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Relations between D =2and D > 27?

CFT in D = 2 simpler than D > 2

k Even global!

Basic reason: (anti-)holomorphic variables

Z=xl+iX2, Z=x1—ix2

— Factorization! 31(2,C) =sl(2,R) & 3l(2,R)

— [actorization of conformal blocks etc.
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Starting point: four-point functions

2 2 2 .2
Conformal four-point kinematics T4 _ e I (- g

ZZ,
2 2 2 2
/ M3 X14X33

X1s X9y X3, Xy —_— Z, 2

SameinD =2and D > 2!

c.f. five-point kinematics

X1s A5 X35 Xy, X5 —> 21521y Z052p, W
Planes Angle

INnD=2:w=0o0rw =1
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Fishnet CFT

y-deformation double-scaling limit

N =4SYM —— y-deformed /' =4 SYM ———— Fishnet CFT
Deformation &
Generalization

Integrability/Yangian symmetry —  Simplicity

< =N, tr

Qbf(— 62)451 —+ Qb;(— 62)452 -+ (472')252¢1T¢2T¢1¢2 [GUrdogan, Kazakov ’15]

Zp,=N,tr qbf (—0* ¢, + qb; (—0H)P* 7, + (477)25245; gb; b0, [Kazakov, Olivucci *18]

& y € (0,D/2)

Correlation functions given by fishnet integral — Direct implications for Feynman integrals!



Impressive Results at Four points

In 2D deformed theory: < (qbz(xl)T)M (Cbl(xz)T)N (¢2(X3))M (¢1(x4))N>

20, 4-\

det (Qi‘léf‘lgbz(?‘f“N_l)(z, Z))

1<i,j<M

[Derkachov, Kazakov, Olivucci 18]




Impressive Results at Four points

In 2D deformed theory: < (qbz(xl)T)M (Cbl(xz)T)N (Cbz(xg))M (¢1(x4))N>

/A\
Ladder integrals = <\<>/>
<0, 4-\

det (ei—léf‘l%(?‘f”‘”(z, z))

1<i,j<M
‘ [Derkachov, Kazakov, Olivucci 18]

2
~ |L+2FL+1 |

— [Factorization!



Impressive Results at Four points

In 4D undeformed theory: <(¢2(X1)T)M (¢1(x2)T)N (¢z(x3))M <¢1(X4))N>

det

(z —2M 1<ij<m

L

|

(= 1)'2L — n)!

(fimsteiss-

J1(2,2) = Z

n=0

L'(L—n)n!

[Basso, Dixon ’17]
[Basso, Dixon, Kosower, Krajenbrink, Zhong '21]
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Impressive Results at Four

points

In 4D undeformed theory: <(¢2(X1)T)M (¢1(x2)T)N (¢z(x3))M <¢1(X4))N>

(z —2M 1<ij<m

|

Lo (-1D)"2L - n)!

|
= — det (fN—M+i+j—

i@ =2, LVL —n)n!

n=0

[Basso, Dixon ’17]
[Basso, Dixon, Kosower, Krajenbrink, Zhong '21]

@9)

PAANN

W

X7

.

Z2

o TN
<ff )
W

Ty

log(z2)" [LizL_n(Z) — Li2L—n(Z)]

—  Also factorized! Relation to D = 2 factorization?
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Conformal Schwinger Parametrization

Example: Star integral v/ Embedding space
—X;- Y =(x;— y)?

L 1
I, =|dY
" .[ H (_Xi ' Y)ai [Symanzik '72] | |
Schwinger trick =1 _ph [Paulos, Spradlin, Volovich ’12]
_ I - ) dr. 141 \ (Z;;l tiXi)z
— Hn [(a) H ; tl. [ exXp > Zn -
i=1 )= \Jo -1 1 1

Some more tricks ( , . ) > a-D L 2
— — J dtl tiai_l l; CXP | =7 tiXi
Hi=1 F(ai) 0 ; 2 .




Conformal Schwinger Parametrization

Example: Star integral v/ Embedding space
—X;- Y =(x;— y)?

