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Plan of the Talk
๏ Main theme of the talk:

๏ In particular, we want to discuss Fishnet integrals in two dimensions and how we 
can compute them using their symmetries and associated geometries.

Interplay between Integrability (Symmetries) 
and Geometry (Calabi-Yau and Picard varieties)

square 
fishnets

[3]

hexagonal 
fishnets

[1]

Calabi-Yau 
varieties

Picard 
varieties
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From SYM to the Fishnet Theory

๏ This theory has the following symmetries:

๏ Conformal symmetry at the quantum level (beta-function vanishes)

๏ The Lie algebra symmetry 

๏ In the planar limit ( ) we have conformal and dual conformal symmetry 
<latexit sha1_base64="sxIt7jUGgzP1p3TdrLKKXy9jQ6E="></latexit>

N æ Œ
Yangian symmetry (Integrability)

[Dolan, Nappi, Witten; 
Drummond, Henn, 

Plefka;…]

๏ Let us start with superconformal Yang-Mills theory with SU(N) gauge symmetry: 

<latexit sha1_base64="0qx4tqht0sV8pF0NYKQ3pEh4qr0="></latexit>

LN =4 = tr
)

FF + D�D� + �̄D� ≠ g2[�, �]2 ≠ g�[�, �] ≠ g�̄[�, �̄]
*

six scalar 
fields

four 
spinors

field strength with 
gauge field 

<latexit sha1_base64="3vlC5avjuzIfLVBuxQ7Nxck+lmo="></latexit>
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<latexit sha1_base64="QluaswggP6KuEyOcUnP2KCDtheo="></latexit>

psu(2, 2|4)
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<latexit sha1_base64="3RzTgo8lJ2MCkOUgWonZqHQeYxM="></latexit>

LN =4
<latexit sha1_base64="kufMioc/JhZHRz6MVBl2ykqbKtY="></latexit>

L“
<latexit sha1_base64="9V/j3YxaPKUHxV36lL4qvXNX+yg="></latexit>

Lfishnet
[Kazakov, Gürdogan; 

Kazakov, Olivucci]

๏ From a    -deformation of SYM we can construct the biscalar fishnet theory as a specific limit:
<latexit sha1_base64="PSPYH8PRc9G0u77FD2i+P76yYuc="></latexit>“

for generic  and 
propagator powers 

<latexit sha1_base64="futwhYUdd5cwMGTZnOH6l7BERF4="></latexit>

D
<latexit sha1_base64="BUzRAY8b6omFbYt+N5QdZT/aqZo="></latexit>Ê

<latexit sha1_base64="KBdWlBHjYlyxygZj4an+R+4boJ8="></latexit>

Lfishnet = Ntr
Ó

≠X(≠ˆµˆµ)ÊX̄ ≠ Z(≠ˆµˆµ) D
2 ≠ÊZ̄ + ›2XZX̄Z̄

Ô

<latexit sha1_base64="QluaswggP6KuEyOcUnP2KCDtheo="></latexit>

psu(2, 2|4)
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Fishnet Theory and Generalizations
๏ Properties of fishnet theory:

๏ Yangian invariant (integrability)

๏ Chiral structure of vertex allows only for a 
small number of Feynman diagrams.

[Chicherin, Kazakov, Löbbert, 
Müller, Zhang; Kazakov, Levkovich-

Maslyuk, Mishnyakov]

๏ Generalization to  spacetime dimensions with appropriately 
generalized propagator powers known, e.g.                           .

<latexit sha1_base64="k9iN6gjng+iIEMxkqVhIs4Fs9QQ="></latexit>

D
<latexit sha1_base64="58xsjZPmcy81MTTQaLOXKE2l3e8="></latexit>

D = 2, Ê = 1/2
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Yangian annihilates fishnet integrals:

๏ So far, we only considered quartic interactions. Although conformal invariant 
interactions are also possible for the following regular tilings of the plane 
(assuming unit propagator powers):

<latexit sha1_base64="vqwNd7n5D3lbgbrQ76QQVxgKzqU="></latexit>

V = 2D/(D ≠ 2)

<latexit sha1_base64="2vaQukQLLgKisq69EN722ls+DtE="></latexit>

D = 6
V = 3

<latexit sha1_base64="Gn75xOonEvObJ64sYPdVQddOw+c="></latexit>

D = 4
V = 4

<latexit sha1_base64="EDMr18hGR23gK5sxTxPp78JfYZ4="></latexit>

D = 3
V = 6
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V = 6

[Kazakov, 
Olivucci]

๏ For the hexagonal tiling there exists the honeycomb fishnet theory (generic  and propagator powers     ):
<latexit sha1_base64="futwhYUdd5cwMGTZnOH6l7BERF4="></latexit>

D

<latexit sha1_base64="HQO9HVyN8mPwjFzIe2z33jcAAyw="></latexit>

Lhoney = Ntr
)

≠X(≠ˆµˆµ)Ê1X̄ ≠ Y (≠ˆµˆµ)Ê2 Ȳ ≠ Z(≠ˆµˆµ)Ê3Z̄ + ›2
1X̄Y Z + ›2

2XȲ Z̄
*

<latexit sha1_base64="tTjJrZXV/PV6itOs1xkWz7DCXNw="></latexit>Êi
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Fishnet Integrals
๏ We can build fishnet integrals from the following Feynman rules:

or

๏ Take a cut from a tiling:

๏ Propagators:

(considered in )
<latexit sha1_base64="br0OyefI9XiHYAriYLgy846sj4E="></latexit>

RD

<latexit sha1_base64="FFY+MhimBwoIf4W1Z4+p9WdSalo="></latexit> 1
[(›i ≠ ›j)2]D/V or

<latexit sha1_base64="6v5wGceH189pl2HAV075TBPgFJ0="></latexit> 1
[(›i ≠ –j)2]D/V

๏ Integrate over internal vertices.

