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Motivation

A non-perturbative solution of planar N = 4 SYM should be reachable
thanks to integrability. It also allows to explore an instance of the
AdS/CFT correspondence.

This has been achieved for the spectrum of conformal dimensions (QSC).

For three- and higher-point correlation functions, there is still work to be
done. Various approaches: hexagons, T-functions, separation of variables
(SoV).

In this talk, we will test the hexagons in the Z2 orbifold and the �shnet
theory.



Hexagonalisation

Hexagon form factors = building blocks for n-point correlators.
Gluing along a seam = sum over a complete basis of mirror magnons.

[Basso, Komatsu, and Vieira (2015)] [Fleury and Komatsu (2016-2017)]

[Eden and Sfondrini (2016)]

The hexagon expansion is the analogue of the Lüscher expansion for the
spectrum.
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[Coronado (2018)]



Generalisation with arbitrary bridge length ℓ and R-symmetry polarisation
vectors: [Coronado (2018)]
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+∞∑
n=1

λn+ + λn−
2 n!

+∞∑
a1,...,an=1

n∏
k=1

sin(akϕ)

sin(ϕ)

×
� ∏

i<j

Hai ,aj (ui , uj)
n∏

k=1

(zz̄)− i pak (uk ) e−ℓEak
(uk ) µak (uk)

duk
2π

,

where

pa =
g

2

(
x [+a] + x [−a] − 1

x [+a]
− 1

x [−a]

)
, eEa = x [+a]x [−a] ,

µa =
i
(
x [+a] − x [−a]

)
x [+a]x [−a]

g
(
(x [+a])2 − 1

) (
(x [−a])2 − 1

) (
1− x [+a]x [−a]

) ,
Ha,b(u,v) =

∏
δ,ϵ=±

x [δa](u)− x [ϵb](v)

1− x [δa](u)x [ϵb](v)
,

x(u) +
1

x(u)
=

u

g
, x [a](u) = x

(
u + i

a

2

)
.



Oℓ(z , z̄ , α, ᾱ) =
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[Kostov, Petkova, and Serban (2019)] [Belitsky and Kortchemsky (2019)]

This object occurs in several other situations.

[Beisert, Eden, and Staudacher (2006)] [Basso, Dixon, and Papathanasiou (2020)]

[Sever, Tumanov, and Wilhelm (2020-2021)] [Basso and Tumanov (2024)]



Z2 orbifold of N = 4 SYM

▶ N = 2 SCFT with gauge group SU(N)0 × SU(N)1, 2 vector
multiplets and 2 bifundamental hypermultiplets.

▶ In N = 4 language, �elds are 2N × 2N matrices that satisfy

[Aµ, τ ] = [Z , τ ] = {X , τ} = {Y , τ} = 0 ,

where the Z2 twist is τ = Diag(IN ,−IN).

▶ At the orbifold point g0 = g1, theory expected to be integrable in
the planar limit.

▶ The twist breaks PSU(2, 2|4) down to SU(2, 2|2)× SU(2).



We focus on correlation functions of the following BPS operators:
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where the normalisation is expressed in terms of the octagon for
z = z̄ = 1 and α = ᾱ = −1:

Cℓ = ℓ
det(1− 4Kℓ+2)

det(1− 4Kℓ)
.

[Galvagno and Preti (2020)] [Billò, Frau, Galvagno, Lerda, and Pini (2021)]
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Three-point functions
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Normalised structure constants:
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[Billò, Frau, Lerda, Pini, and Vallarino (2022)]
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[Ferrando, Komatsu, Lefundes, and Serban (unpublished)] [Korchemsky (unpublished)]
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How can we recover this result in the hexagon framework?

▶ Numerator = bridge magnons

det(1− 4Kℓ+1) = Oℓ(z = z̄ = 1, α = ᾱ = −1)

▶ Denominator = wrapping magnons?
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One wrapping magnon

Naïve hexagon prediction:

+∞∑
a,b=1

�
Ta(u)Tb(v)

Ha,b(u, v)
e−ℓ12Ea(u)−ℓ13Eb(v) µa(u)µb(v)

 ∑
partitions

. . .

 dudv

(2π)2
.

[Basso, Gonçalves, Komatsu, and Vieira (2015)]

However Ha,b(u, v) ∼ µ2a(u)(u − v)2 when a = b and v → u.

Regularisation prescription = Ha,b(u, v) → Ha,b(u + i ϵ, v − i ϵ) and add
some contact terms. [Basso, Gonçalves, and Komatsu (2017)]



Ta(u) = STra(Sa1(u
γ , u1) . . .Sa1(u

γ , uK ))

−→ STra(1) = 0 or STra(τa) = 4a ,

where Sab(u, v) is Beisert's su(2|2)-invariant S-matrix.

Consequence: only terms with wrapping magnons in the untwisted
channel can be present. And only terms with derivatives of the S-matrix.
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The one-wrapping-magnong term exactly reproduces the �rst
contribution to the denominator:

1√
det(1− 4Kℓ) det(1− 4Kℓ+2)

= 1+ 2Tr(Kℓ + Kℓ+2) + . . . .

