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Outline & Summary

* There is a bizarre “Antipodal (Self) Duality” of
(some) form factors / amplitudes in Planar N=4
SYM

 Involves writing the symbol backward, together
with some kinematic map

« Can A(S)D extend to individual integrals?

 How about to “integrals that are also amplitudes”,
e.g. four-point fishnet integrals?

 We'll see that the answer to the latter question is
yes, at least as a map on symbol letters
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« Many words same backwards and forwards

AGBA

 Some also need a “letter map” (B<—R, C < D):

ABRACADABRA
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Antipodal Self Duality
for a 4-point form factor in planar N=4 SYM

LD, O. Girdogan, Y.-T. Liu, A. McLeod, M. Wilhelm, 2212.02410

0
n O = tr ¢? + - + tr GGV SD

validated for

fov?fllr:)at)bpl)zs antipode map
reverses order
of letters in
symbol
collinear/ :

0 also requires a
validated for i a335§$1 kinematic map
2 variables — D
to 8 loops!

LD, O. Giirdogan, A. McLeod, M. Wilhelm, 2112.06243
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Multiple polylogarithms (MPLSs)

« Characterize all form factors & amplitudes

playing a role here

* At L loops, all results are weight n = 2L MPLSs,
defined recursively as iterated integrals by

X

G(al, az, ...,an, x) —_ f
0

dt
t —ay

G(az, ey Ap, t)

and G(0,,x)
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MPL Hopf algebra

Goncharov; Brown; Goncharov, Spradlin, Vergu, Volovich; Duhr, Gangl, Rhodes

- Differential definition: | dF = s ¢, F** dIn sy

» Hopf algebra “co-acts” on space of MPLSs,
A:F - FQF

* Derivative dF Is one piece of A: Ap_11F = X e FS* @ In s

« So we refer to F°c asa {n-1,1} coproduct of F

« s are letters in the symbol alphabet £
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lterate to get symbol

* Apply {n-1,1} coaction iteratively:
« Define {n-2,1,1} double coproducts, F>*°J,
via derivatives of {n-1,1} single coproducts F°J:

dF* = Y ecF7%”7 dIn sy

« And so on for {n-m,1,...,1} mt" coproducts of F.
« Maximal iteration, n times for weight n function, is
the symbol, ["In"is implicitin s; ]

SIFl= Y Fung @85, —

,...,SinEL

Sil

where now F>iv°in gre just rational numbers (often integers!)
Goncharov, Spradlin, Vergu, Volovich, 1006.5703
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Example

The (1,1) 4-point fishnet, i.e. the 1 loop box integral:

I, 1 = 2[Liy(2) — Lip(2)] + ln(zz_)ln(i :j_)

Its symbol is
Slhal= 2@~ - (1 -1 -2 @
[I11] = zz 1— 2 Z z ~

Alphabet (same for all D=4 4-point fishnets):
L={z,1—-221—2Z}
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0 3-gluon form factor depends on
2 dimensionless variables u, v

1 2
2 3 ki =0 Sij - (kl + k])z
2
ki +k, + ks =—kg S123 = S12 t S23 + 831 = ¢
S12 S23 S31
u = ——= v=—= w=——=1-u—v
S123 S123 S123
v A D, = S5 dihedral symmetry generated by:
W20 1 B a. cycle:i—i+1(mod3),or
L US> VDOW-DU
e e "-',‘*ll'____ 1 = decay / Euclidean b ﬂlp uev

IIa,b,c = scattering / spacelike operator

N=4 amplitude is
S5 invariant

Ry

|
|
|
|
‘,'I : 1IIa,b,c = scattering / timelike operator
|
|
[ ITTe
|

,"'\\
Wa | ~_ 1b
N
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I3 symbol alphabet has 6 letters

1—

f=570

u v w 1-u 1-v
L={Cl=_,b=_,c=_,d=_,e=_
(A"Y wu uv u v

« Symbols of form factor FB(L) at L = 1,2 loops are just
1 and 2 terms, plus D5 dihedral images(!!!):

S|EP] = (-1) b®d + dihedral

S|F?| = 4 b®d®d®d + 2 b@b@b®d + dihedral

Brandhuber, Travaglini, Yang, 1201.4170
known to 8 |00p3! LD, Gurdogan, A. McLeod, M. Wilhelm, 2204.11901

dihedral cycle:a - b —>c—a, d—-oe—-f—-d
dihedral flip: a < b, d e e
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6-gluon MHV amplitude

« Dual to Wilson hexagon,
iInvariant under dual conformal
transformations; it only depends