L 1

I, =|dY

" .[ H (_Xi ' Y)ai [Symanzik '72] | |

Schwinger trick =1 _ph [Paulos, Spradlin, Volovich ’12]
_ I - ) dr. 141 \ (Z;;l tiXi)z

I, T@) H i Z " P 230 1,

=1 ) =1 \ 70 i-1 1 1

Some more tricks Zf_lai_D o)
— - ro dr, 141 Zn: t _ exp ! Zn: £.X.
H:l:1 F(al) l ] l 2 = 1”1

0 i=1

n

Simplifies for Z a,=D ——— Conformal Symmetry!
i=1
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Conformal Schwinger Parametrization

Generally:

® drgi!
=11 ( L [(a) ) - [_ 2 ?ljxg]

f Sums of Schwinger parameters
Schwinger parameters !
' Graph Topology
Propagators

Important case: track-like integrals
— Dimensional recursion \ ! | ‘\ ;;
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Dimensional Recursion for Ladder Integrals

a—1
n=1] r" I exp (—t)...t; x5+ ...
L T - 1- oo L+1 13 c oo
; 0 ['(a;) (
Independent of x123




Dimensional Recursion for Ladder Integrals

® drgi!
al exp (—ty...t L1 X2 + ...
J [(a) > P( 1---tL+1113 )

O L—
Independent of x123

° dp ! ,
e e By €XP (= tp X3 + o)

0 ['(a;)
L» Raises a, ...,a;_ | by 1

l Conformal constraints

Raises D by 2!
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Dimensional Recursion for Ladder Integrals

Conformally invariant statement

L g, — D/2 + 1
poen =[] [(a) )

=1

z0, — Z0;

Z—Z .....

/ L— Shift of propagator powers
D=2

D/2—1
(L) =
] ¢2;3—(D/2—1)31,2 L+1(Z, 2)
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Dimensional Recursion for Ladder Integrals

Conformally invariant statement

L+1
) ['(a. — D/2 + 1)
=]
4 ['(a;)

(L) >
Pra-i-ne,, &%)

.....

/ L— Shift of propagator powers
D=2

20, — zaZ] bia—l

7—1Z

=1

Known D = 2 result ——> Conformal ladders in all even D
[Duhr, Porkert ’23] [Loebbert, SFS ’24]

L T(a. —D/2 + 1
Bpalz D) = H < ['(a) )

=1

Zaz _ ZaZ] D/2—1

7—1Z

L+1°O/TSLV(aa’ :B a’ Z)

L Single-valued hypergeometric function
HL(Z)TZLHL(Z)
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Corollary: Calabi-Yau in Higher Dimensions

[Duhr, Klemm, Loebbert, Nega, Porkert '22, '23, '24]

Ladder integrals in D =2 and a; = 1/2

[See talk by Cristoph]

¢p-_r(z,7) =I(z)'2I1(z)  Bilinear in Calabi-Yau periods

/ & Calabi-Yau periods

Intersection form
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Corollary: Calabi-Yau in Higher Dimensions

[Duhr, Klemm, Loebbert, Nega, Porkert '22, 23, ’24]
[See talk by Cristoph]

Ladder integrals in D =2 and a; = 1/2

¢p-_r(z,7) =I(z)'2I1(z)  Bilinear in Calabi-Yau periods

/ k Calabi-Yau periods

Intersection form

Dimensional
Recursion

—>  Ladder integrals in even D with a,... = 1/2, a, .., = (D — 1)/2

[1(z)"=I1(z) Bilinear in derivatives of Calabi-Yau periods!

