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Understand planar diagrams and their relation to sigma models

Introduction
[’t Hooft]

[Maldacena]
[Polyakov]

1. String dual is (conjecturally) known                                 

2. Theory is (conjecturally) integrable (exact methods at large N)

Main goal: N=4 SYM in 4d

But hard to be rigorous and derive solution from 1st principles

Huge progress at “bootstrapping” solution (ABA,TBA,QSC,HEX,SOV)



1. String dual is (conjecturally) known                                 

2. Theory is (conjecturally) integrable (exact methods at large N)

Understand planar diagrams and their relation to sigma models

Main goal: N=4 SYM in 4d
[’t Hooft]

[Maldacena]
[Polyakov]

Simpler theories: fishnet theories
[Zamolodchikov’80]

[Gurdogan,Kazakov’15]
[many more studies]

But hard to be rigorous and derive solution from 1st principles

Large family of planar QFTs without SUSY

but with conformal symmetry and integrability

Simple “graphic” content: fishnet graphs with regular lattice structures

Interesting connections to conformal spin chains, sigma models, 
deformations of SUSY theories
Aim to be “more” rigorous and draw lessons for more sophisticated theories

Huge progress at “bootstrapping” solution (ABA,TBA,QSC,HEX,SOV)

Introduction



Integrability follows from quartic vertex in d=4

Planar graphs have a rigid structure

bulk of fishnet graph

[Zamolodchikov’80]
[Isaev’03]

[Chicherin,Kazakov,Loebbert,Muller,Zhong’16]
[Gromov,Kazakov,Korchemsky,Negro,Sizov’17]

[Gurdogan,Kazakov’15]

[Caetano,Gurdogan,Kazakov’16]

Matrix scalar fields with quartic coupling
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4d fishnet theory

Different observables correspond to different BC for external legs

Vertex: integration point

Edge: massless propagator 
in position space

Related to N=4 SYM it by ‘extreme’ deformation (twist)
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Thermodynamic limit

Hard to follow AdS/CFT all the way from N=4 theory to fishnet theory

Deformation procedure sends the YM coupling to zero (highly curved AdS 
background for string)

[Zamolodchikov’80]Yet fishnet graphs have been known for a long to exhibit 
interesting behaviour in the thermodynamic limit 

Continuum limit and relation to string world-sheet?



Thermodynamic limit

[Zamolodchikov’80]

Thermodynamic scaling

<latexit sha1_base64="WMogj2Q07vEtrPsZX1AAYLkj2nY="></latexit>
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L,M ! 1
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lnZL⇥M = �LM ln g2c

Critical coupling: where graphs become “dense”
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L

Q2: 2d Effective Field Theory of large fishnet graphs?

Q1: How does that depend on Boundary Conditions?

Continuum limit and relation to string world-sheet?
Hard to follow AdS/CFT all the way from N=4 theory to fishnet theory

Deformation procedure sends the YM coupling to zero (highly curved AdS 
background for string)

Yet fishnet graphs have been known for a long to exhibit 
interesting behaviour in the thermodynamic limit 



Periodic Fishnets



PBC
Closed-string channel

Integral operator acting

on functions of L points

subject to PBC

Commute with conformal symmetry generators 

[Gromov,Kazakov,Korchemsky,Negro,Sizov’17]

with
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Mµ⌫ = xu@⌫ � x⌫@µLorentz
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2 SO(1, 5)

Translation
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Pµ = @µ

Action on a free scalar field

Dilatation Conformal boost
<latexit sha1_base64="L/rIC/GazFuVAVv/GJJDTkDaYes=">AAACJHicbVDLSgMxFM3UV62vUZdugkWoiGWmiAqiFNwIbirYB3TGIZNm2tDMgyQjLUM/xo2/4saFD1y48VvMtFPQ6oHAyTn33uQeN2JUSMP41HJz8wuLS/nlwsrq2vqGvrnVEGHMManjkIW85SJBGA1IXVLJSCviBPkuI023f5n6zXvCBQ2DWzmMiO2jbkA9ipFUkqOfXTuJ5ccjeA4rg4yWBlaEuKSI7R8O7ipwesvsg2mhoxeNsjEG/EvMjBRBhpqjv1mdEMc+CSRmSIi2aUTSTtLpmJFRwYoFiRDuoy5pKxognwg7GS85gntK6UAv5OoEEo7Vnx0J8oUY+q6q9JHsiVkvFf/z2rH0Tu2EBlEsSYAnD3kxgzKEaWKwQznBkg0VQZhT9VeIe4gjLFWuBRWCObvyX9KolM3jsnlzVKxeZHHkwQ7YBSVgghNQBVegBuoAgwfwBF7Aq/aoPWvv2sekNKdlPdvgF7SvbyR2pIY=</latexit>

Kµ = 2xµ(x@)� x2@µ + 2xµ
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D = (x@) + 1
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BL ·  (x1, . . . , xL) =

Z LY

i=1

d4yi
⇡2(xi � xi+1)2(xi � yi)2

 (y1, . . . , yL)
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BLGraph building operator



PBC

Fishnet graphs have iterative structure and can be generated by iterating B

E.g. Graph with M wheels
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BL

<latexit sha1_base64="n5dzFmidU3yaDYmnicyJu8m1xxc=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9kVUU9S9OJBoYL9kHYt2TTbhibZJckKZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99tZWFxaXlnNreXXNza3tgs7u3UdJYrQGol4pJoB1pQzSWuGGU6bsaJYBJw2gsHV2G88UaVZJO/NMKa+wD3JQkawsdJD6bKT3oyOHm87haJbdidA88TLSBEyVDuFr3Y3Iomg0hCOtW55bmz8FCvDCKejfDvRNMZkgHu0ZanEgmo/nRw8QodW6aIwUrakQRP190SKhdZDEdhOgU1fz3pj8T+vlZjw3E+ZjBNDJZkuChOOTITG36MuU5QYPrQEE8XsrYj0scLE2IzyNgRv9uV5Uj8ue6dl7+6kWLnI4sjBPhxACTw4gwpcQxVqQEDAM7zCm6OcF+fd+Zi2LjjZzB78gfP5A8DKj7c=</latexit>

(BL)
M

<latexit sha1_base64="Kx3dKS/MCNGenLT+qEIFiJ44+EE="></latexit>

BL ·  (x1, . . . , xL) =

Z LY

i=1

d4yi
⇡2(xi � xi+1)2(xi � yi)2

 (y1, . . . , yL)

<latexit sha1_base64="43+gZuDk1ekm5hQMNSK+XIILVB0=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsgiCUiYi6UQpuXLioYC/QDkMmTdvQzIUkI9ZhnsSNC0Xc+ijufBvTdhba+kPg4z/ncE5+PxZcacf5tgpLyyura8X10sbm1nbZ3tltqiiRlDVoJCLZ9oligoesobkWrB1LRgJfsJY/up7UWw9MKh6F93ocMzcgg5D3OSXaWJ5dfvTS22OcoUtkCGeeXXGqzlRoEXAOFchV9+yvbi+iScBCTQVRqoOdWLspkZpTwbJSN1EsJnREBqxjMCQBU246PTxDh8bpoX4kzQs1mrq/J1ISKDUOfNMZED1U87WJ+V+tk+j+hZvyME40C+lsUT8RSEdokgLqccmoFmMDhEpubkV0SCSh2mRVMiHg+S8vQvOkis+q+O60UrvK4yjCPhzAEWA4hxrcQB0aQCGBZ3iFN+vJerHerY9Za8HKZ/bgj6zPH1Mykjc=</latexit>xL+1 = x1

Closed-string channel

Graph building operator

Integral operator acting

on functions of L points

subject to PBC

with

<latexit sha1_base64="gWPGYlcdDzXQJv9/F0JRs2QeEqY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhQqGA/pA1ls920SzebsDsRSuiv8OJBEa/+HG/+G7dtDlp9MPB4b4aZeUEihUHX/XIKS8srq2vF9dLG5tb2Tnl3r2niVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGF1N/dYj10bE6h7HCfcjOlAiFIyilR5uuygibshNr1xxq+4M5C/xclKBHPVe+bPbj1kacYVMUmM6npugn1GNgkk+KXVTwxPKRnTAO5Yqatf42ezgCTmySp+EsbalkMzUnxMZjYwZR4HtjCgOzaI3Ff/zOimGF34mVJIiV2y+KEwlwZhMvyd9oTlDObaEMi3srYQNqaYMbUYlG4K3+PJf0jypemdV7+60UrvM4yjCARzCMXhwDjW4hjo0gEEET/ACr452np03533eWnDymX34BefjG0XFkA0=</latexit>