S

on 3 dual conformal cross ratios, @, U, w :

2 .2
_ Y13%46 _ 512545
T2,T55 51235345

6 1

)

$23556 5
52345123

)
I

534561
53455234 4

w

D, dihedral symmetry:
cycle (mod 6) and flip,
butitactson @i, D, w
as D; = S,
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Parity-preserving surface

l——
0.8~ -
L)
0.6 e
AN
W o4
0.2 0
0.2
04
T T r 0.6
/

D

A=(1—-0—-D—W)*>—400w =0

kinematics lies in a 3d subspace of 4d spacetime
-> parity invariant
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6-gluon symbol alphabet

¢ Le={R0,W1-01- 0,1 - WSSy L OrA=0
A a o ﬁ A W A 1_ﬁ ~ _,9 ~ 1—W
Soi={a=2 p=2 =B gt s 1 51w,
1A% % wu uv 1 v W

« Symbols of amplitude AgL) onA=0atL =1,2loops are just
1 and 2 terms, plus D5 dihedral images(!!!):

S|A

I_I

40 = (- —)b®d + dihedral

. 1.
s|4%| = b@d®ded + > b®b®b® + dihedral

Goncharov, Spradlin, Vergu, Volovich, 1006.5703, ...,

was known to 7 loops Caron-Huot, LD, Dulat, McLeod, von Hippel, 1903.10890
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Antipodal duality (AD)

LD, O. Gurdogan, A. McLeod, M. Wilhelm, 2112.06243

FE (w, 0,0) = S (Agm(a,@, w)

Antipode map S, at symbol level, reverses order of all letters:
S(T1Q@T2Q Q) = (—1)" 2y @ - QT2 @ T
Kinematic map in terms of underlying variables is:

. (7% . wu . uv
Ta-vwa-wy T a-wa-w T d-wd-v)

Maps u + v + w = 1 to parity-preserving surface
A=(1—-0—-D—w)?—40Pw =0
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Kinematic map on letters

Va=d, d=a, plus cyclic relations

Works through 8 loops (even beyond symbol)!
LD, Liu, 2308.08199

number of terms In symbol (number of nonzero
6 integers that match)
12
636
11,208
263,880
4,916,466

02,954,568
b ? l
1,671,656,292 But why?!

0~ O TR W N |
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Antipodal Duality Evidence by Counting:
Dimensions of {n, 1,1, ..., 1} Coproducts

really of the

weightn 0 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15 16
L=1 31
L=2 6 3 1
L=3 12 6 3 1
L=4 24 12 6 3 1
F(L) L=5 46 45 24 12 6 31
3 L=6 35 12 6 3 1
L="17 45 24 12 6 3 1
L=8 279 155 85 45 24 12 6 3 1
weight n 0 1 2 3 4 9 10 11 12 13 14 15 16
L=1 1
L=2 4
A(L) L=3 _ _
6 L=4 : parity-even functions
~ 0n L=5 62 30 12 3 %1
A — 0 L=6 134 78 31 12 3 1
L="7 257 190 84 31 12 3 1
L=28 279 466 437 199 84 31 12 3 1
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Antipodal Self Duality Evidence by Counting

4-point form factor F4(L) has palindromic
coproducts

weight n 0 1 2 3 4 5 6

L =2 32 8 1 - —
L =3 56 253 56 8 1

* Only palindromic on a parity-preserving surface
* Only in “remainder function normalization”
« 93 letter alphabet - limited to 3 loops so far
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How about for integrals?
Arkani-Hamed, Yuan, 1712.09991
* One loop n-gon integral

dx §(1-); x;)
+ I[Q]1=J

2ij QijXiXj

* (;; depends on kinematics

 Symbol antipode takes Q » Q1

 However, If Q Is for massless kinematics,
Q1 typically is not
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How about ladder integrals?

/AWAWA ANHIAN

[ 1\ A\
NINENRENRVaryayi
N N N\ /[ / [/

N\ 2

palindromic!

Usyukina, Davydychev, PLB305, 136 (1993)

2p 2
j! [=In(zz)]*P~7 o
Li Li;(z
§_: L (2) - L)
_ w23y zz Ti3%34 _ U

xiz237%4 - (1—-2)(1-2) 0T 3"%25’3%4 2z

weightn 0 1 2 3 4 5 6 g 9 10 11 12 13 14 15 16
(1,1) 1
(1,2) 2 1
(1.3) 3 02 1
(1,4) 4 3 1
(1,5) 5 3 2 1
(1,6) 5 4 3 2 1
(1,7) 7 6 5 A4 3 2 1
(1,8) 8 7 6 5H 4 3 2 1
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Palindromic not sufficient for ladders!