<latexit sha1_base64="wizQj7F9EgT/AS8edd0KRC8JxAY="></latexit>

I(D)
G (–) =

⁄ Ë Ÿ

i

dd›i

ÈË Ÿ

i,j

1
[(›i ≠ ›j)2]D/V

È Ë Ÿ

i,j

1
[(›i ≠ –j)2]D/V

È

๏ Vertices: 
<latexit sha1_base64="MYqUmSYnVjskR6W1sclTBqzrjm0="></latexit>

›i

๏ External points: <latexit sha1_base64="Y1Ss8ySraZ5KGxR+A+0J4dJ198c="></latexit>–i
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๏ We are particularly interested in the following two families of fishnet graphs and integrals:

-loop train track graphs 
<latexit sha1_base64="C0RLyojeQUt7Ymrin4H2fuGsbmM="></latexit>

¸
<latexit sha1_base64="LRwXdGLYpKxfZXSjSX/mPLTwxKw="></latexit>

G1,¸ -loop triangle track graphs 
<latexit sha1_base64="C0RLyojeQUt7Ymrin4H2fuGsbmM="></latexit>

¸
<latexit sha1_base64="CUkIdY99T/DrD1u4iJhAAHUlO6k="></latexit>

Z¸
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Star-Triangle Relation
๏ Conformal symmetry relates a triple vertex integration to three propagators (Star-Triangle Relation):

<latexit sha1_base64="iy/nUvBHUZl7htJTnFnHLJf4jFs="></latexit>⁄ dD›

(–1 ≠ ›)2–(–2 ≠ ›)2—(–3 ≠ ›)2“
= X–—“

(–1 ≠ –2)2“Õ(–2 ≠ –3)2–Õ(–3 ≠ –1)2—Õ

shifted exponents
<latexit sha1_base64="pUlJpvtdhpSCV0xDkCQnsPpf0+w="></latexit>

–Õ = D/2 ≠ –

gamma factors
<latexit sha1_base64="R8kj6QOGdbbDuldTsRbNLTFTlyc="></latexit>

X–—“
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X–—“

๏ With this identity we can map the triangular tiling to the hexagonal one:

๏ But only some fishnet graphs cut are mapped to each other:
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Yangian Symmetry of Fishnet Integrals
๏ Construction of the Yangian algebra         :

Level 0:
<latexit sha1_base64="sF7Rm8W9Np0uaAyuF3tKZ3w8e4k="></latexit>

Ja =
nÿ

j=1
Ja

j

Level 1:
<latexit sha1_base64="n0KL0V/mwpN/vAS41TRI6ob3T9A="></latexit>

‚Ja = 1
2fa

bc

ÿ

j<k

Jc
jJb

k +
nÿ

j=1
sjJa

j

Commutation relations:
<latexit sha1_base64="EoQYYz+FSFgNKxkK8eC04PDJfdA="></latexit>

[Ja, Jb] = fab
cJc

<latexit sha1_base64="n8Kvitgn3kuhWQIBToxGNSJWRU0="></latexit>#
Ja, ‚Jb

$
= fab

c
‚Jc

Lie algebra   with generators <latexit sha1_base64="aiq6VAc6Ftdar9IrSLc1rn4ayBQ="></latexit>g
<latexit sha1_base64="pY4zG/odsy3Wp0ggIRug8pwnOuI="></latexit>

Ja
j

<latexit sha1_base64="X+9iKGwNlLtLGukDyFDoRUbL8JI="></latexit>

Pµ = ≠iˆµ Lµ‹ = i(xµˆ‹ ≠ x‹ˆµ)
D = ≠i(xµˆµ + �) Kµ = i(x2ˆµ ≠ 2xµx‹ˆ‹ ≠ 2�xµ)

๏ For fishnets we consider the conformal 
algebra                      :

<latexit sha1_base64="sX7Ga7drulzCZjSA3qW+8ZXOh/I="></latexit>

so(1, D + 1)

<latexit sha1_base64="NE/mJnMq5nCbNKkvfOYL1sSv664="></latexit>

Y (g)
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I(D)
G (–) = F (D)

G (–) „(D)
G (‰) cross ratio:

<latexit sha1_base64="sLBa3DNmyDgzN1PUUdpiYNYlJG0="></latexit>
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jl

Lie algebra   with generators <latexit sha1_base64="aiq6VAc6Ftdar9IrSLc1rn4ayBQ="></latexit>g
<latexit sha1_base64="pY4zG/odsy3Wp0ggIRug8pwnOuI="></latexit>

Ja
j

<latexit sha1_base64="X+9iKGwNlLtLGukDyFDoRUbL8JI="></latexit>

Pµ = ≠iˆµ Lµ‹ = i(xµˆ‹ ≠ x‹ˆµ)
D = ≠i(xµˆµ + �) Kµ = i(x2ˆµ ≠ 2xµx‹ˆ‹ ≠ 2�xµ)

๏ For fishnets we consider the conformal 
algebra                      :

<latexit sha1_base64="sX7Ga7drulzCZjSA3qW+8ZXOh/I="></latexit>

so(1, D + 1)

๏ Additionally, there are two-side 
level one operators:

<latexit sha1_base64="GOkpR8MGrAU0L7hlwobtFtvqjIE="></latexit>

‚Ja
jk = 1

2fa
bcJc

jJb
k + s̃jJa

j + s̃kJa
k

<latexit sha1_base64="FOk7Nu96/m3LGKW1/+o7vlahLrs="></latexit>

‚Ja
jk

1
x

2‹j

j0 x2‹k
k0

= 0with

<latexit sha1_base64="NE/mJnMq5nCbNKkvfOYL1sSv664="></latexit>

Y (g)
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Permutation Symmetry
๏ Consider the group of permutations of the external points leaving the integral invariant:

<latexit sha1_base64="GMcME/jlJrMajqgonstif+ocp4I="></latexit>

I(D)
G (‡ · –) = I(D)

G (–) , for all ‡ œ PermG

๏ Every automorphism of the graph acts as a permutation of the external points, i.e.
<latexit sha1_base64="qS2xj2TW0y7bUuQh1//RIA7gi3A="></latexit>

Aut(G) µ PermG

๏ But there are hidden relations due to the star-triangle relation:
<latexit sha1_base64="NpUnzZyawVJlQqvBZ737lxZNvmA="></latexit>

G
<latexit sha1_base64="TuxDlyiEhy79Ms8yfNcJnlIlVNQ="></latexit>

GÕstar-triangle 
relation

<latexit sha1_base64="2qg1cKIrUPCaJcY4GtoXnu8zbfY="></latexit>

Aut(G) µ Aut(GÕ)such that
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G
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GÕstar-triangle 
relation

<latexit sha1_base64="2qg1cKIrUPCaJcY4GtoXnu8zbfY="></latexit>

Aut(G) µ Aut(GÕ)such that

Example:

<latexit sha1_base64="7XSaxRCzLYeIKivsYJKBOl7e1Gk="></latexit>

Aut(G) = Z3
2 µ PermG = S4
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Yangian and Permutation Symmetry
๏ We can combine Yangian and permutation symmetry:

different representations 
due to ordering

๏ Obviously, on the level zero generators this has no effect but on the level one generators:

<latexit sha1_base64="dUKUKAqQOWmtNzYmufkyV6dYVLc="></latexit>

‚Pµ
‡I(D)

G = 0 new differential equations

๏ In total, fishnet integrals have the symmetry group:

<latexit sha1_base64="HThoABpxF9ofT7MJVzSlFw3T+p0="></latexit>PermG n YG

permutations Yangian algrebra including 
two-side generators

<latexit sha1_base64="yq+7CSi7408sh9UqxkHn/Sn2y64="></latexit>

Ja
‡ := ‡Ja‡≠1 and

<latexit sha1_base64="lEFvmgtjcWhYHGAWSpC3QcvBBdE="></latexit>

‚Ja
‡ := ‡‚Ja‡≠1
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๏ Question: Does this large symmetry algebra fix the Fishnet integrals?
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different representations 
due to ordering

๏ Obviously, on the level zero generators this has no effect but on the level one generators:

<latexit sha1_base64="dUKUKAqQOWmtNzYmufkyV6dYVLc="></latexit>

‚Pµ
‡I(D)

G = 0 new differential equations

๏ In total, fishnet integrals have the symmetry group:

<latexit sha1_base64="HThoABpxF9ofT7MJVzSlFw3T+p0="></latexit>PermG n YG

permutations Yangian algrebra including 
two-side generators

In D=2 we conjecture: YES IT DOES.

<latexit sha1_base64="yq+7CSi7408sh9UqxkHn/Sn2y64="></latexit>

Ja
‡ := ‡Ja‡≠1 and

<latexit sha1_base64="lEFvmgtjcWhYHGAWSpC3QcvBBdE="></latexit>
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‡ := ‡‚Ja‡≠1

๏ Question: Does this large symmetry algebra fix the Fishnet integrals?
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Specialities in D=2
๏ Most importantly, we can use complex variables in two dimensions:

<latexit sha1_base64="9sOFud1XPO1yIRSyzD9/5nnG/Wg="></latexit>

R2 ƒ C

and
<latexit sha1_base64="bUXXLtoNOcQPXAB8UkVjGBlZKRA="></latexit>

xj := ›1
j + i›2

j

<latexit sha1_base64="/eBYMr9NakS6YHFO3j1ivt6VgzM="></latexit>

aj := –1
j + i–2

j

such that the fishnet integral becomes:

<latexit sha1_base64="BPL9WxYn6zSLFVvSVRA8GBX6qfA="></latexit>

IG(a) =
⁄ Q

a
Ÿ̧

j=1

dxj · dxj

≠2i

R

b 1
|PG(x, a)|4/V

with
<latexit sha1_base64="aav0TngNuAZSyBgUaDS5ohHfRUc="></latexit>

PG(x, a) =
Ë Ÿ

i,j

(xi ≠ xj)
È Ë Ÿ

i,j

(xi ≠ aj)
È
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๏ Most importantly, we can use complex variables in two dimensions:
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and
<latexit sha1_base64="bUXXLtoNOcQPXAB8UkVjGBlZKRA="></latexit>

xj := ›1
j + i›2

j

<latexit sha1_base64="/eBYMr9NakS6YHFO3j1ivt6VgzM="></latexit>

aj := –1
j + i–2

j

such that the fishnet integral becomes:

<latexit sha1_base64="BPL9WxYn6zSLFVvSVRA8GBX6qfA="></latexit>

IG(a) =
⁄ Q

a
Ÿ̧

j=1

dxj · dxj

≠2i

R

b 1
|PG(x, a)|4/V

with
<latexit sha1_base64="aav0TngNuAZSyBgUaDS5ohHfRUc="></latexit>

PG(x, a) =
Ë Ÿ

i,j

(xi ≠ xj)
È Ë Ÿ

i,j

(xi ≠ aj)
È

๏ The conformal algebra splits into a holomorphic and anti-holomorphic part likewise the Yangian:
<latexit sha1_base64="eBBBN7unrtaVzGcGKFhuhtUOQhM="></latexit>

Y (so(1, 3)) = Y (sl(2,R)) ü Y (sl(2,R))

๏ Thus, the whole symmetry algebra of the fishnet integrals splits:
<latexit sha1_base64="VGwBrP9mZJmRmzQxfw6Kn1OCtTg="></latexit>

PermG n YG = (PermG n YG) ü (PermG n Y G)

Yangian differential ideal
<latexit sha1_base64="O3iys17a6InwgMJNEth+Mt05NZE="></latexit>

YDI(G)
set holomorphic differential operators 

annihilating the Fishnet integral



12

Specialities in D=2
๏ The whole integral can also be split into holomorphic and anti-holomorphic parts:

<latexit sha1_base64="+RmPyT2pcJkLXTcxcpq/nStVhls="></latexit>

IG(a) =
--FG(a)

--2
„G(z) = (≠1)

¸(¸≠1)
2 (≠2i)≠¸ --FG(a)

--2
⁄

� · �

holomorphic 
rational function

vector of holomorphic 
cross ratios

<latexit sha1_base64="PnXwuUoOuxoxv+gP5jmKGzQ5whw="></latexit>

� = 1
FG(a)

dx1 · . . . · dx¸

PG(x, a)2/V

with the holomorphic and conformal         -form:
<latexit sha1_base64="mpx1MBu3nwFX4UUDyZLmjDHzRYs="></latexit>

(¸, 0)
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Specialities in D=2
๏ The whole integral can also be split into holomorphic and anti-holomorphic parts:

<latexit sha1_base64="+RmPyT2pcJkLXTcxcpq/nStVhls="></latexit>

IG(a) =
--FG(a)

--2
„G(z) = (≠1)

¸(¸≠1)
2 (≠2i)≠¸ --FG(a)

--2
⁄

� · �

holomorphic 
rational function

vector of holomorphic 
cross ratios

<latexit sha1_base64="PnXwuUoOuxoxv+gP5jmKGzQ5whw="></latexit>

� = 1
FG(a)

dx1 · . . . · dx¸

PG(x, a)2/V

๏ In the following, we will argue that this form gives rise to a monodromy invariant bilinear form: 

with the period vector:

associated to a Calabi-Yau variety or Picard variety for square and hexagonal fishnets, respectively.