M ⇥ L fishnet

[Gromov,Kazakov,Korchemsky,Negro,Sizov’17]

Thermodynamic limit

Study large L and large M



Spectrum
Eigenvalue problem

Diagonalize

Eigenvalues labelled with scaling dimension      and spins 

<latexit sha1_base64="LIUKJ+S5ynHIz8VZpd6rSEGZ2Yc=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EqCNhYWEbwkkBxhb7NJluztHbtzQjjyG2wsFLH1B9n5b9wkV2jig4HHezPMzAsTKQy67rdTWFldW98obpa2tnd298r7Bw0Tp5pxn8Uy1q2QGi6F4j4KlLyVaE6jUPJmOLqd+s0nro2I1SOOEx5EdKBEXzCKVvJvutn9pFuuuFV3BrJMvJxUIEe9W/7q9GKWRlwhk9SYtucmGGRUo2CST0qd1PCEshEd8LalikbcBNns2Ak5sUqP9GNtSyGZqb8nMhoZM45C2xlRHJpFbyr+57VT7F8FmVBJilyx+aJ+KgnGZPo56QnNGcqxJZRpYW8lbEg1ZWjzKdkQvMWXl0njrOpdVL2H80rtOo+jCEdwDKfgwSXU4A7q4AMDAc/wCm+Ocl6cd+dj3lpw8plD+APn8wenYY6T</latexit>

BL & conformal generators simultaneously

<latexit sha1_base64="v2sKkdewoHXFo3nlBaOJdBGul0Q=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kkKevBYwX5AG8pmO2nXbnbD7kYoof/BiwdFvPp/vPlv3LY5aOuDgcd7M8zMCxPOtPG8b6ewsrq2vlHcLG1t7+zulfcPmlqmimKDSi5VOyQaORPYMMxwbCcKSRxybIWjm6nfekKlmRQPZpxgEJOBYBGjxFip2b1FbkivXPGq3gzuMvFzUoEc9V75q9uXNI1RGMqJ1h3fS0yQEWUY5TgpdVONCaEjMsCOpYLEqINsdu3EPbFK342ksiWMO1N/T2Qk1noch7YzJmaoF72p+J/XSU10FWRMJKlBQeeLopS7RrrT190+U0gNH1tCqGL2VpcOiSLU2IBKNgR/8eVl0jyr+hdV//68UrvO4yjCERzDKfhwCTW4gzo0gMIjPMMrvDnSeXHenY95a8HJZw7hD5zPH2FQjv4=</latexit>

�

Solve 
<latexit sha1_base64="f7tJ11A12tfpLMi3/WdW0ZIBK7I=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR6qYkRdSNUtSFiy4q2Ae0MUymk3boZBJmJkIJceOvuHGhiFv/wp1/47TNQlsPXDiccy/33uNFjEplWd9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oZXY7/1QISkIb9To4g4Aepz6lOMlJZcc8+G57B/n1RqKbx0k1pa6l4TptCRaxatsjUBnCd2RoogQ901v7q9EMcB4QozJGXHtiLlJEgoihlJC91YkgjhIeqTjqYcBUQ6yeSDFB5qpQf9UOjiCk7U3xMJCqQcBZ7uDJAayFlvLP7ndWLlnzkJ5VGsCMfTRX7MoArhOA7Yo4JgxUaaICyovhXiARIIKx1aQYdgz748T5qVsn1Stm+Pi9WLLI482AcHoARscAqq4AbUQQNg8AiewSt4M56MF+Pd+Ji25oxsZhf8gfH5A7M2lSI=</latexit>

1 = g2LBL(�)

Conformal group enough to diagonalise  L = 2 - Higher lengths require integrability

[Grabner,Gromov,Kazakov,Korchemsky’17]
[Gromov,Kazakov,Korchemsky,Negro,Sizov’17]

Key observation: operator B falls inside a family of commuting conserved charges

Difficulty: Unusual spin chain with spins in “wild” infinite dimensional representations of the 
conformal group (complementary or principal series)

No Bethe ansatz, non magnons - Need more sophisticated methods

(e.g. SoV for higher-rank models)

Logic is to solve for arbitrary dimension and then impose quantization:
<latexit sha1_base64="WjNbNLYFTGeZfuXv+4luqY0mxa0=">AAACAXicbZC7SgNBFIZn4y3G26qNYDMYhNiE3SBqowS0sLCIYC6QrMvs5GwyZPbCzKwQltj4KjYWitj6Fna+jZNkC038YeDjP+dw5vxezJlUlvVt5BYWl5ZX8quFtfWNzS1ze6cho0RQqNOIR6LlEQmchVBXTHFoxQJI4HFoeoPLcb35AEKyKLxTwxicgPRC5jNKlLZcc69zBVwRfI6n4KY3o1LvvnLkmkWrbE2E58HOoIgy1Vzzq9ONaBJAqCgnUrZtK1ZOSoRilMOo0EkkxIQOSA/aGkMSgHTSyQUjfKidLvYjoV+o8MT9PZGSQMph4OnOgKi+nK2Nzf9q7UT5Z07KwjhRENLpIj/hWEV4HAfuMgFU8aEGQgXTf8W0TwShSodW0CHYsyfPQ6NStk/K9u1xsXqRxZFH++gAlZCNTlEVXaMaqiOKHtEzekVvxpPxYrwbH9PWnJHN7KI/Mj5/AGhQlZE=</latexit>

� = �L(g
2)

[Kazakov,Olivucci’18],[Gromov,Sever’19’20]

Spectrum of local single-trace operators



TBA strategy
Open-string channel

Insight from N=4 SYM mirror TBA

Switch to ‘pizza slice’ graph building operator

Still an integral operator but with open BC

Finite-time evolution operator in ‘angular direction’

Symmetries: fix two points (origin and infinity), left with dilatation and Lorentz

Excitations (magnons) classified accordingly

(Same residual conformal symmetries as for N=4 SYM mirror magnons)

Magnon = 3-sphere Harmonics carrying momentum

Energy is sum of individual energies of these magnons

Wave functions give us access to their factorised S-matrix


Enough to formulate TBA equations for the scaling dimensions

Spirals = Excited state

<latexit sha1_base64="pe9yDg5SGkK90HE4oi96WxsOdHM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6kkKHvQiVLAf2IYy2W7apbubsLsRSui/8OJBEa/+G2/+G7dtDlp9MPB4b4aZeWHCmTae9+UUlpZXVteK66WNza3tnfLuXlPHqSK0QWIeq3aImnImacMww2k7URRFyGkrHF1N/dYjVZrF8t6MExoIHEgWMYLGSg/daxQCe9ntpFeueFVvBvcv8XNSgRz1Xvmz249JKqg0hKPWHd9LTJChMoxwOil1U00TJCMc0I6lEgXVQTa7eOIeWaXvRrGyJY07U39OZCi0HovQdgo0Q73oTcX/vE5qoosgYzJJDZVkvihKuWtid/q+22eKEsPHliBRzN7qkiEqJMaGVLIh+Isv/yXNk6p/VvXvTiu1yzyOIhzAIRyDD+dQgxuoQwMISHiCF3h1tPPsvDnv89aCk8/swy84H99yjJDD</latexit>

�M

[Derkachov,Olivucci’19’20’21]

[Derkachov,Kazakov,Olivucci’18]

[Derkachov,Ferrando,Olivucci’21]

[BB,Ferrando,Kazakov,Zhong’19]

<latexit sha1_base64="Y7Z19uPD4Diqanf1MU7K6VKVUis=">AAACF3icbVDLSgMxFM34rPU16tJNsAhuLDMi6qZScKEboYJ9QKcdMultG5rMDElGKMP8hRt/xY0LRdzqzr8xfSy09UDgcM653NwTxJwp7Tjf1sLi0vLKam4tv76xubVt7+zWVJRIClUa8Ug2AqKAsxCqmmkOjVgCEQGHejC4Gvn1B5CKReG9HsbQEqQXsi6jRBvJt4veNRGC+OlthkvYi2XU8VNWcrP2SIF2euxBrBg32ZRlmW8XnKIzBp4n7pQU0BQV3/7yOhFNBISacqJU03Vi3UqJ1IxyyPJeoiAmdEB60DQ0JAJUKx3fleFDo3RwN5LmhRqP1d8TKRFKDUVgkoLovpr1RuJ/XjPR3YtWysI40RDSyaJuwrGO8Kgk3GESqOZDQwiVzPwV0z6RhGpTZd6U4M6ePE9qJ0X3rOjenRbKl9M6cmgfHaAj5KJzVEY3qIKqiKJH9Ixe0Zv1ZL1Y79bHJLpgTWf20B9Ynz//t5/Z</latexit>