* Firstentries: {zz, (1—2)(1—2)}
» Last entries (forp > 1): {z, z}
 First pair of entries: 2 of 3 are products

 Last pair of entries (forp > 2): All 3 of 3
are products:
{zQ z, zQRQzZ +z2Q z, ZQ 7z }

« Since the dimensions of first-pair space and
last-pair space differ after projecting out
products, there can be no antipodal map
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Strongly deformed planar N=4 SYM

Gurdogan, Kazakov, 1512.06704; Caetano, Gurdogan, Kazakov, 1612.05895

« Simplest limit has only 2 scalars
« Motivates considering (among other things!)

4-point fishnet integrals, m

< PEEIPL ()BT )9l () > = o[ =
& Ly (U, V) = Iy p(2,2) M
19,15, 2Z TiaT5, U "
fl’} f— — p—  —_—

= = V= —— =
vixs,  (1—2)(1—2)° T1x3y 22
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Counting for 4-point fishnet integrals

Basso, LD, 1705.03545; Derkachov and Olivucci, 1912.07588, 2007.15049;
Basso et al., 2105.10514,; talks by Basso, Stawinski

AN

=

/4

< .
€ >

n

1
> Im,n — ﬁdetlsi,jsm(Mi+j+n—m—1)

M,=p!(p—D!'L,

weight o 0 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17 18

(2,2) 4 3 2 1

(2,3) 10 10 10 7 4 2 1

(3,3) 17 20 17 14 11 8 6 4 3 2 1
palindromic only forn =m - square!
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The (1,1) [box] symbol

: - 1-z . 7
Shal=2Z@7—-(1-21 -2 @

* Clearly invariant under antipodal symmetry
combined with the letter map:

_ 1 _ 1
M: J — — 1—Z—>—_
Z 1—z

 And overall (—1)

* Note that M Is not a map of the underlying
variables (z, 2)

(2) -
» Same true for R, o symbol map  Liu, 2207.11815
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Square fishnet antipodal conjecture

S{S[Inm|} = (CD™M{S | Ly |3

where S Is the antipode and M is the letter map:
_ 1 _ 1
Z = — b7 =0 ——
Z 1-z
 Checkedsofarform =1, 2, 3 where the
number of symbol terms is

8, 2043, 72,351,744
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One more check*

m = 4 Is palindromic:

12346811141823293645536270/7/870625345362923181411864321

*at weight 32
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Summary & Open Questions

6-gluon amplitude <-> 3-gluon form factor in planar N=4
SYM by strange new antipodal duality, swaps role of
branch cuts and derivatives

Embedded in 4-gluon form factor antipodal self-duality
Who ordered that?

Can now find at least antipodal self-’symmetry” in square
4d fishnet integrals

3-dimensional kinematics seems to play a crucial role in
all cases (parity preserving surfaces, or only 3 momenta).
Why?

Where else might it hold? 2d fishnet integrals?

Can we show it's true for I, ,,, for any m?

How much more can we exploit it to learn more about
amplitudes, form factors, and integrals?
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Form Factor OPE

« Form factors are Wilson loops in a periodic space, due to
Injection of operator momentum

Alday, Maldacena, 0710.1060; Maldacena, Zhiboedov, 1009.1139;

Brandhuber, Spence, Travaglini, Yang, 1011.1899

« Besides pentagon transitions P, this program needs an
additional ingredient, the form factor transition F.

« For tr¢?: Sever, Tumanov, Wilhelm, 2009.11297, 2105.13367,

2112.10569
L. Dixon  Fishnet Antipodal Self-Symmetry Bonn BCTP - 2024/09/04
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FFOPE kinematical variables for F,

T?T#
U4 =
VUMD (SEATIATE D)
S2[(1 + F#)S,T, + F,(1 + S + T? + Tzz)]}_1

u2={1+T2+

2
F555
SZ
u o
3 T (T24+1)(S2+T2+T2+1)
5272
U,4_ 522 uZ
TZ +1
U1

TSZ4TZ4+TZ+1

 OPE limit takes T, T, — 0, interpolates between
2-collinear limit T, — 0 and 3-collinear limit T — 0,
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AD explains many patterns in F;

« Every term in the symbol starts with a, b, c; never d, e, f
* Physical reason related to causality, which dictates
where branch cuts can appear: only for (p; + pj)2~0

« Empirically, 12 pairs of adjacent letters are forbidden:

d ..