20, — 0. 1P
¢D(Za Z) — [ - _ Z]

{— X

19



Dimensional recursion beyond ladders

Extends to any track-like integral, can make external propagators massive

AENEEER R avas

Beyond 4 points: 2D kinematics # generic kinematics

L' Recursion only reaches integral on 2D subspace

E.g.n=3: 2,2, i, w —> w=0orw=1inD=2

NN

Two planes Angle
20



Natural Representation For Dimensional Recursion

20, — Z0; Shifts dimension

_ . [Petkou '21]
20, +70; ———  Shiftsloop order! . . (i peikon viate 23

(ForD =4,y = 1)
——— Expand in eigenfunctions



Natural Representation For Dimensional Recursion

0
>y 20,20 Shifts dimension
z=re?
Z=re ®

0 . [Petkou 21]
T~ ra— ~ 720, + 20, —> Shifts loop order! .. as 11 petkou, Vilatie 23
r

(ForD =4,y = 1)

— Expand in eigenfunctions
P J Fourier-Mellin representation

|

o0 o0 n/2
=\ IV i
$(z,2) = E J —¢(n V)(z2) ( ) SoV representation
n=—oo
/ [Alfimov, Aprile, Basso, Cavaglia, Derkachov,
Dixon, Ferrando, Gromov, Kazakov, Korchemsky,
Kosower, Kozlowski, Krajenbrink, Levkovich-Maslyuk,

lI/ logr Manashov, Olivucci, Sklyanin, Zhong,...]

22



Natural Representation For Dimensional Recursion

[Derkachov, Kazakov, Olivucci ’19]

-y . N ‘ -y n o, . n
00 du F( —+3 zu)F( 5 2.11/) /\?
n (ZZ)W -~

452(;1}’,)(295)"’ Z J_mz_ﬂ =1 F<7+1 . H-U)F(Hl . iv)

L n=—00
D=2




Natural Representation For Dimensional Recursion

[Derkachov, Kazakov, Olivucci ’19]
L+1

| il/> (Zz)w(§>%
iv) <

1 -y
o0 o0 F |
d |
W~ Y | S| <y2

2T + 1 |
L Nn=—00 F( > |
D=2

Z Z [Fleury, Komatsu ’16]

Operator action [Derkachov, Olivucci ’19, ’20]
| | L+1
—7 : . —7 [ n
© (o g, F( — w)F( 5 1 ;
o

pPH~ Y J —n|(=1y"

oo 2T r+l
L n=—~oo F( 7 |
D=4

| S | S
oy
A\

N~

N

[

o ||

&

N | S | S

s | oS
(|
<
N—
=]
N
<
_I_
[
| | oS
=
N— | N
7/
&N
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~
<
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NN
N
0]
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Loop Recursion

_ i — [~ dv 2ivn oz =
(z0,+70;) L;(z,2) = Z —(22)"| =

/' v~ + 7
_ 1 _
¢$;(z2,2) = -1,;(2,2) n/?2
S l — [ dv o l (23)" Z
= —— n 2"\ —
L o 27T OV 5 | n? L Z
n=—00 (I/ —+ T)

[Petkou '21]
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Loop Recursion

1. vs 2. order

1 1
L int |S: 0, +70-) L;(2,2) = ——L;_1(z,Z -
adder integrals ( loz(23) (Z ,t2 z) (2, 2) 7L 1(z,2) 4(#)’

_ZZaZaZLL — LL—I

Laplacian

26

[Drummond, Henn, Smirnov, Sokatchev '06]
[Drummond, Henn, Trnka ’10]




Loop Recursion

1 1
Ladder integrals: 70, +70:) L, (z,2) = ——L; (2, % 7
g lOg(ZZ)( < Z) L( ) L L 1( )

1. vs 2. order he

_ZZaZaZLL = LL—I Laplacian [Drummond, Henn, Smirnov, Sokatchev *06]

[Drummond, Henn, Trnka ’10]

Also natural action on more general four-point fishnet integrals?

)

(Za + Za—) L1 L3 p— ?