�M =
MY

i=1

e�✏i



Goal: calculate grand canonical partition function

Free energy density = scaling dimension                  of local operator

TBA equations [Yang,Yang’60s]
[Zamolodchikov’90s]

<latexit sha1_base64="OtmdOnagrETPB19XNt4gyuGFO64=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI9VKSIupJCnrw4KGC/YA2hs122y7dbMLuRqihv8SLB0W8+lO8+W/ctjlo64OBx3szzMwLYs6UdpxvK7eyura+kd8sbG3v7Bbtvf2mihJJaINEPJLtACvKmaANzTSn7VhSHAactoLR1dRvPVKpWCTu9TimXogHgvUZwdpIvl3sXlOusZ/eTsqDh+qJb5ecijMDWiZuRkqQoe7bX91eRJKQCk04VqrjOrH2Uiw1I5xOCt1E0RiTER7QjqECh1R56ezwCTo2Sg/1I2lKaDRTf0+kOFRqHAamM8R6qBa9qfif10l0/8JLmYgTTQWZL+onHOkITVNAPSYp0XxsCCaSmVsRGWKJiTZZFUwI7uLLy6RZrbhnFffutFS7zOLIwyEcQRlcOIca3EAdGkAggWd4hTfryXqx3q2PeWvOymYO4A+szx+z+JJ0</latexit>

�L(g
2)

log Ya(u) = Lh� L✏a(u) +
X

b

Kab ⇤ log (1 + Yb(u)) + . . .

h = log g21) Coupling constant enters as chemical potential

2) Length L of chain acts as inverse temperature

Solution to TBA determines the free energy = scaling dimension

� = L� 2
X

a

Z
du

2⇡
log (1 + Ya(u))

<latexit sha1_base64="5y94wgxBrLrwuQyWjiMu7MDjRG0="></latexit>

ZL(g
2) =

1X

M=0

g2LM (�M )L

TBA strategy

<latexit sha1_base64="gDR1pyCGYE7cVfB153f6JFAMXEs=">AAACHnicbVDLSsNAFJ34rPVVdelmsAgKUhLxtZKCGxeCFWwVmhgm06kdOpOEmRtpCfkSN/6KGxeKCK70b5y0Wfg6MHA4517unBPEgmuw7U9rYnJqema2NFeeX1hcWq6srLZ0lCjKmjQSkboOiGaCh6wJHAS7jhUjMhDsKuif5P7VHVOaR+ElDGPmSXIb8i6nBIzkV/ZdSaBHiUjPMz89y7YG29jVXGIX2ACUTEFl7g524x73Uye3b8yUX6naNXsE/Jc4BamiAg2/8u52IppIFgIVROu2Y8fgpUQBp4JlZTfRLCa0T25Z29CQSKa9dBQvw5tG6eBupMwLAY/U7xspkVoPZWAm8zD6t5eL/3ntBLpHXsrDOAEW0vGhbiIwRDjvCne4YhTE0BBCFTd/xbRHFKFgGi2bEpzfkf+S1m7NOag5F3vV+nFRRwmtow20hRx0iOroFDVQE1F0jx7RM3qxHqwn69V6G49OWMXOGvoB6+MLakCiow==</latexit>

OL(x) ⇠ tr�1(x)
L



Thermodynamic limit

✏� h

occupied

states Fermi rapidity

L ! 1

A Fermi sea forms: all states below the Fermi rapidity B are filled

Thermodynamic limit

Increasing coupling amounts to increasing B

Lightest modes (s-wave, a=1) dominate in the thermodynamic limit

Dense fishnet limit corresponds to Fermi sea extending across all rapidity axis

The value of the coupling for which it is realized is Zamolodchikov critical coupling <latexit sha1_base64="oUgHY053eoBp7JnuZuPmJkt7hJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/GE/Z9N+tebW3TnIKvEKUoMCzX71qzdIWBZzhUxSY7qem2KQU42CST6t9DLDU8rGdMi7lioacxPk82On5MwqAxIl2pZCMld/T+Q0NmYSh7Yzpjgyy95M/M/rZhjdBLlQaYZcscWiKJMEEzL7nAyE5gzlxBLKtLC3EjaimjK0+VRsCN7yy6ukdVH3rurew2WtcVvEUYYTOIVz8OAaGnAPTfCBgYBneIU3RzkvzrvzsWgtOcXMMfyB8/kDAwuOzw==</latexit>gc

[BB,Zhong’18]
[BB,Ferrando,Kazakov,Zhong’19]



Analysis

With �(u = ±B) = 0

and �/L = 1�
BZ

�B

du

⇡
�(u)

General: solve linear integral equation for the distribution of energy levels 

�(u) = C � ✏(u) +

BZ

�B

du

2⇡
K(u� v)�(v)

C = log g2 �
BZ

�B

du

2⇡
k(u)�(u)

Critical regime: (maximal density of wheels)

(i) Scaling function vanishes

(ii) Chemical potential (coupling) approaches predicted value

Ccr = 0 )�cr ⇠ e�|✓| )

f = �/L ! 0

<latexit sha1_base64="dZH+odvoJL8XUc4IWXGtRFEUWXE=">AAACEnicbZC7TsMwFIadcivlFmBksaiQ2qVNoFwWUCUGGItES6UmihzXba3aSbAdpCrKM7DwKiwMIMTKxMbb4LYZoOWXLP36zjk6Pr8fMSqVZX0buYXFpeWV/GphbX1jc8vc3mnJMBaYNHHIQtH2kSSMBqSpqGKkHQmCuM/InT+8HNfvHoiQNAxu1SgiLkf9gPYoRkojzyz3vQSn8Bw6V4hzVDqq1spVR94LlTgRTTN6rKlnFq2KNRGcN3ZmiiBTwzO/nG6IY04ChRmSsmNbkXITJBTFjKQFJ5YkQniI+qSjbYA4kW4yOSmFB5p0YS8U+gUKTujviQRxKUfc150cqYGcrY3hf7VOrHpnbkKDKFYkwNNFvZhBFcJxPrBLBcGKjbRBWFD9V4gHSCCsdIoFHYI9e/K8aR1W7JOKfVMr1i+yOPJgD+yDErDBKaiDa9AATYDBI3gGr+DNeDJejHfjY9qaM7KZXfBHxucP49ebtQ==</latexit>

gc = �(3/4)/
p
⇡�(5/4)

(Same as Zamolodchikov result for 4d regular square lattice)



Duality transformation
Particle-hole transformation (similar to map between ferro and anti-ferro)

Fermi sea of magnons 

K = � K
1�K⇤ = �K �K ⇤K � . . .

Dual equation

Dual sea

1) dualize kernel

2) act on both sides of the equation with 1�K⇤



�(✓) = E(✓) +

Z

✓2>B2

d✓0

2⇡
K(✓ � ✓0)�(✓0)

�(✓) ⇠ �2⇢ log ✓
⇢ = �/L = charge density

Dual equation:

No chemical potential

Dual energy:

Sigma model picture

<latexit sha1_base64="hjPk9E8NoQxxtrmxAQOwMnHUKvA="></latexit>

log g2 = log g2c +

Z

✓2>B2

d✓

2⇡
P 0(✓)�(✓)

K = �i@✓ logSO(6)1) Kernel:

Particles scatter as in 2d O(6) non-linear sigma model

[Zamolodchikov&Zamolodchikov’78]

-3 -2 -1 1 2 3
Momentum

0.5

1.0

1.5

Energy

sinh2 (
1

2
E) = sin2 (

1

2
P )

But they are gapless (unlike in O(6) model)

2) Dispersion relation:

Interpretation: sigma model on pseudo-sphere

Dual = some integrable lattice version of               sigma modelAdS5



Dual theory: hyperbolic sigma model
2d sigma model with curved target space

Beta function related to Ricci scalar

µ
@

@µ
e2(µ) =

d

2⇡
e4(µ) + . . .

