017 0.8400

Redder et al. (1987) 0.92 0.75 In text
Assunção et al. (2006) 0.989(2) 0.968(4) 0.936(8) 0.895(14) In text
Makii et al. (2009) 40° 0.980 0.947 0.898 0.837 Table VI

90° 0.980 0.946 0.897 0.835
130° 0.980 0.948 0.901 0.841

Plag et al. (2012) 0.948 0.927 0.862 0.775 Eq. (2)

R. J. deBoer et al.: The 12Cðα; γÞ16O …

Rev. Mod. Phys., Vol. 89, No. 3, July–September 2017 035007-41

? limits of stability

? 3-nucleon forces

? alpha-clustering

? EoS & neutron stars

··
·

de Boer et al, Rev. Mod. Phys. 89 (2017) 035007

12C(α, γ)16O
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Chiral EFT on a
lattice

T. Lähde & UGM

Nuclear Lattice Effective Field Theory - An Introduction

Springer Lecture Notes in Physics 957 (2019) 1 - 396
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9Nuclear lattice effective field theory (NLEFT)
Frank, Brockmann (1992), Koonin, Müller, Seki, van Kolck (2000) , Lee, Schäfer (2004), . . .

Borasoy, Krebs, Lee, UGM, Nucl. Phys. A768 (2006) 179; Borasoy, Epelbaum, Krebs, Lee, UGM, Eur. Phys. J. A31 (2007) 105

• new method to tackle the nuclear many-body problem

• discretize space-time V = Ls × Ls × Ls × Lt:
nucleons are point-like particles on the sites

• discretized chiral potential w/ pion exchanges
and contact interactions + Coulomb

→ see Epelbaum, Hammer, UGM, Rev. Mod. Phys. 81 (2009) 1773

• typical lattice parameters

pmax =
π

a
' 315− 630 MeV [UV cutoff]

p

p

n

n a

~ 1−2 fm

• strong suppression of sign oscillations due to approximate Wigner SU(4) symmetry
E. Wigner, Phys. Rev. 51 (1937) 106; T. Mehen et al., Phys. Rev. Lett. 83 (1999) 931; J. W. Chen et al., Phys. Rev. Lett. 93 (2004) 242302

• physics independent of the lattice spacing for a = 1 . . . 2 fm
Alarcon, Du, Klein, Lähde, Lee, Li, Lu, Luu, UGM, EPJA 53 (2017) 83; Klein, Elhatisari, Lähde, Lee, UGM, EPJA 54 (2018) 121

Nuclear Lattice EFT – Ulf-G. Meißner – Bonn, June 3rd, 2024 · ◦ C < ∧ O > B •
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Transfer matrix method

• Correlation–function for A nucleons: ZA(τ) = 〈ΨA| exp(−τH)|ΨA〉

with ΨA a Slater determinant for A free nucleons

[or a more sophisticated (correlated) initial/final state]

• Transient energy

EA(τ) = − d

dτ
lnZA(τ)

→ ground state: E0
A = lim

τ→∞
EA(τ)

• Exp. value of any normal–ordered operatorO

ZOA = 〈ΨA| exp(−τH/2)O exp(−τH/2) |ΨA〉

lim
τ→∞

ZOA (τ)

ZA(τ)
= 〈ΨA|O |ΨA〉

• Excited states: ZA(τ)→ ZijA (τ), diagonalize, e.g. 0+
1 , 0

+
2 , 0

+
3 , ... in 12C

Euclidean time
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11Configurations

⇒ all possible configurations are sampled
⇒ preparation of all possible initial/final states
⇒ clustering emerges naturally
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12Auxiliary field method

• Represent interactions by auxiliary fields (Gaussian quadrature):

exp

[
−
C

2

(
N†N

)2]
=
√

1
2π

∫
ds exp

[
−
s2

2
+
√
C s

(
N†N

)]

𝛑 𝛑 

Eu
cl

id
ea

n
 t

im
e 

𝒔 

𝒔𝑰 

𝒔𝝅 

�� ��optimally suited for parallel computing!
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13Comparison to lattice QCD
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LQCD (quarks & gluons) NLEFT (nucleons & pions)

relativistic fermions non-relativistic fermions
renormalizable th’y EFT
continuum limit no continuum limit
(un)physical masses physical masses
Coulomb - difficult Coulomb - easy
high T/small ρ small T/nuclear densities
sign problem severe sign problem moderate

• For nuclear physics, NLEFT is the far better methodology!
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Computational equipment

• Present = JUWELS (modular system) + FRONTIER + ...