L4

27



Useful warm-up: deformed 2D fishnets

Recall: 2D Basso-Dixon formula

Ladder integrals
l [Derkachov, Kazakov, Olivucci *18]

Z0, 4\

det (ei—léj—1¢2(1;\;l+N—l)(Z, Z)) — (DM,N

1<i,j<M
L Bi-directional Wronskian

Known to satisfy recursive equation: 2D Toda molecule equation [Ma *11]

28



Useful warm-up: deformed 2D fishnets

lllustration:

3 o403 3) N4 (3)
¢ O — ¢(3)g2§¢(3) _ é¢(3)(92¢(3) — ¢ O

’ 0> 00¢ 023 020>




Useful warm-up: deformed 2D fishnets

lllustration:

3 g40) (3) N4 3)
¢ O — ¢(3)g2§¢(3) _ é¢(3)(92¢(3) — ¢ O
945(3) 9§¢(3) 92¢(3) 92§¢(3)

— 0, 0 map minors of @ to minors of O

¢(K) §¢(K) §2¢(K)
0p ) 00" 06°p"®)
2p K 920K 922K .

30



Basso-Dixon Formula as Toda Equation

e[ )

|dentity between minors of matrix



Basso-Dixon Formula as Toda Equation

e[ )

|dentity between minors of matrix

|

Recursive equation

(DM,NQé (DM,N — 0 (I)M,Né (DM,N — (DM+1,N—1(DM—1,N+1 =0

Together with boundary condition ®, y = 1, ®, ; = ¢
fully equivalent to Basso-Dixon formula

32



Basso-Dixon Formula as Toda Equation

(I)M,N‘gé Dy y—0 (I)M,Né DPpv = Porpin-1Py1ne1 =0

Known as semi-infinite 2D Toda molecule equation Leznov, Saviliev *81]
Popowicz ’83]
Hirota ’88]
I—C L o @
L Toda springs
a [Toda '70]
V(r) = - (e™=1) +ar
S— CIaSSicaIIy integrable SyStem! c.f. [Alexandrov, Bajnok, Beccaria, Belitsky, Boldis,

Kanning, Kazakov, Korchemsky, Laurent, Olivucci,
Staudacher, Tseytlin, Tsuboi, Vieira, Zabrodin,...]

33



Back to 4D fishnets

Recall 4D Basso-Dixon formula

)

[Basso, Dixon ’17]
[Basso, Dixon, Kosower, Krajenbrink, Zhong ’21]

1 _
) S TS (eraisii @)

L4

34



Back to 4D fishnets

Recall 4D Basso-Dixon formula

)

[Basso, Dixon ’17]
[Basso, Dixon, Kosower, Krajenbrink, Zhong ’21]

M 1<ij<M

/ L R, = : (20, + Z0.)

¢ =M+N-k)! log(z2)

Wronskian matrix (with coefficients)) —— Is there a Toda(-like) equation?

35



Toda equation for 4D fishnets?

Again minors are mapped to minors of matrix

G fx R fk C4R1%f1<
C3R; fx  C4Rf 2f1< CSRI%]CK
C4RLfK CSRLfK C6R;:fK

But additional complications due to coefficients! E.g. ¥, 4

Crfs 3R fs
3R, fs C4RLfs

=2

(\Additional coefficients
Cofs 4R fs

3R, fs CSRI%fS

36

R

Crfs 3R fs
3R, fs C4RLf5

Additional terms

Cy fs C4RLfs

C4R1%fs C6Réfs

+ My 4

1152

f 13
Sz Ja




Toda-like equation for 4D fishnets

|dentity between minors of matrix

0
CoOM+2 ’ CzM+1 2 [Loebbert, SFS "24]
Wy vRiY v — (RL LI’M,N) Yy v Yo = Yyunl iy y

N /”” /

Additional coefficients Additional term

37



Toda-like equation for 4D fishnets

|dentity between minors of matrix

|

vt —(t) —t1, t,., =0 (Almost) 1D Toda molecule equation I—Q oo @ I

0
CoOM+2 ’ CzM+1 2 [Loebbert, SFS "24]
Wy vRiY v — (RL LI’M,N) Yy v Yo = Yyunl iy y

N /”” /

Additional coefficients Additional term
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Fishnet integrals as tau functions?