Weak coupling (large radius of curvature) :

�Y 2
0 + Y 2

? � Y 2
d+1 = �1

Negative curvature           a positive beta function

1

e2(µ)
=

d

2⇡
log (⇤/µ)Alternatively, the coupling grows with the energy

e2 ⌧ 1

                        :                  AdSd+1

L = � 1

2e2
GAB@aYA@

aYB

akin to massless factorized scattering theories

1. Theory is weakly coupled in IR

2. There is no mass gap

3. Integrable but gapless and no good particle picture

[Zamolodchikov&Zamoldchikov’92]

[Fateev,Onofri,Zamolodchikov’93]
[Fendley,Saleur,Zamolodchikov’93]



Consider sigma model on cylinder of radius L
Interested in 2d “ground state” energy: tachyon

Dual state: tachyon

(best candidate for extremum of energy at given charge = global time energy)

V� ⇠ e�i�t

Classically, it corresponds to solution Y? = 0

charge density

energy density E/L =
1

2e2
(Ẏ 0

Ẏ0 + Ẏ
d+1

Ẏd+1) = �H
2
/(2e2)

�/L =
1

e2
(Y 0

Ẏd+1 � Y
d+1

Ẏ0) = �H/e
2

Classical result :

(c-o-m energy) E = �e2�2

2L

Y 0 ± iY d+1 = e±iH⌧

Same as in O(d+2) model if not for the sign of the coupling e2 $ �e2



It describes eigenvalues of the closed string operator

Dual energy
<latexit sha1_base64="WX5fKvUDj+Wz2nVQzecbEobD2iE=">AAAB+nicbVBNS8NAEJ34WetXqkcvi0XwVJIi6kUpePHgoYL9gDaWzXbTLt1kw+5GKTE/xYsHRbz6S7z5b9y2OWjrg4HHezPMzPNjzpR2nG9raXlldW29sFHc3Nre2bVLe00lEklogwguZNvHinIW0YZmmtN2LCkOfU5b/uhq4rceqFRMRHd6HFMvxIOIBYxgbaSeXUIX6AZ1uRikg/u0mmWoZ5edijMFWiRuTsqQo96zv7p9QZKQRppwrFTHdWLtpVhqRjjNit1E0RiTER7QjqERDqny0unpGToySh8FQpqKNJqqvydSHCo1Dn3TGWI9VPPeRPzP6yQ6OPdSFsWJphGZLQoSjrRAkxxQn0lKNB8bgolk5lZEhlhiok1aRROCO//yImlWK+5pxb09Kdcu8zgKcACHcAwunEENrqEODSDwCM/wCm/Wk/VivVsfs9YlK5/Zhz+wPn8Ai62S5Q==</latexit>

= L log g2

Duality exchanges energy and chemical potential

Hamiltonian of 2d sigma model up to vacuum energy density

Dual TBA formula calculates energy levels of H in finite volume L

log Y1 = LE �KO(6) ⇤ log (1 + 1/Y1) + . . .

<latexit sha1_base64="o3FZWqpdQSV7Bm+dzzp1a0jTmI4="></latexit>

H = �
Z

d✓

2⇡
P

0(✓) log (1 + 1/Y1)

entering in the asymptotics of Y function�With 

Graph building operator

<latexit sha1_base64="LIUKJ+S5ynHIz8VZpd6rSEGZ2Yc=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EqCNhYWEbwkkBxhb7NJluztHbtzQjjyG2wsFLH1B9n5b9wkV2jig4HHezPMzAsTKQy67rdTWFldW98obpa2tnd298r7Bw0Tp5pxn8Uy1q2QGi6F4j4KlLyVaE6jUPJmOLqd+s0nro2I1SOOEx5EdKBEXzCKVvJvutn9pFuuuFV3BrJMvJxUIEe9W/7q9GKWRlwhk9SYtucmGGRUo2CST0qd1PCEshEd8LalikbcBNns2Ak5sUqP9GNtSyGZqb8nMhoZM45C2xlRHJpFbyr+57VT7F8FmVBJilyx+aJ+KgnGZPo56QnNGcqxJZRpYW8lbEg1ZWjzKdkQvMWXl0njrOpdVL2H80rtOo+jCEdwDKfgwSXU4A7q4AMDAc/wCm+Ocl6cd+dj3lpw8plD+APn8wenYY6T</latexit>

BL

<latexit sha1_base64="f0rd9qp+52FQJMEh4GhQOIVkZ1c=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkpSRD1JwYvHCvYD2hg22027dJMNuxuhhvwSLx4U8epP8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3S2vrG5lZ5u7Kzu7dftQ8OO0qkktA2EVzIXoAV5Symbc00p71EUhwFnHaDyc3M7z5SqZiI7/U0oV6ERzELGcHaSL5dHXAxykYPWSP3M5Lnvl1z6s4caJW4BalBgZZvfw2GgqQRjTXhWKm+6yTay7DUjHCaVwapogkmEzyifUNjHFHlZfPDc3RqlCEKhTQVazRXf09kOFJqGgWmM8J6rJa9mfif1091eOVlLE5STWOyWBSmHGmBZimgIZOUaD41BBPJzK2IjLHERJusKiYEd/nlVdJp1N2Lunt3XmteF3GU4RhO4AxcuIQm3EIL2kAghWd4hTfryXqx3q2PRWvJKmaO4A+szx9Q3JOC</latexit>

log g2c

Good description 
(sigma model is 
weakly coupled) 
when length is large 
and energy is small

<latexit sha1_base64="pY2RuB8OzVmTg92l8d/qMu3sApc=">AAACE3icbVDLSgMxFM3UV62vqks3wSKIYpkpom6UqpsuuqhoH9DWIZOm09DMgyQjlDD/4MZfceNCEbdu3Pk3ptNZaOuBCyfn3EvuPU7IqJCm+W1k5uYXFpeyy7mV1bX1jfzmVkMEEcekjgMW8JaDBGHUJ3VJJSOtkBPkOYw0neH12G8+EC5o4N/JUUi6HnJ92qcYSS3Z+QN41GGBq65sVY3jc1iFydO9V6XYVjiO4SGs2Oqydxvb+YJZNBPAWWKlpABS1Oz8V6cX4MgjvsQMCdG2zFB2FeKSYkbiXCcSJER4iFzS1tRHHhFdldwUwz2t9GA/4Lp8CRP194RCnhAjz9GdHpIDMe2Nxf+8diT7Z11F/TCSxMeTj/oRgzKA44Bgj3KCJRtpgjCneleIB4gjLHWMOR2CNX3yLGmUitZJ0bo5LpQv0jiyYAfsgn1ggVNQBhVQA3WAwSN4Bq/gzXgyXox342PSmjHSmW3wB8bnDz+ynSM=</latexit>

� logBL = L log g2c +HAdS



Numerics
Quadratic scaling near critical point controlled by continuum sigma model
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Fishchain model

Duality with quantum mechanical system in AdS for any L [Gromov,Sever’19]

Not a smooth sigma model, closer to a string-bit model

Chain of L point particles moving inside AdS with nearest 
neighbour interactions

Should be equivalent to original fishnets for any L and at any 
coupling

Complicated interactions, hard to take continuum limit directly

<latexit sha1_base64="MRpAXu5Hsmnfs655s9N6ANg9yeY=">AAACCnicbZC7TsMwFIadcivlFmBkMVRITFWCUGGpVMHC0KEIepGaEDmO21p1nMh2kKooMwuvwsIAQqw8ARtvg9tmgJZfsvTpP+fI5/x+zKhUlvVtFJaWV1bXiuuljc2t7R1zd68to0Rg0sIRi0TXR5IwyklLUcVINxYEhT4jHX90Nal3HoiQNOJ3ahwTN0QDTvsUI6Utzzy8hTU4gA7lCgYKOjIJvZTW7Ow+bWQNjZlnlq2KNRVcBDuHMsjV9MwvJ4hwEhKuMENS9mwrVm6KhKKYkazkJJLECI/QgPQ0chQS6abTUzJ4rJ0A9iOhn15p6v6eSFEo5Tj0dWeI1FDO1ybmf7VeovoXbkp5nCjC8eyjfsKgiuAkFxhQQbBiYw0IC6p3hXiIBMJKp1fSIdjzJy9C+7RiVyvVm7Ny/TKPowgOwBE4ATY4B3VwDZqgBTB4BM/gFbwZT8aL8W58zFoLRj6zD/7I+PwBnEGZow==</latexit>

S = g

Z
dt

LX

i=1

Li

<latexit sha1_base64="2vR6MnxzF4JkXtFgI6WDgJDBE8M="></latexit>

Li = �Ẋ2
i

2
�

LY

k=1

(�Xk ·Xk+1)
1/L � ⌘i(X

2
i +R2) +R2



Open Fishnets



Open Boundary Conditions

m

n

*Function of 2 integers (m&n)