87 Pflops
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The minimal nuclear
interaction
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16A minimal nuclear interaction

• Basic problem: Straightforward application of chiral EFT forces leads to
problems when one goes beyond light nuclei (e.g. the radius problem)

• Main idea: Construct a minimal nuclear interactions that reproduces
the ground state properties of light nuclei, medium-mass nuclei,
and neutron matter simultaneously with no more than a few percent error
in the energies and charge radii

• This can be achieved by making use of Wigner’s SU(4) spin-isospin symmetry
Wigner, Phys. Rev. C 51 (1937) 106

• If the nuclear Hamiltonian does not depend on spin and isospin, then it is
obviously invariant under SU(4) transformations [really U(4) = U(1)× SU(4)]:

N → UN , U ∈ SU(4) , N =

(
p

n

)
N → N + δN , δN = iεµνσ

µτν N , σµ = (1, σi) , τµ = (1, τi)

Nuclear Lattice EFT – Ulf-G. Meißner – Bonn, June 3rd, 2024 · ◦ C < ∧ O > B •



17Remarks on Wigner’s SU(4) symmetry

•Wigner SU(4) spin-isospin symmetry in the context of pionless nuclear EFT

↪→ large scattering lengths Mehen, Stewart, Wise, Phys. Rev. Lett. 83 (1999) 931

•Wigner SU(4) spin-isospin symmetry is particularly beneficial for NLEFT

↪→ suppression of sign oscillations Chen, Lee, Schäfer, Phys. Rev. Lett. 93 (2004) 242302

↪→ provides a very much improved LO action when smearing is included
Lu, Li, Elhatisari, Lee, Epelbaum, UGM, Phys. Lett. B 797 (2019) 134863

• Initimately related to α-clustering in nuclei

↪→ cluster states in 12C like the famous Hoyle state
Epelbaum, Krebs, Lee, UGM, Phys. Rev. Lett. 106 (2011) 192501

↪→ nuclear physics is close to a quantum phase transition
Elhatisari et al., Phys. Rev. Lett. 117 (2016) 132501

Nuclear Lattice EFT – Ulf-G. Meißner – Bonn, June 3rd, 2024 · ◦ C < ∧ O > B •



18Essential elements for nuclear binding
Lu, Li, Elhatisari, Epelbaum, Lee, UGM, Phys. Lett. B 797 (2019) 134863 [arXiv:1812.10928]

• Highly SU(4) symmetric LO action without pions, only four parameters

HSU(4) = Hfree +
1

2!
C2

∑
n

ρ̃(n)2 +
1

3!
C3

∑
n

ρ̃(n)3

ρ̃(n) =
∑
i

ã†i(n)ãi(n) + sL
∑

|n′−n|=1

∑
i

ã†i(n
′)ãi(n

′)

ãi(n) = ai(n) + sNL
∑

|n′−n|=1

ai(n
′)

→ describes binding energies, radii, charge densities and the EoS of neutron matter
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sL controls the locality of the
interactions, sNL the non-
locaity of the smearing
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19Wigner’s SU(4) symmetry and the carbon spectrum

• Study of the spectrum (and other properties) of 12C

↪→ spin-orbit splittings are known to be weak
Hayes, Navratil, Vary, Phys. Rev. Lett. 91 (2003) 012502 Johnson, Phys. Rev. C 91 (2015) 034313

↪→ start with cluster and shell-model configurations

• Fit the four parameters:

C2, C3 – ground state energies of 4He and 12C

sL – radius of 12C around 2.4 fm

sNL – best overall description
of the transition rates

• Calculation of em transitions

requires coupled-channel approach

e.g. 0+ and 2+ states
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Spectrum of 12C

• Improved description when 3NFs are included, amazingly good
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3α

12C

Exp.
NLEFT

→ solidifies earlier NLEFT statements about the structure of the 0+
2 and 2+

2 states

Shen, Elhatisari, Lähde, Lee, Lu, UGM, Nature Commun. 14 (2023) 2777
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21Electromagnetic properties
Shen, Elhatisari, Lähde, Lee, Lu, UGM, Nature Commun. 14 (2023) 2777

• Radii, quadrupole moments & em transition rates agree wih experiment

• Form factors and transition ffs [essentially parameter-free]:

0.0 0.5 1.0 1.5 2.0 2.5 3.0
q (fm−1)

10-4

10-3

10-2

10-1

100

|F
(q

)|

12C, 0 +
1

NLEFT
Exp.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
q (fm−1)

10-4

10-3

10-2

|F
(q

)|

12C, 0 +
1 →0 +

2

NLEFT
Exp.