2D deformed fishnets

(I)M,N‘gé DOy y—0 (I)M,Né Ppnv = Prrp1iv-1Puy—1n41 =0

Admits Hirota form — Solutions are tau functions!

4D undeformed fishnets

y
COM+2 9 CoM+1 2
Yy nRIY iy — (RL ‘PM,N) — Yy v Yyrinva = Yyunyy
Com Com

Close to Hirota form — ?

39



Octagon as tau-function?

[- Octagon form factor

K/2
(O(x1)...04(xy)) ~ Z @)12 [Coronado *18]

Ir [(Y1 ‘ (I)l(xl))K] ) l =0

Half-BPS Operator K> 1

—> Admits determinant representation
[Kostov, Petkova, Serban '19]

[Belitsky, Korchemsky '19,’20]

— 4D Fishnet integrals in weak coupling expansion!

@)l o Z gZM(M+l) [lPM,M+l 4 @(82)]
M=0

[Belitsky, Korchemsky '20]
[Olivucci, Vieira '21]

—> Satisfies Toda equations in limitst ——— Octagon as tau-function?

40



Web of Recursions

z0, + Z0:

(D=4,y=1) R, = — Two operators —

log zzZ

!

[Petkou '21] .
[Karydas, Li, Petkou, Vilatte *23] RpLy ~ Ly, Loop recursion

!

Toda (like) equation Loebbert, SFS 24]
C C 2 o)
2M+-2 ) 2M+1 .
\PM,NRLLPM,N o ( ) (RL LPM,N) o ‘PM—I,N+ILPM+1,N—1 — M,N'%M,N
Com Com

C.f. D = 2, y generic: 2D Toda molecule equation

(I)M,N‘gé DOy y—0 (DM,Né DPpnv = Prryrv-1Puy—1n41 =0

c.f. [Ma *11]
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Web of Recursions

0.+ 70- 0. — 70-
(D=4,y=1) R, = 20 ¥ 20, — Two operators — RD:ZZ <%
log zZ Z2—2Z
Petkou 21 .
{Karydas, Li], Petkou, Vilatte *23] RpLp ~ L Loop recursion l
l Dimensional recursion
Toda (like) equation [Loebbert, SFS *24] 9. — 0.
< < (L) (L)
¢ ’ ¢D ~ ¢D+2
2M+2 g COM+1 2 B .7
\PM,NRL‘IJM,N o ( ) (RL LPM,N) o ‘PM—I,N+1‘PM+1,N—1 - M,N'%M,N
Com Com
C.f. D = 2, y generic: 2D Toda molecule equation l
D, OOD = 0Dy N ODy v — Py vo 1 Prm i vgr = O Back to question from beginning!

c.f. [Ma *11]
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General 2D Feynman Integrals

| . d?y.  dw; A dw,
External points z; = xil + le.z Measure — =
—_— /A 27[1

Internal points ~ w; =y, + iy? Propagators (5 —y)? = |z, —w;|’
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General 2D Feynman Integrals

| . d?y.  dw; A dw,
External points z; = xil + le.z Measure — =
—_— /A 27[1

Internal points ~ w; =y, + iy; Propagators (5 —y)? = |z, —w;|’
—»  Double Copy!
¢(Z, Z) — H(Z)TZH(Z) [Duhr, Porkert *23]

—p Lift to higher dimensions!

44



Double Copy in Higher Dimension

Double copy in 2D

pL (2,7) = TI(2) =M(2)

Dimensional recursion

L (o= z0, — 70> ) _ 1 T ) ’r
bp2y(a. D) ~ ———TE'ENE) = — T1(2)"2(20,11(z)) — (20.11(2)) "ZI1(2))

1 /0@ \ (0 x\( 1
z—-7\20]I(z) ) \-X 0/ \20,]1(z)

Again in double copy form!
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Double Copy in Higher Dimension

Special propagator powers from limits

b5y, (22 = H<z>*2H<z>

/A

4D unit propagator
power box

= - [JZ'O(Z) 0y(2) + 7_1(2) 6o (2) + m1(2) G 1(Z)]

Different form, but still double copy

46



Double Copy in Higher Dimension

Special propagator powers from limits

¢(

4D unit propagator
power box

_,(z,2) =

2—7Z

{—XZ

H(z)TZH(Z)

/A

— [no(z) oomo(2) + 7_1(2) 69, (2) + m,(2) o7 1(Z)]

Different form, but still double copy

- [2Li2(z) — 211,(2) + log(zz)log (

47

1 —z

i |
- Z)] Bloch Wigner!