<latexit sha1_base64="E9MZA9nMwBp4v0l4p75nGoUQ8xM="></latexit>

„G(z) = (≠i)¸ �G(z)†�G�G(z)

<latexit sha1_base64="o5ZqF8au8BZgJp2AdLaW7Wh7f0Q="></latexit>

�G(z) =
1 ⁄

�0

�, . . . ,

⁄

�b¸≠1

�
2T

with the holomorphic and conformal         -form:
<latexit sha1_base64="mpx1MBu3nwFX4UUDyZLmjDHzRYs="></latexit>

(¸, 0)
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Calabi-Yau Manifolds
Definition:

A Calabi-Yau (CY) -fold  is a complex -dimensional Kähler manifold equipped 
with a Kähler           -form . There are the (equivalent) additional properties:

n X n
!

• the first Chern class vanishes: c1(TX) = 0

• there exists a Ricci flat metric   :     g Rij̄(g) = 0

• on  there exist two covariant constant spinors.X

• the holonomy group of  is X SU(N)

• there exists a no-where vanishing holomorphic           -form   ⌦(n, 0)

(1, 1)
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Definition:

A Calabi-Yau (CY) -fold  is a complex -dimensional Kähler manifold equipped 
with a Kähler           -form . There are the (equivalent) additional properties:

n X n
!

• the first Chern class vanishes: c1(TX) = 0

• there exists a Ricci flat metric   :     g Rij̄(g) = 0

• on  there exist two covariant constant spinors.X

• the holonomy group of  is X SU(N)

• there exists a no-where vanishing holomorphic           -form   ⌦(n, 0)

(1, 1)

๏ It is natural to consider families of CYs:

๏ Forms  and  are both characteristic for a CY ⌦ ! X (X,⌦,!)

๏ The tangent space of the complex structure deformation space of a CY          is given by                      . Mcs H
n�1,1(X)

cf. (E , dx/y, dx ^ dy)
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Constructions of CYs
How can we construct CYs?
๏ CYs can be defined via polynomial constraints:

''Vanishing of the first Chern class               gives relation 
between ambient space and degree of the constraints.''

c1(TX)

๏ Single polynomial constraint: Hypersurface CY

<latexit sha1_base64="bue99qN4DOEcItjvCcxgYqC4vKc="></latexit>)
X5

0 + X5
1 + X5

2 + X5
3 + X5

4 ≠ ÂX0X1X2X3X4 = 0
*

µ P4

<latexit sha1_base64="PiAQif3M2xrsMu74FZqxTLAFEmY="></latexit>)
Y 2Z ≠ 4X3 + g2(t)XZ2 + g3(t)Z3 = 0

*
µ P2Cubic one-fold:

Quintic three-fold:
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๏ Single polynomial constraint: Hypersurface CY
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X5

0 + X5
1 + X5

2 + X5
3 + X5

4 ≠ ÂX0X1X2X3X4 = 0
*

µ P4

<latexit sha1_base64="PiAQif3M2xrsMu74FZqxTLAFEmY="></latexit>)
Y 2Z ≠ 4X3 + g2(t)XZ2 + g3(t)Z3 = 0

*
µ P2Cubic one-fold:

Quintic three-fold:

๏ For the fishnets we find:

Square tiling:

Hexagonal tiling:

<latexit sha1_base64="VEObdww/tlh6xHQYMxgUATPpx2o="></latexit>)
W = y2 ≠ PG([x : u]; a) = 0

*
µ (P1)¸

<latexit sha1_base64="MK+snabEfgGTCB/Xs4QGEXPyDrk="></latexit>)
W = y3 ≠ PG([x : u]; a) = 0

*
µ (P1)¸

Triangular tiling: no direct CY construction possible only via 
star-triangle relation

<latexit sha1_base64="2dv0u1YTEIq/N60goau0Fn5gfEk="></latexit>

PG([x : u]; a) homogenized version of the fishnet graph polynomial 
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Periods of a CY
Definition:
Periods define a pairing between the homology               and the cohomology                 of the CY :X

On a CY there is a monodromy invariant intersection matrix  defining a bilinear pairing on the periods.⌃

<latexit sha1_base64="Xtu/W3uF/+YmpkcQ1YUdu/rJ1Co="></latexit>

Hn(X)
<latexit sha1_base64="oFnVwxLU2LwcOkE1lAWyzqI0TLU="></latexit>

H
n
dR(X)

<latexit sha1_base64="2gI7GxhCCQRUmOn2VtVRSm3wWw0="></latexit>

⇧ : Hn(X)⇥H
n
dR(X) �! C

(�,↵) 7�!
Z

�
↵
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Periods of a CY
Definition:
Periods define a pairing between the homology               and the cohomology                 of the CY :X

On a CY there is a monodromy invariant intersection matrix  defining a bilinear pairing on the periods.⌃

Example: CY one-fold (elliptic curve)

<latexit sha1_base64="TQZQG+DQCbaP8/7t0nsizEsBmj0="></latexit>

– = dX

Y
— = XdX

Y

<latexit sha1_base64="pBjO9rXjbTHZ12KInTLvgmUgZ9A="></latexit>

� =

Q

a
s

�a
–

s
�a

—
s

�b
–

s
�b

—

R

b

<latexit sha1_base64="5bh1eGEshCC7sZbA32UqxoomkKg="></latexit>

P3 = Y 2 ≠ X(X ≠ 1)(X ≠ ⁄)

<latexit sha1_base64="zxXvFocPcOiYFpuK4mvY+4UB1Zo="></latexit>

K(⁄), K(1 ≠ ⁄)
Elliptic integrals

<latexit sha1_base64="Xtu/W3uF/+YmpkcQ1YUdu/rJ1Co="></latexit>

Hn(X)
<latexit sha1_base64="oFnVwxLU2LwcOkE1lAWyzqI0TLU="></latexit>

H
n
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�
↵
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Periods of a CY
Definition:
Periods define a pairing between the homology               and the cohomology                 of the CY :X

On a CY there is a monodromy invariant intersection matrix  defining a bilinear pairing on the periods.⌃

''Periods describe 
the shape of a CY.''
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�
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Periods of a CY