« Resemble constraints from causality:
Steinmann relations Steinmann, Helv. Phys. Acta (1960)

« But not really, which mystified us for a while...
 However, the relations are antipodally dual to the
(extended) Steinmann relations for A, !!

L. Dixon  Fishnet Antipodal Self-Symmetry Bonn BCTP - 2024/09/04 30



Many special
dual points

There is an

“f " alphabet

at all these
points: a way of
writing multiple
zeta values
(MZV’s) so

that coaction

IS manifest.

F. Brown, 1102.1310;
O. Schnetz,
HyperlogProcedures

L. Dixon  Fishnet Antipodal Self-Symmetry

W v
\ — &) ®
&=
\Y
v 5 [8 > U
(@, 0, W) (u, v, w) functions
\Y (%7i:i) (%’%’%) \G/T
L (%5%50) (0709 1) L12(%) + logs
. (1,1,1) limy,— o0 (u, u, 1—2u) MZVs
o (0,0,1) (5,%,0) MZVs + logs
A (%7%7% (_17_193) \6/1
i (00, 00, 00 (1,1,—-1) alternating sums
® | limp—oo(1 limy o0 (1, v, —v) MZVs
_ limy— oo (u, v, 1—u—0) HPL{0, 1}
(u,u, 1 — 2u) HPL{-1,0,1}
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Antipodal Self Duality

Given an antipodal duality relating 2-collinear and 3-collinear
limits of F,, it's natural to search for a self-duality of F, that
holds for all parity-preserving bulk kinematics

ﬂ ASD  Andit's there!

EP (w,v) = SIEM (9w, ()]

. triple collinear T 1
collinear T, - — S, - —
l \ 9 2 ¢’ Y2 TS
|
! antipodal
duality T > 2 S 5 1
S 2 , TZS 2
FP ) = s[AY @) lp=1
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Triple Collinear Limit of 4-point form factor
-> 6-gluon amplitude

dual conformal transformations map Bern et al., 0803.1465;
all kinematics to triple collinear limit! (also apparent from
FFOPE representation)

I by scale invariance

L. Dixon  Fishnet Antipodal Self-Symmetry Bonn BCTP - 2024/09/04 33



ASD beyond 2 loops

LD, O. Gurdogan, Y.-T. Liu, A. McLeod, M. Wilhelm, 23mm.nnnnn

Bootstrapped symbol of F, at 3 loops, using same
113 letter (2-loop) alphabet.

We again find a unique result, which obeys all the
FFOPE predictions we could check.

2 loop symbol uses only 34 of the letters 3,784 terms]
3 loop symbol uses only 88 of the letters [3,621,202 terms]
ASD holds at 3 loops!

4 loops In progress

L. Dixon  Fishnet Antipodal Self-Symmetry Bonn BCTP - 2024/09/04 34



	Default Section
	Slide 1: Fishnets & Bootstraps & Antipodal Self-Symmetry 
	Slide 2: Outline & Summary
	Slide 3
	Slide 4: Antipodal Self Duality  for a 4-point form factor in planar N=4 SYM
	Slide 5: Multiple polylogarithms (MPLs)
	Slide 6: MPL Hopf algebra
	Slide 7: Iterate to get symbol
	Slide 8: Example
	Slide 9: 3-gluon form factor depends on  2 dimensionless variables u ,v 
	Slide 10:  cap F sub 3 symbol alphabet has 6 letters
	Slide 11: 6-gluon MHV amplitude
	Slide 12: Parity-preserving surface
	Slide 13: 6-gluon symbol alphabet
	Slide 14: Antipodal duality (AD)
	Slide 15: Kinematic map on letters
	Slide 16: Antipodal Duality Evidence by Counting: Dimensions of open brace n ,1,1,dot dot dot ,1 close brace  Coproducts
	Slide 17: Antipodal Self Duality Evidence by Counting 
	Slide 18: How about for integrals?
	Slide 19: How about ladder integrals?
	Slide 20: Palindromic not sufficient for ladders!
	Slide 21: Strongly deformed planar N=4 SYM
	Slide 22: Counting for 4-point fishnet integrals
	Slide 23: The (1,1) [box] symbol
	Slide 24: Square fishnet antipodal conjecture
	Slide 25: One more check*
	Slide 26
	Slide 27
	Slide 28: Form Factor OPE
	Slide 29: FFOPE kinematical variables for cap F sub 4
	Slide 30: AD explains many patterns in cap F sub 3
	Slide 31: Many special  dual points
	Slide 32: Antipodal Self Duality
	Slide 33
	Slide 34: ASD beyond 2 loops