Sick, McCarthy, Nucl. Phys. A 150 (1970) 631 Chernykh et al., Phys. Rev. Lett. 105 (2010) 022501
Strehl, Z. Phys. 234 (1970) 416
Crannell et al., Nucl. Phys. A 758 (2005) 399
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22Emergence of geometry

• Use the pinhole algorithm to measure the distribution of α-clusters/matter:
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• equilateral & obstuse triangles→ 2+ states are excitations of the 0+ states
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Emergence of duality

• 12C spectrum shows a cluster/shell-model duality
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• dashed triangles: strong 1p-1h admixture in the wave function
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24The 4He form factor puzzle

• Recent Mainz measurements of FM0(0+
2 → 0+

1 ) appear to be in stark
disagreement with ab initio nuclear theory Kegel et al., Phys. Rev. Lett. 130 (2023) 152502

• Monopole transition ff • low-momentum expansion

[calculations from 2013]

⇒ A low-energy puzzle for nuclear forces?
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25Ab initio calculation of the 4He transition form factor
UGM, Shen, Elhatisari, Lee, Phys. Rev. Lett. 132 (2024) 062501 [2309.01558 [nucl-th]]

• Use the essential elements action, all parameters fixed!

• Calculate the transition ff and its low-energy expansion form the transition density

ρtr(r) = 〈0+
1 |ρ̂(~r)|0+

2 〉

F (q) =
4π

Z

∫ ∞
0

ρtr(r)j0(qr)r2dr =
1

Z

∞∑
λ=1

(−1)λ

(2λ+ 1)!
q2λ〈r2λ〉tr

Z|F (q2)|
q2

=
1

6
〈r2〉tr

[
1−

q2

20
R2

tr +O(q4)

]
R2

tr = 〈r4〉tr/〈r2〉tr

• The first excited state sits in the continuum & close to the 3H-p threshold

↪→ use large volumes L = 10, 11, 12 or L = 13.2 fm, 14.5 fm, 15.7 fm

↪→ the lattice spacing is fixed to a = 1.32 fm, corresponding Λ = π/a = 465 MeV
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26The first excited state

• 3 coupled channels with 0+ q.n’s→ accelerates convergence as Lt →∞

• Shell-model wave functions (4 nucleons in 1s1/2, twice 3 in 1s1/2 and 1 in 2s1/2)

L [fm] E(0+
1 ) [MeV] E(0+

2 ) [MeV] ∆E [MeV]
13.2 −28.32(3) −8.37(14) 0.28(14)

14.5 −28.30(3) −8.02(14) 0.42(14)

15.7 −28.30(3) −7.96(9) 0.40(9)

↪→ statistical and large-Lt errors

↪→ agreement w/ experiment: E(0+
1 ) = 28.3 MeV, ∆E = 0.4 MeV

↪→∆E consistent w/ no-core Gamov shell model (no 3NFs)
Michel, Nazarewicz, Ploszajczak, Phys. Rev. Lett. 131 (2023) 242502

↪→ consistent w/ the Efimov tetramer analysis ∆E = 0.38(2) MeV
von Stecher, D’Incao, Greene, Nat. Phys. 5 (2009) 417; Hammer, Platter, EPJA 32 (2007) 113
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27The transition form factor

• Transition form factor • Low-momentum expansion
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↪→ Excellent description of the data

↪→ No puzzle to the nuclear forces!

↪→ Can be improved using N3LO action + wave function matching
Elhatisari et al., 2210.17488 [nucl-th]

↪→ Now consider neutron stars and the “hyperon puzzle”
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28Towards hyper-neutron matter
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

4

been performed. In this case the additional repulsion
provided by the model (II) pushes ρth

Λ towards a density
region where the contribution coming from the hyperon-
nucleon potential cannot be compensated by the gain in
kinetic energy. It has to be stressed that (I) and (II) give
qualitatively similar results for hypernuclei. This clearly
shows that an EoS constrained on the available binding
energies of light hypernuclei is not sufficient to draw any
definite conclusion about the composition of the neutron
star core.