*Function of 2 cross ratios

<latexit sha1_base64="oqmibvpnuZf7Fz2hz5TQFGZv1RY="></latexit>

u =
x2
14x

2
23

x2
12x

2
34

=
zz̄

(1� z)(1� z̄)

<latexit sha1_base64="DwlanggaObst2hxc3bVvD+B7/Gs="></latexit>

v =
x2
13x

2
24

x2
12x

2
34

=
1

(1� z)(1� z̄)

4pt function

Attach n horizontal lines at 
spacetime point 1 and 2


Attach m vertical lines at 
spacetime point 3 and 4



Open Boundary Conditions

m

n

Integral is both UV and IR finite

4pt function

Attach n horizontal lines at 
spacetime point 1 and 2


Attach m vertical lines at 
spacetime point 3 and 4

=
g2mn

(x2
12)

n(x2
34)

m
⇥ �m,n(u, v)Gm,n

Parametrization: �m,n(u, v) =


(1� z)(1� z̄)

z � z̄

�m
⇥ Im,n(z, z̄)

with Im,n a pure function (i.e. iterated integral) of weight 2mn



Shortcut
1) Analyticity


Dual graph = Amplitude

(subject to stringent 
analytical constraints, such 
as Steinmann relations for 
double discontinuity)


2) Integrability (several reps)

<latexit sha1_base64="Qj2C+HN4GhRtaKi1h6aQolbCHPY="></latexit>

Im,n =
1

N det16i,j6m Mi+j+n�m�1

Determinant of Hankel matrix

With entries given by Ladders (m=1, n=p)
<latexit sha1_base64="kA93JlK7pWo845Pu6BsAg7Cou0k=">AAACEXicbVDLSsNAFJ3UV62vqEs3U4uQQi2JiLpRCm5cKFSwD2hCmUyndugkGWYmQhv6C278FTcuFHHrzp1/46TtQlsPXDiccy/33uNzRqWy7W8js7C4tLySXc2trW9sbpnbO3UZxQKTGo5YJJo+koTRkNQUVYw0uSAo8Blp+P3L1G88ECFpFN6pASdegO5D2qUYKS21TeumnfARPIc8Dy1+6BTz0C25JXidytawBF0fiWQ4KrbNgl22x4DzxJmSApii2ja/3E6E44CECjMkZcuxufISJBTFjIxybiwJR7iP7klL0xAFRHrJ+KMRPNBKB3YjoStUcKz+nkhQIOUg8HVngFRPznqp+J/XilX3zEtoyGNFQjxZ1I0ZVBFM44EdKghWbKAJwoLqWyHuIYGw0iHmdAjO7MvzpH5Udk7Kzu1xoXIxjSML9sA+sIADTkEFXIEqqAEMHsEzeAVvxpPxYrwbH5PWjDGd2QV/YHz+AF0Qmjw=</latexit>

Mp = p!(p� 1)! Lp(z, z̄)

<latexit sha1_base64="mBh6t6PQrSTvU08uR6IHvBaWS+s="></latexit>

Lp(z, z̄) =
2pX

j=p

j![� ln (zz̄)]2p�j

p!(j � p)!(2p� j)!
[Lij(z)� Lij(z̄)]

[BB,Dixon’17]

with [Usyukina,Davydychev’93]

<latexit sha1_base64="dFktQq1MPFL0cUk2pcRcZc1sUJE=">AAACGHicbZC7TsMwFIYdriXcAowsFhUSCyFpEbCAKrEwFolepCaKHNdtrToX2Q6iivIYLLwKCwMIsXbjbXDSDNByJFu/v3OOjs/vx4wKaVnf2tLyyuraemVD39za3tk19vbbIko4Ji0csYh3fSQIoyFpSSoZ6cacoMBnpOOPb/N855FwQaPwQU5i4gZoGNIBxUgq5BlnsZfaGbyGT15ay07VXc8cR4/z14zWC2rn1DRNz6haplUEXBR2KaqgjKZnTJ1+hJOAhBIzJETPtmLppohLihnJdCcRJEZ4jIakp2SIAiLctFgsg8eK9OEg4uqEEhb0d0eKAiEmga8qAyRHYj6Xw/9yvUQOrtyUhnEiSYhngwYJgzKCuUuwTznBkk2UQJhT9VeIR4gjLJWXujLBnl95UbRrpn1h2vfn1cZNaUcFHIIjcAJscAka4A40QQtg8AxewTv40F60N+1T+5qVLmllzwH4E9r0Bwgsnds=</latexit>p1 = x2 � x3

p2 = x3 � x1

...

Dual momenta



Rigorous approach
Hexagonalization

SoV factorization using open string 
graph building operator

Completeness -> concise matrix-model like representation for correlator 

Wave functions         can be constructed exactly:

(states labelled by rapidities and Harmonics on 3-sphere) 

<latexit sha1_base64="LTrYhmsfEckJ8Q2IQiBALXBnr1A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHhswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2M72Z++wmV5rF8MJME/YgOJQ85o8ZKDbdfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LqXVW9xmWldpvHUYQTOIVz8OAaanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fed2Mtg==</latexit>

0 <latexit sha1_base64="MF8sWBHR4bNV9ea39/4G+qDpDS4=">AAAB7XicbVBNS8NAEJ34WetX1aOXYBE8lUREPUnBi8cK9gPaUDbbTbt2sxt2J0II/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemAhu0PO+nZXVtfWNzdJWeXtnd2+/cnDYMirVlDWpEkp3QmKY4JI1kaNgnUQzEoeCtcPx7dRvPzFtuJIPmCUsiMlQ8ohTglZq9biMMOtXql7Nm8FdJn5BqlCg0a989QaKpjGTSAUxput7CQY50cipYJNyLzUsIXRMhqxrqSQxM0E+u3binlpl4EZK25LoztTfEzmJjcni0HbGBEdm0ZuK/3ndFKPrIOcySZFJOl8UpcJF5U5fdwdcM4ois4RQze2tLh0RTSjagMo2BH/x5WXSOq/5lzX//qJavyniKMExnMAZ+HAFdbiDBjSBwiM8wyu8Ocp5cd6dj3nrilPMHMEfOJ8/wvOPPg==</latexit>1

with

<latexit sha1_base64="fiIpdsfaXg0JygGZqjJXB4dM6JY="></latexit>

Im,n = hout|(�m)n|ini =
Z

Hm

dµ( m)�( m)n

<latexit sha1_base64="uTr6Umynx6WtraBY/29JPyh/MQo=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1EoCNpYRTAwkR9jbTJIlu3vn7p4QjvwJGwtFbP07dv4bN8kVmvhg4PHeDDPzokRwY33/2yusrK6tbxQ3S1vbO7t75f2DpolTzbDBYhHrVkQNCq6wYbkV2Eo0UhkJfIhGN1P/4Qm14bG6t+MEQ0kHivc5o9ZJrU5ieDeTk2654lf9GcgyCXJSgRz1bvmr04tZKlFZJqgx7cBPbJhRbTkTOCl1UoMJZSM6wLajiko0YTa7d0JOnNIj/Vi7UpbM1N8TGZXGjGXkOiW1Q7PoTcX/vHZq+1dhxlWSWlRsvqifCmJjMn2e9LhGZsXYEco0d7cSNqSaMusiKrkQgsWXl0nzrBpcVIO780rtOo+jCEdwDKcQwCXU4Bbq0AAGAp7hFd68R+/Fe/c+5q0FL585hD/wPn8AbxSQOA==</latexit>

 m

[Derkachov,Kazakov,Olivucci’18]
[BB,Ferrando,Kazakov,Zhong’19]

[Derkachov,Olivucci’19’20’21]
[Olivucci’21’23]

[BB,Caetano,Fleury’18]
[Fleury,Komatsu’16]

[BB,Dixon’17]

<latexit sha1_base64="SJlXJ3xWdZ8JLpkr0mmNwrNCYtY="></latexit>

�m ·  (x1, . . . , xm) =

Z mY

i=1

dyi
⇡2(xi�1 � xi)2(xi � yi)2

 (y1, . . . , ym)