๏ Particularly interesting are the periods over , which can be defined through the defining constraints:⌦

<latexit sha1_base64="OqAoebOISd8/0VfWREGuKeybAAU="></latexit>

� =
⁄

S1

µ

P

<latexit sha1_base64="ERicbu1/Md6esk8U+N9ETjDhMn4="></latexit>

�i =
⁄

�i

�

๏ For generic CYs it is not even simple to explicitly define all cycles                            .
<latexit sha1_base64="0rokifDDo0JnBcW7M11V4oDt1B4="></latexit>

�i œ Hn(X,Z)

cf.
<latexit sha1_base64="RCbTalDK0a3rQSOHaNePD0ogauI="></latexit>

� =
⁄

S1

dX · dY

P3
≥ dX

Y

Definition:
Periods define a pairing between the homology               and the cohomology                 of the CY :X

On a CY there is a monodromy invariant intersection matrix  defining a bilinear pairing on the periods.⌃

''Periods describe 
the shape of a CY.''

Example: CY one-fold (elliptic curve)
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�
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How can we compute periods?



16

Computing Periods
How can we compute periods?

''Use differential equations''

๏ Periods are governed by linear differential equations known as Gauss-Manin System 
or Picard-Fuchs equations.



16

Computing Periods
How can we compute periods?

''Use differential equations''

๏ Periods are governed by linear differential equations known as Gauss-Manin System 
or Picard-Fuchs equations.

๏ There are different techniques to find these differential equations:

๏ Integration by Parts identities

๏ Compute a single period and operators via ansatz, e.g. "torus period"
<latexit sha1_base64="uy/wESMdRWXCq4OcRf5u0Ol3C2M="></latexit>

�0 =
⁄

T n

�

๏ Griffiths reduction method or GKZ approach
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�0 =
⁄

T n

�

๏ Griffiths reduction method or GKZ approach

Example:
<latexit sha1_base64="JS2bCFSssIgfvWRNXHgpZM/JcVc="></latexit>

G1,1
<latexit sha1_base64="pRuLkCGQ/iWRW7EKML1N6EqArFI="></latexit>j

T 1
dx

1
x(1 ≠ x)(x ≠ z)

=
j

T 1

dx

x

1
(1 ≠ x)(1 ≠ z/x)

=
j

T 1

dx

x

ÿ

i,j

32i

i

432j

j

4
zj

4i+j
xi≠j = 2fii

Œÿ

i=0

32i

i

42 1 z

42

2i
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In a similar way, we have computed the Picard-Fuchs differential ideal for our fishnet integrals.
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Computing Periods
๏ A basis of the solution space           to these differential equations can be obtained by 

standard techniques, e.g. Frobenius Method.
{$i}

๏ This is particularly simple if a MUM point (= total degeneration of indicials) exists:

logarithmic structure reflects  
the cohomology of the CY

<latexit sha1_base64="hCvN8dUdjKua6LeffjgcloBv+qw="></latexit>

È0 = power series in z
È1 = È0 log(z) + �1

È2 = 1
2È0 log(z)2 + �1 log(z) + �2

...
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n
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<latexit sha1_base64="lMB1ptHo/d9Krgks57wrSgIpCb8="></latexit>

Z[–]

<latexit sha1_base64="BER9Afq9nbQnng16T0srLbTgL9o="></latexit>

MT �M = �๏ If all monodromies are known, one can also determine  by requiring:⌃

๏ Finally, a basis change from           to          (basis over  or          ) has to be 
determined. This change of basis can be found from monodromy 
considerations:

Z{$i} {⇧i}

๏ There exist special points in          where the CY gets singular.Mcs

๏ Analytic continuation around these points 
corresponds to a monodromy:

<latexit sha1_base64="X9YUrvUkr8S4ZIZdptz0FRAh1NU="></latexit>� ‘≠æ M“i�
๏ All monodromies have to respect the intersection pairing  between the periods.⌃

{⇧i}In a good basis           all monodromies         have to be ''integral'', i.e. 
<latexit sha1_base64="iQzh1JcfUG1mcuXK1nYX9yIKOtU="></latexit>

M“i œ O(�,Z)M�i

๏ The deformation method produces for hypergeometric CYs directly a rational monodromy basis. [Kerr]
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Conjeture

<latexit sha1_base64="9lIKyyr/7b9bi6WwVglelFNpB5U="></latexit>PermG n YG

The Picard-Fuchs Ideal for Calabi-Yau varieties of 
square and hexagonal Fishnet integrals is equal to 

the Yangian Differential Operator Ideal. 
Therefore, these fishnet integrals are completely 

fixed by their symmetry algebra.
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Griffiths Transversality
๏ Is there a better/faster way on a CY to determine  than computing all monodromies?⌃
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Griffiths Transversality
๏ Is there a better/faster way on a CY to determine  than computing all monodromies?⌃

๏ On a CY there exists the phenomenon 
of Griffiths transversality:

<latexit sha1_base64="KM1NF7+F7gvbIMeMG1wJhO1PBDo="></latexit>

� œ H
n,0(X)

ˆz� œ H
n,0(X) ü H

n≠1,1(X)
ˆ

2
z � œ H

n,0(X) ü H
n≠1,1(X) ü H

n≠2,2(X)
...

ˆ
n
z � œ H

n,0(X) ü . . . ü H
0,n(X)

๏ Consideration of type forbids many integrals:

The rational function       is called the Yukawa Coupling.Cn

<latexit sha1_base64="GDdYkkBhQJuaWNl8ZfLdEvMIMiA="></latexit>Z

X
⌦ ^ @k

z⌦ = ⇧T ⌃ @k
z⇧ =

⇢
0, k < n
Cn, k = n

๏ We can use these relations to easily determine  .⌃
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Monodromy Invariant Bilinear Form
๏ On a CY there exists a natural real, positiv and monodromy invariant object namely the 

exponential of the Kähler potential:
<latexit sha1_base64="TxKSzSzugY21H8IucpCDm/zmmSA="></latexit>

in
2
Z

X
⌦ ^ ⌦̄ = in

2

⇧†⌃⇧ = e�K(z,z̄)

Monodromy invariance follows from:
<latexit sha1_base64="spnVkTeAqrPkSiXbplRb9AxJ3uI="></latexit>

�†�� ≠æ (M“i�)† � M“i� = �†M†
“i

�M“i� = �†��
<latexit sha1_base64="E7cdtmLWuaWtSYI8iXMpbmosG7M="></latexit>

M†
“i

= MT
“iif

๏ This is particularly satisfied for our basis of solutions determined by the deformation method.