The mass-radius relations for PNM and HNM obtained
by solving the Tolman-Oppenheimer-Volkoff (TOV)
equations [47] with the EoS of Fig. 1 are shown in Fig. 2.
The onset of Λ particles in neutron matter sizably reduces
the predicted maximum mass with respect to the PNM
case. The attractive feature of the two-body ΛN interac-
tion leads to the very low maximum mass of 0.66(2)M⊙,
while the repulsive ΛNN potential increases the pre-
dicted maximum mass to 1.36(5)M⊙. The latter result
is compatible with Hartree-Fock and Brueckner-Hartree-
Fock calculations (see for instance Refs. [2–5]).

M
 [M

0]

R [km]

PNM

N

N + NN (I)

N + NN (II)
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0.8
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11 12 13 14 15

PSR J1614-2230

PSR J0348+0432

Figure 2. (Color online) Mass-radius relations. The key is
the same of Fig. 1. Full dots represent the predicted max-
imum masses. Horizontal bands at ∼ 2M⊙ are the ob-
served masses of the heavy pulsars PSR J1614-2230 [18] and
PSR J0348+0432 [19]. The grey shaded region is the excluded
part of the plot due to causality.

The repulsion introduced by the three-body force plays
a crucial role, substantially increasing the value of the
Λ threshold density. In particular, when model (II) for
the ΛNN force is used, the energy balance never favors
the onset of hyperons within the the density domain that
has been studied in the present work (ρ ≤ 0.56 fm−3).
It is interesting to observe that the mass-radius relation
for PNM up to ρ = 3.5ρ0 already predicts a NS mass
of 2.09(1)M⊙ (black dot-dashed curve in Fig. 2). Even
if Λ particles would appear at higher baryon densities,
the predicted maximum mass is consistent with present

astrophysical observations.

In this Letter we have reported on the first Quantum
Monte Carlo calculations for hyperneutron matter, in-
cluding neutrons and Λ particles. As already verified
in hypernuclei, we found that the three-body hyperon-
nucleon interaction dramatically affects the onset of hy-
perons in neutron matter. When using a three-body
ΛNN force that overbinds hypernuclei, hyperons appear
around twice saturation density and the predicted max-
imum mass is 1.36(5)M⊙. By employing a hyperon-
nucleon-nucleon interaction that better reproduces the
experimental separation energies of medium-light hyper-
nuclei, the presence of hyperons is disfavored in the neu-
tron bulk at least until ρ = 0.56 fm−3 and the lower
limit for the predicted maximum mass is 2.09(1)M⊙.
Therefore, within the ΛN model that we have consid-
ered, the presence of hyperons in the core of the neutron
stars cannot be satisfactory established and thus there is
no clear incompatibility with astrophysical observations
when lambdas are included. We conclude that in order to
discuss the role of hyperons - at least lambdas - in neu-
tron stars, the ΛNN interaction cannot be completely
determined by fitting the available experimental energies
in Λ hypernuclei. In other words, the Λ-neutron-neutron
component of the ΛNN will need additional theoret-
ical investigation and a substantial additional amount
of experimental data. In particular, there are some
features of the hyperon-nucleon interaction (Λ-neutron-
neutron channels, spin-orbit contributions) which might
be efficiently constrained only by experiments involving
highly asymmetric hypernuclei and/or excitation of the
hyperon. We believe that our conclusions will not change
qualitatively if other hyperons and/or a vΛΛ are included
in the calculation.
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• Densities in the interior of neutron stars
up to 5 · ρ0 [ρ0 = 0.17 fm−3]

↪→ possible appearance of hyperons
→ “hyperon puzzle”

↪→ many possible solutions
(3-body forces, BSM physics, modifed gravity)

↪→ Neutron matter EoS plays an important role
in multimessenger astronomy [gravitational waves]

• Can we address this topic w/ NLEFT? If so, how?