<latexit sha1_base64="R9rDFjr8LL6YnEeJifLmt92Ndtc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItS8OKxgv2ANpTNdtIu3WzC7kYsoT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U791iMqzWP5YMYJ+hEdSB5yRo2VWk+9zJ1cu71yxa26M5Bl4uWkAjnqvfJXtx+zNEJpmKBadzw3MX5GleFM4KTUTTUmlI3oADuWShqh9rPZuRNyYpU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjlZ1wmqUHJ5ovCVBATk+nvpM8VMiPGllCmuL2VsCFVlBmbUMmG4C2+vEyaZ1Xvourdn1dqN3kcRTiCYzgFDy6hBndQhwYwGMEzvMKbkzgvzrvzMW8tOPnMIfyB8/kDwt2PLg==</latexit>

x0 = 0

<latexit sha1_base64="QWAB8LfM/GYlthfQTadVi88p/1g=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYNpCG8pmu2mXbjZhdyKU0N/gxYMiXv1B3vw3btsctPXBwOO9GWbmhakUBl332ymtrW9sbpW3Kzu7e/sH1cOjlkkyzbjPEpnoTkgNl0JxHwVK3kk1p3EoeTsc38389hPXRiTqEScpD2I6VCISjKKV/Ek/96b9as2tu3OQVeIVpAYFmv3qV2+QsCzmCpmkxnQ9N8UgpxoFk3xa6WWGp5SN6ZB3LVU05ibI58dOyZlVBiRKtC2FZK7+nshpbMwkDm1nTHFklr2Z+J/XzTC6CXKh0gy5YotFUSYJJmT2ORkIzRnKiSWUaWFvJWxENWVo86nYELzll1dJ66LuXdW9h8ta47aIowwncArn4ME1NOAemuADAwHP8ApvjnJenHfnY9FacoqZY/gD5/MH0pKOrw==</latexit>y1
<latexit sha1_base64="2Gsue8tfLkhF63/XFtkLKQSKTDE=">AAAB7HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lE1JMUvHisYNpCG8pmu2mX7m7C7kYIob/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMi1LOtPG8b6eytr6xuVXdru3s7u0fuIdHbZ1kitCAJDxR3QhrypmkgWGG026qKBYRp51ocjfzO09UaZbIR5OnNBR4JFnMCDZWCvJBIaYDt+41vDnQKvFLUocSrYH71R8mJBNUGsKx1j3fS01YYGUY4XRa62eapphM8Ij2LJVYUB0W82On6MwqQxQnypY0aK7+niiw0DoXke0U2Iz1sjcT//N6mYlvwoLJNDNUksWiOOPIJGj2ORoyRYnhuSWYKGZvRWSMFSbG5lOzIfjLL6+S9kXDv2r4D5f15m0ZRxVO4BTOwYdraMI9tCAAAgye4RXeHOm8OO/Ox6K14pQzx/AHzucPLc2O6w==</latexit>ym

<latexit sha1_base64="ze5T0aKvFOjwDbJeYcMuHopiyJo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvHisYGqhDWWznbRLN5uwuxFL6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymtrK6tb5Q3K1vbO7t71f2Dlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoSjm6n/8IhK80Tem3GKQUwHkkecUWMl/6mXe5NetebW3RnIMvEKUoMCzV71q9tPWBajNExQrTuem5ogp8pwJnBS6WYaU8pGdIAdSyWNUQf57NgJObFKn0SJsiUNmam/J3Iaaz2OQ9sZUzPUi95U/M/rZCa6CnIu08ygZPNFUSaIScj0c9LnCpkRY0soU9zeStiQKsqMzadiQ/AWX14mrbO6d1H37s5rjesijjIcwTGcggeX0IBbaIIPDDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8f0QqOrg==</latexit>x1
<latexit sha1_base64="A+w4SlSculzFoM7DGsiNOKdkGcY=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqCcJePEYwY2BZAmzk9lkyDyWmVkxLPkGLx4U8eoHefNvnCR70MSChqKqm+6uOOXMWN//9korq2vrG+XNytb2zu5edf+gZVSmCQ2J4kq3Y2woZ5KGlllO26mmWMScPsSjm6n/8Ei1YUre23FKI4EHkiWMYOuk8KmXi0mvWvPr/gxomQQFqUGBZq/61e0rkgkqLeHYmE7gpzbKsbaMcDqpdDNDU0xGeEA7jkosqIny2bETdOKUPkqUdiUtmqm/J3IsjBmL2HUKbIdm0ZuK/3mdzCZXUc5kmlkqyXxRknFkFZp+jvpMU2L52BFMNHO3IjLEGhPr8qm4EILFl5dJ66weXNSDu/Na47qIowxHcAynEMAlNOAWmhACAQbP8ApvnvRevHfvY95a8oqZQ/gD7/MHLEWO6g==</latexit>xm



Generalizations
HEX/SoV for higher-point correlators

Provide Fourier-Mellin-type representations

Can we integrate them? Space of functions? Bootstrap?


Contact with methods based on Yangian symmetry (in d dimensions)?
[Chicherin,Kazakov,Loebbert,Muller,Zhong’16]

[Loebbert,Muller,Munkler’19]
[Duhr,Klemm,Loebbert,Nega,Porkert’22]

[Komatsu,Fleury’16]
[BB,Caetano,Fleury’18]

[Derkachov,Olivucci’19’20’21]
[Olivucci’21’23] [Aprile,Olivucci’23]



Null Wilson loop approach
Insert graph in a null WL frame

(Easy step since gauge field decouples in fishnet limit)

Scalar lines map to excitations of the flux tube 
sourced by the WL

Flux-tube factorization:

�m,n(z, z̄) =

Z
e2iu�1+2iv�2µ(u)S?(u,v)µ(v)

Interaction point yields an S-matrix S?(u, v) =
sinh (⇡(u� v))

⇡(u� v)

Wave functions for productions of excitations µ(u) /
Y

i 6=j

1

|P (ui|uj)|2

Not same representation as from hexagons but fully equivalent

z = �e2�1

z̄
=

�
e�

2
�
2



Generalizations

Higher-point amplitudes by point splitting 
along null ray

Same bulk interaction as before

Different boundary conditions (wave 
functions)

y1

y2

y3

z1 z2
<latexit sha1_base64="4b1OH6hqGvow7TnMdlmu9Ad8Dcs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolK9Vj04rGCaQttKJvttF262YTdjVBDf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDH0Wi1i1QqpRcIm+4UZgK1FIo1BgMxzdTv3mIyrNY/lgxgkGER1I3ueMGiv5T93sYtItld2KOwNZJl5OypCj3i19dXoxSyOUhgmqddtzExNkVBnOBE6KnVRjQtmIDrBtqaQR6iCbHTshp1bpkX6sbElDZurviYxGWo+j0HZG1Az1ojcV//PaqelfBxmXSWpQsvmifiqIicn0c9LjCpkRY0soU9zeStiQKsqMzadoQ/AWX14mjfOKV61U7y/LtZs8jgIcwwmcgQdXUIM7qIMPDDg8wyu8OdJ5cd6dj3nripPPHMEfOJ8/2fKOuw==</latexit>z3<latexit sha1_base64="0I8CdDIoQdgBCDWXagG9THVKpYg="></latexit>

h (u, z), (u, z0)i ⇥ S?(u,v)⇥ h (v,y), (v,y0)iInt = 

Not obviously simpler than hexagon representation

But certainly better suited to study the light-ray kinematics

Wave functions can be constructed using SL(2) SoV method [BB,Sever,Vieira’13]
[Belitsky,Derkachov,Manashov’14]



Integral representation

<latexit sha1_base64="9W/i71T9wRU08mZE+SRkyRkaNZM="></latexit>
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cosh 1
2 (xi + ') cosh 1

2 (xi � ')

mY

i<j

(x2
i � x2

j )
2

Dual integral representation

Determinant follows from standard manipulation of Vandermonde interaction

<latexit sha1_base64="4IedT3KGlM+lG12GEFvERf3NalU=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tFEMSSiKgXpeDFYwX7AU0sk+22XbrZhN1NoYZ68a948aCIV/+FN/+N2zYHrT4YeLw3w8y8IOZMacf5snJz8wuLS/nlwsrq2vqGvblVU1EiCa2SiEeyEYCinAla1Uxz2oglhTDgtB70r8Z+fUClYpG41cOY+iF0BeswAtpILXvnHl/gI0zvUk+xbgiH3gBk3GOjll10Ss4E+C9xM1JEGSot+9NrRyQJqdCEg1JN14m1n4LUjHA6KniJojGQPnRp01ABIVV+OvlghPeN0sadSJoSGk/UnxMphEoNw8B0hqB7atYbi/95zUR3zv2UiTjRVJDpok7CsY7wOA7cZpISzYeGAJHM3IpJDyQQbUIrmBDc2Zf/ktpxyT0tuTcnxfJlFkce7aI9dIBcdIbK6BpVUBUR9ICe0At6tR6tZ+vNep+25qxsZhv9gvXxDTIjlho=</latexit>

z = �e�+' <latexit sha1_base64="zuwa1nY8B4oiPgHcw6UOls9UpBc=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBHctCQi6kYpuHFZwT6gieVmOmmHTh7MTAo1ZOfGX3HjQhG3/oI7/8Zpm4W2HrhwOOde7r3HizmTyrK+jYXFpeWV1cJacX1jc2vb3NltyCgRhNZJxCPR8kBSzkJaV0xx2ooFhcDjtOkNrsd+c0iFZFF4p0YxdQPohcxnBJSWOuaB44FIHzJ8icuY3qeOZL0Ays4QRNxnWccsWRVrAjxP7JyUUI5ax/xyuhFJAhoqwkHKtm3Fyk1BKEY4zYpOImkMZAA92tY0hIBKN538keEjrXSxHwldocIT9fdECoGUo8DTnQGovpz1xuJ/XjtR/oWbsjBOFA3JdJGfcKwiPA4Fd5mgRPGRJkAE07di0gcBROnoijoEe/bledI4qdhnFfv2tFS9yuMooH10iI6Rjc5RFd2gGqojgh7RM3pFb8aT8WK8Gx/T1gUjn9lDf2B8/gAvGZjh</latexit>

z̄ = �e��'