๏ The Fishnet integral is now just given by this monodromy invariant bilinear form:

<latexit sha1_base64="VCxeYG5kdvPM90K/UUIyepzsc20="></latexit>

IG(a) = (≠i)¸|FG(a)|2�G(z)†�G�G(z)

[Kerr]
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Picard Varieties
๏ Another useful geometry for fishnet integrals are so-called Picard curves:

<latexit sha1_base64="zoRR7iylHR0EFgvT2p3qQLvBeOU="></latexit>

y3 = P̃ (x, a)
with 

<latexit sha1_base64="l/Z4p/spwBG45j4mGPyyFOcys2g="></latexit>

deg(P̃ (x, a)) > 3

Tripple covering of :
<latexit sha1_base64="DhwtKctmBXrztXbwt2bTekFyDQg="></latexit>

P1 double covering of :
<latexit sha1_base64="DhwtKctmBXrztXbwt2bTekFyDQg="></latexit>

P1
<latexit sha1_base64="yZGAEgcSywBhZR1JfX/tt1n4Hf4="></latexit>

y2 = P̂ (x, b)
for                                  we get an elliptic curve

<latexit sha1_base64="86pVaYhTuK2QYwxeM9SeGamnzHM="></latexit>

deg(P̂ (x, b)) = 3, 4

Picard curves have genus            and thus are not elliptic curves (Calabi-Yau one-varieties).
<latexit sha1_base64="BOt8ClNogy2NLpPcgfyWeQ3ADBc="></latexit>

g > 1
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g > 1

๏ For the hexagonal Fishnet integrals we find using the start-triangle relation:

<latexit sha1_base64="1BR04Jb5iJQNUcXyEZJMNF2CXEQ="></latexit>

y3 = P̃ = (x ≠ a1)(x ≠ a2)(x ≠ a3)2(x ≠ a4)2

singular genus two Picard curvesingular K3 variety

<latexit sha1_base64="wyPSs2iXDF1LtDziw9uEdW2EGDw="></latexit>

y3 = P =(x1 ≠ a1)(x1 ≠ a2)
(x1 ≠ x2)(x2 ≠ a3)(x2 ≠ a4)

star-triangle 
relation
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Picard Varieties

๏ We can generalize Picard curves also to Picard varieties:

Tripple covering of :
<latexit sha1_base64="XEhNThUk6lEcUPfliugK3HBW60o="></latexit>

(P1)r

<latexit sha1_base64="DkgfxkKu1HGniaq3cU/UR9fIsv0="></latexit>

y3 = P̃ (x, a)
From the star-triangle relation we find in this way usually singular Picard varieties.

๏ Another useful geometry for fishnet integrals are so-called Picard curves:

<latexit sha1_base64="zoRR7iylHR0EFgvT2p3qQLvBeOU="></latexit>

y3 = P̃ (x, a)
with 

<latexit sha1_base64="l/Z4p/spwBG45j4mGPyyFOcys2g="></latexit>

deg(P̃ (x, a)) > 3

Tripple covering of :
<latexit sha1_base64="DhwtKctmBXrztXbwt2bTekFyDQg="></latexit>

P1 double covering of :
<latexit sha1_base64="DhwtKctmBXrztXbwt2bTekFyDQg="></latexit>

P1
<latexit sha1_base64="yZGAEgcSywBhZR1JfX/tt1n4Hf4="></latexit>

y2 = P̂ (x, b)
for                                  we get an elliptic curve

<latexit sha1_base64="86pVaYhTuK2QYwxeM9SeGamnzHM="></latexit>

deg(P̂ (x, b)) = 3, 4

Picard curves have genus            and thus are not elliptic curves (Calabi-Yau one-varieties).
<latexit sha1_base64="BOt8ClNogy2NLpPcgfyWeQ3ADBc="></latexit>

g > 1

๏ For the hexagonal Fishnet integrals we find using the start-triangle relation:

<latexit sha1_base64="1BR04Jb5iJQNUcXyEZJMNF2CXEQ="></latexit>

y3 = P̃ = (x ≠ a1)(x ≠ a2)(x ≠ a3)2(x ≠ a4)2

singular genus two Picard curvesingular K3 variety

<latexit sha1_base64="wyPSs2iXDF1LtDziw9uEdW2EGDw="></latexit>

y3 = P =(x1 ≠ a1)(x1 ≠ a2)
(x1 ≠ x2)(x2 ≠ a3)(x2 ≠ a4)

star-triangle 
relation



22

Calabi-Yau Varieties vs. Picard Varieties
๏ Using the star-triangle relation we can produce different geometries associated to a given Fishnet integral:

CY three-variety Picard two-variety Genus three Riemann curve

Due to the star-triangle relation we can not associate a unique geometry to a Fishnet 
integral. Even the dimensions are different.
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Calabi-Yau Varieties vs. Picard Varieties
๏ Using the star-triangle relation we can produce different geometries associated to a given Fishnet integral:

CY three-variety Picard two-variety Genus three Riemann curve

Due to the star-triangle relation we can not associate a unique geometry to a Fishnet 
integral. Even the dimensions are different.

๏ Banana integrals:

๏ Similar observations have been also made in the following cases:

๏ Genus drop in 
Feynman integrals:

[Bönisch, Duhr, 
Fischbach, Klemm, CN]

[Marzucca, McLeod, 
Page, Pögel, Weinzierl]

<latexit sha1_base64="JThIr0yx+d3NvtzwnwRgbOqJVLg="></latexit>F = 0 hypersurface CY

complete intersection CY
<latexit sha1_base64="0H75CFvkJKxRjin6yzhJCZ4W8tg="></latexit>

P1 = P2 = 0

genus two

genus three
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Examples: Train Track Graphs

๏ These graphs have no hidden symmetries such that we find for the permutation symmetry group:
<latexit sha1_base64="8RUGadjcULwYsPv08tip9iG2Hto="></latexit>

PermG1,¸ = Aut(G1,¸) =
;