↪→ large densities require a small lattice spacing

↪→ need to extend the minimal nuclear interaction to such densities

↪→ need to extend the minimal nuclear interaction to the strangeness sector
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29The minimal interaction with strangeness I
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

• Baryon-baryon interaction (consider nucleons and Λ’s plus non-local smearing):�
�

�

VΛN = cNΛ

∑
~n

ρ̃(~n)ξ̃(~n) + cΛΛ
1

2

∑
~n

[
ξ̃(~n)

]2

ρ̃(~n) =
∑

i,j=0,1

ã†i,j(~n) ãi,j(~n) + sL

∑
|~n−~n′|2=1

∑
i,j=0,1

ã†i,j(~n
′) ãi,j(~n

′)

ξ̃(~n) =
∑
i=0,1

b̃†i(~n) b̃i(~n) + sL

∑
|~n−~n′|2=1

∑
i=0,1

b̃†i(~n
′) b̃i(~n

′)

• Three-baryon forces (consider nucleons and Λ’s, no non-local smearing):
Petschauer, Kaiser, Haidenbauer, UGM, Weise, Phys. Rev. C 93 (2016) 014001�

�
�

VNNΛ = cNNΛ

1

2

∑
~n

[ρ(~n)]2 ξ(~n) , VNΛΛ = cNΛΛ
1

2

∑
~n

ρ(~n) [ξ(~n)]2

↪→ must determine 4 LECs! [smearing parameters from the nucleon sector]

↪→ first time that the ΛΛN three-body force is included
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30The minimal interaction with strangeness II
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

• Two-body LECs from scattering data (ΛN )

& chiral EFT phase shift (ΛΛ)
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• 3BF LECs from the separation energies of Λ and ΛΛ hyper-nuclei [∗ prediction]:

Nucleus NLEFT [MeV] Exp. [MeV]
5
ΛHe 3.40(1)(1) 3.10(3)
9
ΛBe 5.72(5)(4) 6.61(7)
13
ΛC 10.54(17)(29)∗ 11.80(16)
6

ΛΛHe 7.36(1)(4) 6.91(16)
10

ΛΛBe 13.30(7)(12) 14.70(40)
12

ΛΛBe 21.22(56)(21)∗ 21.48(121)

↪→ this defines our EoS of hyper-nuclear matter called HMN(I)

BΛ(AΛZ) = E(A−1Z) − E(AΛZ)

BΛΛ(AΛΛZ) = E(A−2Z) − E(AΛΛZ)
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31Pure neutron matter
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

• Input: S-wave phase shifts (2N)

& symmetric nuclear matter (3N)

• Note: extension of the minimal
interaction (leading SU(4) breaking)
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Symmetric nuclear matter

⇒ Output: Pure neutron matter (PNM) EoS

− comparable to the renowned APR EoS
Akmal, Pandharipande, Ravenhall, Phys. Rev. C 58 (1998) 1804

− less stiff than the recent AFDMC one
Gandolfi et al., Eur. Phys. J. A 50 (2014) 10

→ work out consequences for
neutron stars based on this PNM EoS
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32Neutron star properties
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

• Now solve the TOV equations for the PNM and HNM(I) EoSs:

• EoS (PNM and HMN(I)) • Mass-radius relation

• Max. neutron star mass: Mmax = 2.19(1)(2)M� for PNM

Mmax = 1.52(1)(1)M� for HNM(I)→ need repulsion
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33EoS of hyper-neutron matter
Tong, Elhatisari, UGM, 2405.01887 [nucl-th]

• Not surprisingly, we need more repulsion [as in the pure neutron matter case]

↪→ this will move the threshold of µΛ = µn up

↪→ take Mmax as data point: Mmax = 1.93M� for HNM(II)
Mmax = 2.12M� for HNM(III)

• EoS & speed of sound • Mass-radius relation
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Brandes, Kaiser, Weise, Phys. Rev. D 107 (2023) 014011 NICER: Miller et al., Astrophys. J. Lett. 887 (2019) L24; Riley et al., Astrophys. J. Lett. 918 (2021 L27

NICER
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34Finite temperature physics

• Just two teasers for finite T calculations

• new pinhole trace algorithm • new light cluster distillation method

↪→ liquid-vapor phase transition ↪→ abundances of dimers, trimers, tetramers

↪→ location of the critical point ↪→ benchmark for virial calculations
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Chiral Interactions at N3LO
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36One motivation: The puzzle of the nuclear radii

• Modern ab initio methods get correct energies, but incorrect radii
Cipollone et al., Phys. Rev. C 92 (2015) 014306, ...