Nice form for thermodynamic (large mn) limit

With cross ratios parametrized as

Feynman integral

Flux-tube integral Hexagon integral

Back to 4pt function

Dual integral = Det

Rigorously in [Derkachov,Olivucci’19’20]

[BB,Dixon,Kosower,Krajenbrink,Zhong,’21]



Thermodynamic limit
Large mn : Electrostatic equilibrium in potential

Upon rescaling, get well-known singular equation for density

Same as for O(-2) matrix model, classical limit of Bethe equations for 
SL(2) spin chain, classical string in AdS, …

Calculate free energy density and compare with PBC?

Tedious but doable - must use several tricks (differential equations)

<latexit sha1_base64="3y1iqUuQKRo7luLXDfJkAJsr7Vw=">AAACGHicbVDJSgNBEO2JW4xb1KOXxiAIYpwJop4k4MVjBLNAJoaeTk/S2MvQ3SMJk/kML/6KFw+KeM3Nv7GzHDTxQcHjvSqq6gURo9q47reTWVpeWV3Lruc2Nre2d/K7ezUtY4VJFUsmVSNAmjAqSNVQw0gjUgTxgJF68Hgz9utPRGkqxb0ZRKTFUVfQkGJkrNTOn9Wgj6JIyT70Q4VwwtNEnPIU+kx2k/5DKT2Z6sP+MLVmO19wi+4EcJF4M1IAM1Ta+ZHfkTjmRBjMkNZNz41MK0HKUMxImvNjTSKEH1GXNC0ViBPdSiaPpfDIKh0YSmVLGDhRf08kiGs94IHt5Mj09Lw3Fv/zmrEJr1oJFVFsiMDTRWHMoJFwnBLsUEWwYQNLEFbU3gpxD9kcjM0yZ0Pw5l9eJLVS0bsoenfnhfL1LI4sOACH4Bh44BKUwS2ogCrA4Bm8gnfw4bw4b86n8zVtzTizmX3wB87oBx+boRo=</latexit>

V ⇡ m

n�m
log x2 +

|x|
m

Roots (x’s) scale large, cross ratios (z,zb) go away log

(repulsive)

linear 
(confining)

Solution given in terms of elliptic integrals

<latexit sha1_base64="RPQMEsWqUUJKoU8KvnTlUHMR1aM="></latexit>

0 =
1

x
� 2⇡ +

Z b

a

4xdy⇢(y)

x2 � y2

[Kostov’97]
[Beisert,Minahan,Staudacher,Zarembo’03]



Solution I

Free energy density 
<latexit sha1_base64="z1mSUMLh7LIURAv9RpIoeKoY0g0="></latexit>

F = lim
m,n!1

ln Im,n

mn

Surprisingly (or not) F depends on the ratio of lengths of the fishnet

Parametric solution in terms of elliptic integrals E&K

<latexit sha1_base64="P8nIBmXeROMG+Oo40rjwoPFBJVM=">AAACCHicbVBNS8MwGE7n15xfVY8eDA5hwpitiHpRBl48TnAfsJaRZukWlqYlSYVSdvTiX/HiQRGv/gRv/hvTrgedPiG8D8/zviTv40WMSmVZX0ZpYXFpeaW8Wllb39jcMrd3OjKMBSZtHLJQ9DwkCaOctBVVjPQiQVDgMdL1JteZ370nQtKQ36kkIm6ARpz6FCOlpYG5P4GXkB8H0KnnBzqUw5pdz6qvkqOBWbUaVg74l9gFqYICrYH56QxDHAeEK8yQlH3bipSbIqEoZmRacWJJIoQnaET6mnIUEOmm+SJTeKiVIfRDoS9XMFd/TqQokDIJPN0ZIDWW814m/uf1Y+VfuCnlUawIx7OH/JhBFcIsFTikgmDFEk0QFlT/FeIxEggrnV1Fh2DPr/yXdE4a9lnDvj2tNq+KOMpgDxyAGrDBOWiCG9ACbYDBA3gCL+DVeDSejTfjfdZaMoqZXfALxsc31Z2WsA==</latexit>

k = n/m 2 (1,1)

<latexit sha1_base64="ntYDqSxf5RwJXbFBQwIGL7Jm/tg="></latexit>

F = ln⇡2 + k ln
1 +

p
1� q

2
+

(k � 1)2

2k
lnK(q)

<latexit sha1_base64="cY2qTfmkcGC70SCSMqrNpN7D2+k="></latexit>

+
1

k
ln

1�
p
1� q

2
� (k + 1)2

2k
lnE(q)

<latexit sha1_base64="HfGOnKInQIEhm83IL94QKqlPT2Q=">AAACHHicbZBNS8MwGMdTX+d8q3r0EhzCRDZaFfWiDEQQvExwL7COkWbpFpamXZIKo/SDePGrePGgiBcPgt/GrOtBN/8Q+Of3PA/J83dDRqWyrG9jbn5hcWk5t5JfXVvf2DS3tusyiAQmNRywQDRdJAmjnNQUVYw0Q0GQ7zLScAdX43rjgQhJA36vRiFp+6jHqUcxUhp1zOMBvICOJxCOr4vDg0NHDoWK7dIwudXXJIWlKdgxC1bZSgVnjZ2ZAshU7ZifTjfAkU+4wgxJ2bKtULVjJBTFjCR5J5IkRHiAeqSlLUc+ke04XS6B+5p0oRcIfbiCKf09ESNfypHv6k4fqb6cro3hf7VWpLzzdkx5GCnC8eQhL2JQBXCcFOxSQbBiI20QFlT/FeI+0kkpnWdeh2BPrzxr6kdl+7Rs350UKpdZHDmwC/ZAEdjgDFTADaiCGsDgETyDV/BmPBkvxrvxMWmdM7KZHfBHxtcPlyif1Q==</latexit>

k =
E(q) +

p
1� qK(q)

E(q)�
p
1� qK(q)

where

[BB,Dixon,Kosower,Krajenbrink,Zhong’21]

However, no dependence on cross ratios



Solution II
Explicit expressions may be found in particular limits
Numerical plot for other values

(Compare well to direct extrapolation of the determinant)