S4 , ¸ = 1
S2

3 ◊ Z¸≠2
2 ◊ Z2 , ¸ > 1 ,

๏ The following cross ratios give rise to a MUM point:
<latexit sha1_base64="u4R2k6KS91Bj74+bhJ4qFammsmk="></latexit>

zk = 1
4 ‰1,k+1,k+2,¸+2 , z¸ = 1

43≠l
‰1,¸+1,2¸+2,¸+2 , z¸+k = 1

4 ‰1,2¸+3≠k,2¸+2≠k,¸+2

<latexit sha1_base64="eEYxK0411inFkD69qCY0m67/lvk="></latexit>

F (2)
G1,¸

(a) = |a1 ≠ a¸+2|¸≠1

|a¸+3 ≠ a1||a¸+4 ≠ a1| · · · |a2¸+2 ≠ a1||a2 ≠ a¸+2||a3 ≠ a¸+2| · · · |a¸+1 ≠ a¸+2|

๏ For the prefactor we have chosen:

๏ Our first examples are the so-called train track graphs        :
<latexit sha1_base64="LRwXdGLYpKxfZXSjSX/mPLTwxKw="></latexit>

G1,¸
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Examples: Two-Loop Train Track
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Examples: Two-Loop Train Track

๏ Using the previous MUM point variables the Yangian Differential Ideal is generated by:
<latexit sha1_base64="mhagZSiDzD+pI/dTfCvY9/Yypnw="></latexit>

DG1,2,1 = ◊2
1 ≠ 2z1 (◊1 ≠ ◊2) (1 + 2◊1 + 2◊2) ≠ 4z1z2 (1 + 2◊2 ≠ 2◊3)2

≠ 32z1z2z3 (1 + 2◊2 ≠ ◊3) (1 + 2◊3) ,

DG1,2,2 = ◊1◊2 ≠ ◊3 (◊2 ≠ ◊3) + 2z3 (◊2 ≠ ◊3) (1 + 2◊3) ≠ 4z1z2 (1 + 2◊1) (1 + 2◊2 ≠ 2◊3)
≠ 4z1z2z3 (1 + 2◊1) (4 + 8◊3) ,

DG1,2,3 = (◊1 ≠ ◊2)◊3 + 4z3 (◊1 ≠ ◊2) (◊2 ≠ ◊3)
+ 4z2z3

!
≠4◊1 (1 + ◊2) + (1 + 2◊2) 2 ≠ 4◊2◊3 + 4◊2

3
"

+ 32z2z2
3 (◊2 ≠ ◊3) (1 + 2◊3)

<latexit sha1_base64="TXtEr7KsygtfJ/TsA8RMZlEfBe4="></latexit>

◊i = ziˆi
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<latexit sha1_base64="TXtEr7KsygtfJ/TsA8RMZlEfBe4="></latexit>

◊i = ziˆi

๏ We find 5=1+3+1 solutions as expected from a three-parameter K3 surface.

๏ These solutions can be constructed from the deformation method:
<latexit sha1_base64="rngm+rsA4DZnQO0becOwLVygT+s="></latexit>

È(z; fl) =
Œÿ

n=0
c(n + fl)zn+fl

c(n) = (n1)(n3)(n2 ≠ n1)(n2 ≠ n3)(n1 ≠ n2 + n3)

<latexit sha1_base64="ulFmJ76dKLqjOpky+rgrj5A53JA="></latexit>

�G1,2,0(z) = È(z; 0)
�G1,2,1,i(z) = ˆfliÈ(z; fl)|fl=0

�G1,2,2(z) =
#
ˆ2

fl2 + 2 (ˆfl1ˆfl2

+ˆfl1ˆfl3 + ˆfl2ˆfl3)] È(z; fl)|fl=0
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Examples: Two-Loop Train Track
๏ We get a rational monodromy basis after normalizing the logarithms:

<latexit sha1_base64="tRC7qrAAODTUofPvAWpsGTFi3Ig="></latexit>

�G1,2(z) =

Q

cccca

1 0 0 0 0
0 1

2fii 0 0 0
0 0 1

2fii 0 0
0 0 0 1

2fii 0
≠ 1

4 0 0 0 1
(2fii)2

R

ddddb
�G1,2(z)

๏ The two-loop train track integral is then given by

with intersection form: 

<latexit sha1_base64="H8hlVSflviLNAcpYSKROzSnN014="></latexit>

„G1,2(z) = ≠�G1,2(z)†�G1,2�G1,2(z)

<latexit sha1_base64="TwUl0oaP1go3KLDeeN2XiYLuflQ="></latexit>

�G1,2 =

Q

cccca

0 0 0 0 1
0 0 ≠2 ≠2 0
0 ≠2 ≠2 ≠2 0
0 ≠2 ≠2 0 0
1 0 0 0 0

R

ddddb
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Examples: Triangle Tracks 
๏ Let us particularly discuss the three-loop triangle track integral. Its 

permutation symmetry is given by:
<latexit sha1_base64="o71L5sZ4MXnbqtwjwTuECwLcWgg="></latexit>PermZ3 = S4

๏ Convenient variables are given by the following two cross ratios:
<latexit sha1_base64="z/dhLfC2RoXosUQWtd1wtuQmj7o="></latexit>

z1 = 1
33 ‰1,5,3,4 , z2 = ‰1,3,2,4
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<latexit sha1_base64="1hc86xeleQOUWT7bV7VbREwzRfI="></latexit>

DZ3,1 = ◊1◊2 ≠ 9z1 (1 + 3◊1 ≠ 3◊2) ◊2 ≠ 3z1z2 [2 + 9◊2 (1 + ◊2)] ,

DZ3,2 = ◊2 (≠1 + 3◊2) + z2
#
≠3◊2

1 + ◊1 (1 + 3◊2) ≠ ◊2 (1 + 3◊2)
$

+ 27z1z2
#
6◊2

1 + ◊1 (2 ≠ 6◊2) ≠ 3◊2 (1 + ◊2)
$

≠ 9z1z2 [27z1 (2 + 3◊1) (1 + 3◊1 ≠ 3◊2)
≠z2 (2 + 9◊2 (1 + ◊2))]

๏ The Yangian Differential Ideal is generated by

which is the set of differential equations of an Appell hypergeometric system:
<latexit sha1_base64="cEgY5mU5hfi7lr9b1OQ+iEWcAEI="></latexit>

�Z3,0(z) = F1(2/3, 1/3, 1/3, 1; 33z1z2, 33z1)
= 1 + 6z1 +

!
90z2

1 + 6z1z2
"