We indeed observe that

2Tr(Kℓ + Kℓ+2) =
+∞∑
a=1

� +∞

−∞
Kaa(u, u) e

−ℓEa(u)
du

2π
,

for
Kab(u, v) = i STra⊗b(S−1

ab τb∂1Sab)(u
γ , vγ) .

Similarly, one can reproduce the factorised terms

2Tr(Kℓ + Kℓ+2)× det(1− 4Kℓ+1) .



Several wrapping magnons

How can we systematically generate the wrapping corrections?

One needs to introduce a regulator. For instance, a cross-ratio in a four
point-function: [Basso (IGST 2021)]

⟨Uk(x4)Tℓ(x1)Tm(x2)U
†
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Example in the Fishnet Theory

〈
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]
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where ∆Tr(ZL) = L+ γL.
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)γL C∗
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|x12|2N |x13|2L−2N
.
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�
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i=1 Eai
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4

[Derkachov and Olivucci (2019-2020)]

We only need to compute x2
x4

〈
b⃗, t⃗

∣∣∣a⃗, s⃗〉x2

x1
.

Naïvely divergent when ai = bj and tj → si .
But there is a natural regularisation:

si → ui + i δi , tk → tk − i ϵk ,

with 0 < ϵi , δk ≪ 1.
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Gk =
∑

a⃗,b⃗,c⃗,d⃗

�
D

|1− 1/z |2 i
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j=1(tj+vj ) |z |2 i
∑k

j=1(sj+uj )

hb⃗,a⃗(t⃗, s⃗)hb⃗,c⃗(t⃗, u⃗)hd⃗,a⃗(v⃗ , s⃗)hd⃗,c⃗(v⃗ , u⃗)

× Ta⃗,b⃗,c⃗,d⃗(s⃗, t⃗, u⃗, v⃗ ; z , z̄) e
−

∑k
i=1(ℓ1Eai

(si )+ℓ2Ebi
(ti )+ℓ3Eci

(ui )+ℓ4Edi
(vi ))

× µa⃗(s⃗)µb⃗(t⃗)µc⃗(u⃗)µd⃗(v⃗)d
k s⃗ dk t⃗ dk u⃗ dk v⃗ ,

where Im(si ), Im(ui ) > Im(tj), Im(vj) and

hb⃗,a⃗(t⃗, s⃗) =
k∏

i,j=1

(
i(tj − si ) +

|ai − bj |
2

)(
i(si − tj) +

ai + bj
2

)
.

If we only care about terms up to order O(|z |0), then we can replace

|1− 1/z |2 i
∑k

j=1(tj+vj ) −→ |z |−2 i
∑k

j=1(tj+vj ) .



Relevant contributions come from residues at decoupling poles of the
form (ai , si ) = (bj , tj) or (ai , si ) = (dj , vj), etc.

Recall that 1+
∑+∞

k=1 ξ
2kLGk ∝z,z̄→0 |z |γLC∗

L,MCL,N . Consistency check:

G1 = γL,1 ln |z |+ BL,N + BL,M + 2AL + o(1) ,

where γL,1 = −2ζ2L−3

(
2L−2
L−1

)
and

BL,N =
+∞∑
a,c=1

a2c2
�

Im(s)=ϵ
Im(u)=−ϵ

e−NEa(s)−(L−N)Ec (u)

ha,c(s, u)hc,a(u, s)

ds du

(2π)2
,

AL = −
+∞∑
a=1

a2
� [

ψ
(
i s +

a

2

)
+ ψ

(
− i s +

a

2

)
− ψ(1)− ψ(2) +

a/2

s2 + a2

4

]
ds

2π
.

[Basso, Caetano, and Fleury (2018)]



G2 =
(γL,1 ln |z |)2

2
+ [(BL,N + BL,M + 2AL)γL,1 + γL,2] ln |z |

+ (BL,M + AL)(BL,N + AL) + DL,M + DL,N + o(1) ,

We have explicit (sum + integral) formulae for γL,2, i.e. second order
Lüscher corrections, and for DL,M .

From DL,M , there is a natural guess for the 2-wrapping-magnon contact
term in the Z2 orbifold. It reproduces the second order term of

1√
det(1− 4Kℓ) det(1− 4Kℓ+2)

= 1+ 2Tr(Kℓ + Kℓ+2)

+ 4Tr
(
K 2
ℓ + K 2

ℓ+2

)
+ 2 [Tr(Kℓ + Kℓ+2)]

2 + . . . .



Future Directions

▶ Natural all order guess for the hexagons in the Z2 orbifold setting,
can we show that it resums to the localisation result?

▶ Can we interpret the result in the language of T-functions? of
Q-functions? [Basso, Georgoudis, and Klemenchuk Sueiro (2022)]

[Bercini, Homrich, and Vieira (2022)]

▶ Higher-point correlation functions of BPS operators in the Z2

orbifold.

▶ In the �shnet theory, what additional information can we extract
from the SoV representation of the four-point function? What about
other correlation functions ?



Thank you!