Result appears everywhere different from the free energy for PBC

<latexit sha1_base64="9+nDGFS4LwCegkWSX56xKnJ+hac=">AAACGHicbVDLSgMxFM34rPU16tJNsAgupM6IqCspuHFZwT6gU0omzbShmWRI7qhl6Ge48VfcuFDEbXf+jelD0NZzuXA4516Se8JEcAOe9+UsLC4tr6zm1vLrG5tb2+7ObtWoVFNWoUooXQ+JYYJLVgEOgtUTzUgcClYLe9cjv3bPtOFK3kE/Yc2YdCSPOCVgpZZ70sOB5p0uEK3VA/ZxcDwqHAB7BB1nSg9+FC4j6Lfcglf0xsDzxJ+SApqi3HKHQVvRNGYSqCDGNHwvgWZGNHAq2CAfpIYlhPZIhzUslSRmppmNDxvgQ6u0caS0bQl4rP7eyEhsTD8O7WRMoGtmvZH4n9dIIbpsZlwmKTBJJw9FqcCg8Cgl3OaaURB9SwjV3P4V0y7RhILNMm9D8GdPnifV06J/XvRvzwqlq2kcObSPDtAR8tEFKqEbVEYVRNETekFv6N15dl6dD+dzMrrgTHf20B84w2+4sZ7z</latexit>

k ! 1 or 1

<latexit sha1_base64="aaqt+r1P5NCNrbC4z+Lg5W8esd0=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9aIEBPEYwTw0WcPspJMMmZ1dZmaFsOQrvHhQxKuf482/cZLsQRMLGoqqbrq7glhwbVz321lYXFpeWc2t5dc3Nre2Czu7NR0limGVRSJSjYBqFFxi1XAjsBErpGEgsB4MrsZ+/QmV5pG8M8MY/ZD2JO9yRo2V7h/IBcHH9HrULhTdkjsBmSdeRoqQodIufLU6EUtClIYJqnXTc2Pjp1QZzgSO8q1EY0zZgPawaamkIWo/nRw8IodW6ZBupGxJQybq74mUhloPw8B2htT09aw3Fv/zmonpnvspl3FiULLpom4iiInI+HvS4QqZEUNLKFPc3kpYnyrKjM0ob0PwZl+eJ7Xjknda8m5PiuXLLI4c7MMBHIEHZ1CGG6hAFRiE8Ayv8OYo58V5dz6mrQtONrMHf+B8/gCxyI+u</latexit>

Z = eF

<latexit sha1_base64="x8H6XYTCeyE903+win4N1HZJIgM=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomXAxjKC+YDkCHubuWTJ3t65uyeEI3/BxkIRW/+QnZ0/xb0khSY+GHi8N8PMvCARXBvX/XIKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8U3utx9RaR7LezNJ0I/oUPKQM2pyqSfxoV+uuFV3BrJKvAWpwAKNfvmzN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9ns1ik5s8qAhLGyJQ2Zqb8nMhppPYkC2xlRM9LLXi7+53VTE177GZdJalCy+aIwFcTEJH+cDLhCZsTEEsoUt7cSNqKKMmPjKdkQvOWXV0nrourVqrW7y0o9/Z7HUYQTOIVz8OAK6nALDWgCgxE8wQu8OpHz7Lw57/PWgrOI8Bj+wPn4AW12j2A=</latexit>
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Thermodynamic puzzle
Should the thermodynamic limit not be universal (same for all BCs)?

Probably yes for local enough systems and regular enough BCs

Strong sensitivity to BCs have been seen in 2d lattice models

Example: 6-vertex model shows very different thermodynamic 
behaviours for PBC or DWBC (Domain Wall BC)

Interpretation: two macroscopic phases coexist, 
frozen near corners and melted in bulk

See e.g.
[Zinn-Justin’19]

[Korepin,Zinn-Justin’00]
[Colomo,Pronko’10]

Artic curve
domino tilings

of Aztec diamond
(particular

case of DWBC
6-vertex model)



Thermodynamic puzzle
Should the thermodynamic limit not be universal (same for all BCs)?

Probably yes for local enough systems and regular enough BCs

Strong sensitivity to BCs have been seen in 2d lattice models

Example: 6-vertex model shows very different thermodynamic 
behaviours for PBC or DWBC (Domain Wall BC)

Interpretation: two macroscopic phases coexist, 
frozen near corners and melted in bulk

Arctic curve for fishnets?


Analogy mathematically convincing

PBC -> TBA vs DWBC -> Determinant


Physically, operators (corners) carry large dimensions, which 
invalidate the low energy (sigma model) description there


Can we probe with arctic curve for fishnets?

See e.g.
[Zinn-Justin’19]

[Korepin,Zinn-Justin’00]
[Colomo,Pronko’10]

Artic curve
domino tilings

of Aztec diamond
(particular

case of DWBC
6-vertex model)



A stringy limit

Scaling with dependence on cross ratios in the thermodynamic limit

Deformed potential (back to spin chain eq. when xi ->0)

Same eq. as for a folded string spinning in

Mathematical coincidence?


Hint at a world-sheet description in the “frozen phase”?

<latexit sha1_base64="SFvEzRljxKl6g9gZEq4ZjCqZPlo="></latexit>
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<latexit sha1_base64="5ukPrbBJ/sb2B8igoBoj5ybkrGI=">AAACCnicbVA9SwNBEN2LXzF+RS1tVoNgEcKdiFpJwMYygvmAXAh7m71kye7esTunhCS1jX/FxkIRW3+Bnf/GTXKFJj4YeLw3w8y8IBbcgOt+O5ml5ZXVtex6bmNza3snv7tXM1GiKavSSES6ERDDBFesChwEa8SaERkIVg/61xO/fs+04ZG6g0HMWpJ0FQ85JWCldv5w5BvelWRUxLKIFfY17/aAaB09YJ+rEAbtfMEtuVPgReKlpIBSVNr5L78T0UQyBVQQY5qeG0NrSDRwKtg45yeGxYT2SZc1LVVEMtMaTl8Z42OrdHAYaVsK8FT9PTEk0piBDGynJNAz895E/M9rJhBetoZcxQkwRWeLwkRgiPAkF9zhmlEQA0sI1dzeimmPaELBppezIXjzLy+S2mnJOy95t2eF8lUaRxYdoCN0gjx0gcroBlVQFVH0iJ7RK3pznpwX5935mLVmnHRmH/2B8/kDocWaOg==</latexit>

|�|,m, n ! 1

<latexit sha1_base64="Zqdvc3baaGuUPkGfLE4p0BChD0A=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU01E1ItS8OKxgv2AJpTNdtMu3U3C7qZY0v4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0g4U9pxvq3Cyura+kZxs7S1vbO7Z+8fNFScSkLrJOaxbAVYUc4iWtdMc9pKJMUi4LQZDO6mfnNIpWJx9KhHCfUF7kUsZARrI3Vs23ti6AaNPcV6Ao/PRMcuOxVnBrRM3JyUIUetY3953ZikgkaacKxU23US7WdYakY4nZS8VNEEkwHu0bahERZU+dns8gk6MUoXhbE0FWk0U39PZFgoNRKB6RRY99WiNxX/89qpDq/9jEVJqmlE5ovClCMdo2kMqMskJZqPDMFEMnMrIn0sMdEmrJIJwV18eZk0zivuZcV9uChXb/M4inAEx3AKLlxBFe6hBnUgMIRneIU3K7NerHfrY95asPKZQ/gD6/MHrLCTCA==</latexit>

⇠ = |�|/m

<latexit sha1_base64="43j4T4WpqpuhiGTQ2VgWfHsjTCc=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KoqCupuHFZqX1AG8NkMm2HTh7M3Ag1BH/FjQtF3Pof7vwbp20W2nrgwuGce7n3Hi8WXIFlfRuFhcWl5ZXiamltfWNzy9zeaaookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zlDa/HfuuBScWj8A5GMXMC0g95j1MCWnLNvSu/7qYnGe4CD5jC9fvUzlyzbFWsCfA8sXNSRjlqrvnV9SOaBCwEKohSHduKwUmJBE4Fy0rdRLGY0CHps46mIdGrnHRyfYYPteLjXiR1hYAn6u+JlARKjQJPdwYEBmrWG4v/eZ0EehdOysM4ARbS6aJeIjBEeBwF9rlkFMRIE0Il17diOiCSUNCBlXQI9uzL86R5XLHPKvbtabl6mcdRRPvoAB0hG52jKrpBNdRAFD2iZ/SK3own48V4Nz6mrQUjn9lFf2B8/gBuRpSP</latexit>

AdS3 ⇥ S1 [Kazakov,Zarembo’04]
[Casteill,Kristjansen’07]
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z = �e�+'
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z̄ = �e��'
Very short-distance limit

See Ivan’s talk

Unexpected  connection to string theory appears certain scaling limit



Conclusion

Planar graphs are a nice arena for exploring connections among 
integrable systems, from spin chains to sigma models

Fishnet graphs particular nice, direct connection between continuum 
limit and sigma models through TBA equations


Limit not universal though, strong sensitivity on boundary conditions

What is the general behaviour for general graphs?

Classes of boundary conditions sharing same large order behaviours?

What does it imply for validity of AdS sigma model description?



Conclusion
Can other fishnets be described using TBA?

Enlarged family of fishnets with Yukawa interactions, 
Brick Walls, Dynamical fishnets,

Checkerboards, etc.

Correspondence with non-compact sigma models?

[Kazakov,Olivucci,Preti’19]
[Pittelli,Preti’19],[Kazakov,Olivucci’22]

[Alfimov,Ferrando,Kazakov,Olivucci’23]
[Kade,Staudacher’23’24]