+
!
1680z3

1 + 45z2
1z2

"
+ O(z4

i ) ,

�Z3,1(z) = �0(z) log(z1) +
1

15z1 ≠
z2
2

2
+

3513z2
1

2 + 3z1z2 ≠
z2

2
5

4
+ O(z3

i ) ,

ÏZ3,0(z) = z1/3
2

5
1 + ⁄z2

6 + ⁄2
3

9z1z2 + 5z2
2

63

4
+ ⁄3

315
7 z1z2

2 + 4z3
2

81

4
+ O(z4

i )
6
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Examples: Triangle Tracks 
๏ In this case, we have to compute the intersection form computing all monodromies and requiring that: 

<latexit sha1_base64="MOuCwdZ4SIXBDLxvsLkTC6TpBoI="></latexit>

MT �Z3M = �Z3

From this we then find:
<latexit sha1_base64="Y9MSXGYi5PJ1iss9WGA+1MdwC30="></latexit>

�Z3 =

Q

a
0 1 0

≠1 0 0
0 0 ≠i

Ô
3

R

b
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MT �Z3M = �Z3

From this we then find:
<latexit sha1_base64="Y9MSXGYi5PJ1iss9WGA+1MdwC30="></latexit>

�Z3 =

Q

a
0 1 0

≠1 0 0
0 0 ≠i

Ô
3

R

b

๏ With the intersection form we find similarly as before for the three-loop triangle track integral:
<latexit sha1_base64="WRCswCQCcKl8okgEXjBG+4PBUH4="></latexit>

IZ3(a) = i
|a14|2/3

|a12|4/3|a13|2/3|a45|4/3|a34|2/3 �Z3(z)†�Z3�Z3(z)

with
<latexit sha1_base64="hZG80SF0W3JveyPCNuxwfhfWDnE="></latexit>

�Z3(z) =

Q

ca
1 0 0
0 1

2fii 0
0 0 2ifi

�( 1
3 )3

R

db �Z3(z)
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Examples: 4-pt Limit of Triangle Tracks
๏ We can also consider the 4-pt limit of the triangle track integrals (similarly as the ladder graphs):

<latexit sha1_base64="AD01El3X3Td8CxTg6jqzY9DUybI="></latexit>

¸ = 2m + 1

star-triangle 
relation
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Examples: 4-pt Limit of Triangle Tracks
๏ We can also consider the 4-pt limit of the triangle track integrals (similarly as the ladder graphs):

๏ These integrals are related to interesting hypergeometric period integrals:
<latexit sha1_base64="rcEYTAi4bhLy4tqNKqlRQiagVmY="></latexit>

z = 1
(3

Ô
3)m+1 ‰1,4,2,3

<latexit sha1_base64="y7KS0gsyC7z/W68g1zge8SDflAU="></latexit>

LOdd

m = ◊m+1 ≠ (
Ô

3)m+1z(1 + 3◊)m+1 ,

�Odd

m,0 (z) = m+1Fm(1/3, . . . , 1/3; 1, . . . , 1; (3
Ô

3)m+1z)

<latexit sha1_base64="AD01El3X3Td8CxTg6jqzY9DUybI="></latexit>

¸ = 2m + 1

star-triangle 
relation
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Examples: 4-pt Limit of Triangle Tracks
๏ We can also consider the 4-pt limit of the triangle track integrals (similarly as the ladder graphs):

๏ These integrals are related to interesting hypergeometric period integrals:
<latexit sha1_base64="rcEYTAi4bhLy4tqNKqlRQiagVmY="></latexit>
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<latexit sha1_base64="y7KS0gsyC7z/W68g1zge8SDflAU="></latexit>

LOdd

m = ◊m+1 ≠ (
Ô

3)m+1z(1 + 3◊)m+1 ,

�Odd

m,0 (z) = m+1Fm(1/3, . . . , 1/3; 1, . . . , 1; (3
Ô

3)m+1z)

<latexit sha1_base64="AD01El3X3Td8CxTg6jqzY9DUybI="></latexit>

¸ = 2m + 1

star-triangle 
relation

<latexit sha1_base64="O4e3a6A2suuY73T9O81tG7t1oTc="></latexit>

M0 =

Q

cca

1 0 0 0
1 1 0 0
2 3 1 0
0 1 1 1

R

ddb ,

<latexit sha1_base64="CuEt6BOFc8TkNhwHk6YDFEspMyQ="></latexit>

M 1
36

=

Q

cca

1 2 ≠ – ≠(1 + –) 3(1 ≠ –)
0 1 ≠ – ≠1 + – ≠(1 + –)
0 1 ≠ – 0 1 ≠ 2–
0 0 0 1

R

ddb ,

<latexit sha1_base64="3ysgWr0CoJQWVJDXn+cO0rob2bQ="></latexit>

MŒ =

Q

cca

≠2 + 3– 7 ≠ 11– ≠2(1 ≠ 2–) ≠3–
– ≠(4 + –) 2 ≠2 + –
2– ≠2(1 + 3–) 1 + 2– ≠1 ≠ –
0 2 ≠1 1

R

ddb

๏ These hypergeometric systems give rise to        -integral monodromies ( ):
<latexit sha1_base64="mzIHjqmm7Bo+VE9yuez0dfTdMeE="></latexit>

– = eifi/3<latexit sha1_base64="lMB1ptHo/d9Krgks57wrSgIpCb8="></latexit>

Z[–]

Hurwitz -function
<latexit sha1_base64="dHwlYAn97XaXYcig4m7Z+c6Qp2s="></latexit>

’

๏ To construct the        -integral monodromy basis we need interesting transcendental numbers: 
<latexit sha1_base64="lMB1ptHo/d9Krgks57wrSgIpCb8="></latexit>

Z[–]
<latexit sha1_base64="8A+jn4YStpmyIhTGcBq+vPGip9c="></latexit>

fi,
Ô

3, ’(n)
<latexit sha1_base64="Se3EMxAIPGSEo7tg4M/Uq5oe8WE="></latexit>

’(n, 1/3)
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Conclusion
๏ We have analyzed Fishnet integrals in two spacetime dimensions with special emphasis 

on the interplay between their symmetries and geometries.

๏ We have seen that in two dimensions the Fishnet integrals are fully determined by their 
symmetries, i.e. Yangian and permutation symmetry.

๏ Due to the star-triangle relation we can not associate a unique geometry to a Fishnet 
integral.
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