• E.g. shell model with SRG evolved chiral NN and NNN interactions
LENPIC, Phys. Rev. C 106 (2022) 064002
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Towards precision calculations of heavy nuclei

• Groundbreaking work (Hoyle state, α-α scattering, ...) done at N2LO

↪→ precision limited, need to go to N3LO

• Two step procedure:

1) Further improve the LO action

↪→ minimize the sign oscillations

↪→ minimize the higher-body forces

↪→ essentially done
√

→ as just discussed

2) Work out the corrections to N3LO

↪→ first on the level of the NN interaction
√

↪→ new important technique: wave function matching
√

↪→ second for the spectra/radii/... of nuclei (first results)
√

↪→ third for nuclear reactions/astrophysics (first results)
√
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38NN interaction at N3LO
Li et al., Phys. Rev. C 98 (2018) 044002; Phys. Rev. C 99 (2019) 064001

• np phase shifts including uncertainties for a = 1.32 fm (cf. Nijmegen PWA)
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39Wave function matching
Elhatisari et al., acc. for publication in Nature [arXiv:2210.17488 [nucl-th]]

• Graphical representation of w.f. matching

4

soft χ

χ

χ

χ

soft

•W.F. matching is a “Hamiltonian translator”:
eigenenergies from H1 but w.f. from H2 = U†H1U
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40Wave function matching for light nuclei

Elhatisari et al., acc. for publication in Nature [arXiv:2210.17488 [nucl-th]], L. Bovermann, PhD thesis

•W.F. matching for the light nuclei

Nucleus BLO [MeV] BN3LO [MeV] Exp. [MeV]

Eχ,d 1.79 2.21 2.22

〈ψ0
soft|Hχ,d |ψ

0
soft〉 0.45 0.62

〈ψ0
soft|H

′
χ,d |ψ

0
soft〉 1.65 2.01

〈ψ0
soft|Hχ,t |ψ

0
soft〉 5.96(8) 5.91(9) 8.48

〈ψ0
soft|H

′
χ,t |ψ

0
soft〉 7.97(8) 8.72(9)

〈ψ0
soft|Hχ,α |ψ

0
soft〉 24.61(4) 23.84(14) 28.30

〈ψ0
soft|H

′
χ,α |ψ

0
soft〉 27.74(4) 29.21(14)
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⟨HLO⟩
⟨HNLO⟩
⟨HN3LO⟩
⟨H ′

LO⟩
⟨H ′

NLO⟩
⟨H ′

N3LO⟩

[1] V. G. J. Stoks, R. A. M. Klomp, M. C. M. Rentmeester, and J. J. de Swart, Phys. Rev. C 48, 792 (1993).
[2] E. Epelbaum, H. Krebs, and U. G. Meißner, Eur. Phys. J. A 51, 53 (2015), 1412.0142.
[3] E. Epelbaum, H. Krebs, and U. G. Meißner, Phys. Rev. Lett. 115, 122301 (2015), 1412.4623.
[4] N. Li, S. Elhatisari, E. Epelbaum, D. Lee, B.-N. Lu, and U.-G. Meißner, Phys. Rev. C 98, 044002 (2018), 1806.07994.

• reasonable accuracy for the light nuclei

• Tjon-band recovered with H ′χ
Platter, Hammer, UGM, Phys. Lett. B 607 (2005) 254

↪→ now let us go to larger nuclei....
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41Nuclei at N3LO

• Binding energies of nuclei for a = 1.32 fm: Determining the 3NF LECs
Elhatisari et al., acc. for publication in Nature [arXiv:2210.17488 [nucl-th]]
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→ excellent starting point for precision studies

Nuclear Lattice EFT – Ulf-G. Meißner – Bonn, June 3rd, 2024 · ◦ C < ∧ O > B •



42Prediction: Charge radii at N3LO
Elhatisari et al., acc. for publication in Nature [arXiv:2210.17488 [nucl-th]]

• Charge radii (a = 1.32 fm, statistical errors can be reduced)
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↪→ no radius problem!
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43Prediction: Neutron & nuclear matter at N3LO
Elhatisari et al., acc. for publication in Nature [arXiv:2210.17488 [nucl-th]]

• EoS of pure neutron matter & nuclear matter (a = 1.32 fm)
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↪→ can be improved using average twisted b.c.’s (Lu et al. (2020)
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44Prediction: Isotope chains of carbon & oxyen
NLEFT collaboration, in progress

• Towards the neutron drip-line in carbon and oxygen:
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Experiment
N3LO (prediction)

↪→ 3NFs of utmost importance for the n-rich isotopes!
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Chiral Interactions (at N3LO):
Applications to scattering
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46Scattering: Methods I

• The time-honored Lüscher approach: Lüscher, Commun. Math. Phys. 105 (1986) 153; Nucl. Phys. B 354 (1991) 531