Double Copy for 4D Basso-Dixon

Basso-Dixon formula for window

1
P'>(z,7) ~ (fifs—1F)

(z — 2)?



Double Copy for 4D Basso-Dixon

Basso-Dixon formula for window

1
P'>(z,7) ~ (fifs—1F)

(z — 2)?

Each product: schematically
ff ~ 71()Zr(2)m(2) Zn(z)
= 7D (2)ZLn(z7)7n(2)

L New periods: products of ladder periods

Double copy form!

49



Conclusion

Dimensional recursion for track-like integrals

— Ladder integrals for all even D

— New Calabi-Yau integrals in D > 2

—> Double copy beyond D = 2

Loop recursion/Toda equations

— 2D Toda molecule equation for 2D deformed Basso-Dixon integrals
— 1D Toda molecule-like equation for 4D undeformed Basso-Dixon integrals

— (Connection to classical integrability, tau functions

50



Conformal field theory «— Feynman integrals «— Integrability

Dimensional recursion

New expressions? /

Conformal blocks beyond 4 points?

51



Conformal field theory «— Feynman integrals «— Integrability

Dimensional recursion

New expressions? /

Conformal blocks beyond 4 points?

Conformal partial wave expansion

New angle on
Intersection matrix?

[Mimachi, Yoshida ’02]

Double copy
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Conformal field theory «— Feynman integrals «— Integrability

Dimensional recursion

New expressions? / Determinant formulas
for other Feynman integrals?
Conformal blocks beyond 4 points? I

Basso-Dixon integrals

L oop recursion <+—» .
P as tau functions?

Conformal partial wave expansion

New angle on
Intersection matrix?

[Mimachi, Yoshida ’02]

Double copy
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Conformal field theory «— Feynman integrals «— Integrability

Dimensional recursion

New expressions? / Determinant formulas
for other Feynman integrals?
Conformal blocks beyond 4 points? I

Basso-Dixon integrals

Loop recursion <+— .
P as tau functions?

Conformal partial wave expansion l

Other QFT observables?

New angle on Octagon,...

Intersection matrix?

[Mimachi, Yoshida '02] [Alexandrov, Bajnok, Beccaria, Belitsky, Boldis,
Kanning, Kazakov, Korchemsky, Laurent, Olivucci,
Staudacher, Tseytlin, Tsuboi, Vieira, Zabrodin,...]

Double copy
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Backup Slides




Polylogarithmic Limit

L+1 —
by ['2—y) Z2—2Z 277

L Divergent for y — 1!

ldea: Look at SoV representation [karydas, Li Petkou, Vilatte 23]

v

L+1

L+1 o roo (=L +2—iv)T (=2
(L)(Z,Z)=( L ) (22) 7 Z J i (—1)" < S ) < :

&y — +1 . + 1
I'(1 =) ) 2 r(y 1 w)r(y
2 2 2
L Precisely cancels divergence! \ y — 1
reg,(L)
¢2;}’=1

56
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Polylogarithmic Limit
Explicitly

reg,(L) _ —\ iU
qbz;;g:l B Z J >L+1(ZZ) (T)

Residue Theorem

L n I
—1)"(2L —n)! ol . _ (—1) _
reg,(L) __ ( n _ 2L+1
Yields familiar ladder formula through dimensional recursion
I e EDeL-nt o
4%3:1 — 7 — Z Z log(zz)”(L12L_n(Z) T leL_n(Z)) [Usyukina, Davydychev ’93]

p— L' (L—n)!n!
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