Phase shifts from the volume dependence of the energy levels

↪→ works in many cases, problems w/ partial-wave mixing and cluster-cluster scattering

𝑅wall 

• Spherical wall technique:
impose spherical b.c.’s on the lattice
Carlson et al., Nucl. Phys. A 424 (1984) 47; Borasoy et al., Eur. Phys. J. A 34 (2007) 185

↪→ not too small lattices, partial-wave mixing under control

• Improved spherical wall method:
Lu, Lähde, Lee, UGM, Phys. Lett. B 760 (2016) 309

− perform angular momentum projection
− impose an auxiliary potential behind Rwall

↪→ much improved precision
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47Scattering: Methods II

• Adiabatic projection method :
Rupak, Lee, Phys. Rev. Lett. 111 (2013) 032502; Pine, Lee, Rupak, Eur. Phys. J. A 49 (2013) 151;

Elhatisari et al., Eur. Phys. J. A 52 (2016) 174; ....

• Construct a low-energy effective theory for clusters

• Use initial states parameterized by the
relative separation between clusters

|~R〉 =
∑
~r

|~r + ~R〉 ⊗ ~r

• project them in Euclidean time w/ chiral H

|~R〉τ = exp(−Hτ)|~R〉

→ “dressed cluster states” (polarization, deformation, Pauli)

• Adiabatic Hamiltonian (requires norm matrices)

[Hτ ]~R~R′ = τ 〈~R|H|~R′〉τ

• favorable scaling:
�� ��tCPU ∼ (A1 +A2)2

𝑅 
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48Adiabatic Hamiltonian with Coulomb

copy radial Hamiltonian miltltltltltltltltltltltltltltltltltltltltltltltltltltltltonian 

#&"

includes only infinite-range
interactions such as Coulomb
between the clusters
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49Breakthrough: Ab initio α-α scattering
Elhatisari, Lee, Rupak, Epelbaum, Krebs, Lähde, Luu, UGM, Nature 528 (2015) 111

Elhatisari, Lähde, Lee, UGM, Vonk, JHEP 02 (2022) 001

• Parameter-free S-wave and D-wave phase shifts at NNLO, updated in 2022
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50Neutron-alpha scattering at N3LO
Elhatisari, Hildenbrand, UGM, in progress

• Use Lüscher’s method to calculate n-α scattering

-90

-60

-30

 0

 0  3  6  9  12  15

δ 0
(d

eg
re

es
)

E
n

(MeV)

2
S1/2 from R-matrix

2
S1/2 from N3LO

 0

 45

 90

 135

 0  3  6  9  12  15  18  21

δ 1
(d

eg
re

es
)

E
n

(MeV)

2
P3/2 from R-matrix

2
P3/2 from N3LO

2
P1/2 from R-matrix

2
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• R-matrix results from G. Hale, private communication

↪→ Some fine-tuning of three-body forces for 2P1/2 needed

PRELIM
INARY
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On-going projects
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Further directions

• Just discuss two important directions

1) β and double-β decays:

↪→ probing the weak interactions in nuclei

↪→ providing precise nuclear M.E.s for 0ν2β decays (48Ca, 76Ge, ...)

→ show first result

2) The “holy grail” of nuclear astrophysics: α+12C→16 O + γ at EGamov

↪→ consider first α+12C elastic scattering

↪→ add the second channel to account for the photon in the final state

→ show first result
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53Prediction: Triton β-decay at N3LO
Elhatisari, Hildenbrand, UGM, in preparation

• Master formula: (1 + δR) t1/2 fV =
K/G2

V

〈F〉2 + fA
fV
g2
A 〈GT〉2

• Experiment: 〈F〉 =

3∑
n=1

〈3He‖τn,+‖3H〉 = 0.9998 [theory!]

〈GT〉 =

3∑
n=1

〈3He‖σnτn,+‖3H〉 = 1.6474(23)

• NLEFT:

 1.66
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 6  9  12  15  18  21
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L (fm)

LO
NLO
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F
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�� ��〈F〉N3LO = 0.9992(16)�� ��〈GT〉N3LO = 1.661(35)

• No Coulomb at LO

• Larger L underway...
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54Scattering: Alpha-carbon scattering at N3LO
Elhatisari, Hildenbrand, UGM, ... NLEFT, in progress

• Use the APM, first step for the holy grail of nuclear astrophysics

↪→ different Euclidean times & different initial states
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Perspectives
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Perspectives

• Established NLEFT as a precision quantum many-body approach
√

↪→ CRC 110 instrumental in achieving this! ↪→ ERC AdG

• Very successful within the CRC 110:
2 Nature, 1 Nat. Comm., 14 Phys. Rev. Lett., 1 Rev. Mod. Phys., ....

√

plus 1 textbook!

• Also successful in terms of personal: 3 post-doc→ professors
Bing-Nan Lu (GSCAEP), Ning Li (SCNU), Shihang Shen (Beihang U.)

• On-going and future research:

− proton and neutron drip lines towards heavy nuclei

− precision low-energy scattering for BBN and stellar reactions

− hypernuclear landscape

− anthropics (fine-tunings in element generation)
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Thank you for your attention !
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SPARES
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59More on EFTs

• Much more details on EFTs in light quark physics:

https://www.cambridge.org/de/academic/subjects/physics/theoretical-physics-and-mathematical-physics/effective-field-theories
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60Configurations

• Cluster and shell model configurations

− isoscele right triangle − “bent-arm” shape − linear diagonal chain − acute isoscele triangle

− ground state |0〉 − 2p-2h state, Jz = 0 − 1p-1h state, J(1)
z = J

(2)
z = 1

G
au

ss
ia

n
w

av
e

pa
ck

et
s

w
=

1
.7

−
2
.1

fm
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61Transient energies

• Transient energies from cluster and shell-model configurations
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Electromagnetic properties
Shen, Elhatisari, Lähde, Lee, Lu, UGM, Nature Commun. 14 (2023) 2777

• Radii (be aware of excited states), quadrupole moments & transition rates

NLEFT FMD α cluster BEC RXMC Exp.
rc(0

+
1 ) [fm] 2.53(1) 2.53 2.54 2.53 2.65 2.47(2)

r(0+
2 ) [fm] 3.45(2) 3.38 3.71 3.83 4.00 –

r(0+
3 ) [fm] 3.47(1) 4.62 4.75 – 4.80 –

r(2+
1 ) [fm] 2.42(1) 2.50 2.37 2.38 – –

r(2+
2 ) [fm] 3.30(1) 4.43 4.43 – – –

NLEFT FMD α cluster NCSM Exp.
Q(2+

1 ) [e fm2] 6.8(3) – – 6.3(3) 8.1(2.3)

Q(2+
2 ) [e fm2] −35(1) – – – –

M(E0, 0+
1 → 0+

2 ) [e fm2] 4.8(3) 6.5 6.5 – 5.4(2)

M(E0, 0+
1 → 0+

3 ) [e fm2] 0.4(3) – – – –
M(E0, 0+

2 → 0+
3 ) [e fm2] 7.4(4) – – – –

B(E2, 2+
1 → 0+

1 ) [e2 fm4] 11.4(1) 8.7 9.2 8.7(9) 7.9(4)

B(E2, 2+
1 → 0+

2 ) [e2 fm4] 2.5(2) 3.8 0.8 – 2.6(4)
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Sanity check

• Repeat the calculations w/ the time-honored N2LO chiral interaction

↪→ better NN phase shifts than the SU(4) interaction

↪→ but calculations are much more difficult (sign problem)
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• spectrum as before (good agreement w/ data)

• density distributions as before (more noisy, stronger sign problem)
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64Wave function matching II
Elhatisari et al., acc. for publication in ... [arXiv:2210.17488 [nucl-th]]

•Hsoft has tolerable sign oscillations, good for many-body observables

•Hχ has severe sign oscillations, derived from the underlying theory

↪→ can we find a unitary trafo, that creates a chiral Hχ that is pert. th’y friendly?

H′χ = U†Hχ U

� Let |ψ0
soft〉 be the lowest eigenstate of Hsoft

� Let |ψ0
χ〉 be the lowest eigenstate of Hχ

� Let |φsoft〉 be the projected and normalized lowest eigenstate of Hsoft

|φsoft〉 = P |ψ0
soft〉/||ψ0

soft〉||

� Let |φχ〉 be the projected and normalized lowest eigenstate of Hχ

|φχ〉 = P |ψ0
χ〉/||ψ0

χ〉||

↪→ UR′,R = θ(r −R)δR′,R + θ(R′ − r)θ(R− r)|φ⊥χ 〉〈φ⊥soft|
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