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successes… 

- Unified description as a 
quantum field theory with 
only 3 fundamental forces and 
19 free parameters 

- Discovery of the Higgs in 2012 

- Precisely reproduced 
cross-sections, decay rates, 
resonances
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(Beyond) The Standard Model
… yet many unanswered questions remain.

https://www.symmetrymagazine.org/article/how-heavy-is-a-neutrino
https://www.symmetrymagazine.org/article/october-2005/explain-it-in-60-seconds

What particles make up Dark Matter? 
(Do particles make up Dark Matter?)

What is the origin of the matter-
antimatter asymmetry?

How should we account for 
neutrino masses?

Springel et al, astro-ph/0504097v2
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(Beyond) The Standard Model
Answering these questions involves a joint theoretical and experimental effort. 

+cds.cern.ch/images/OPEN-PHO-EXP-2013-003-1
www.dunescience.org

www-sk.icrr.u-tokyo.ac.jp

...

...
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QCD contributions
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QCD in the search for new physics
QCD predictions are vital to interpreting experiments at the precision frontier. 

The anomalous magnetic 
moment (g-2) of the muon  

is a prime example of 
searching for new physics at 

the precision frontier

Muon g-2 Theory Initiative, WP (2020) 2006.04822
Muon g-2 Collaboration, Press release (2023)
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Standard Model 
(Lattice)

Standard Model 
(Different input)

Experiment 
(New data)

QCD contributions
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QCD in the search for new physics
QCD predictions are vital to interpreting experiments at the precision frontier. 

The anomalous magnetic 
moment (g-2) of the muon  

is a prime example of 
searching for new physics at 

the precision frontier

Muon g-2 Theory Initiative, WP (2020) 2006.04822
Muon g-2 Collaboration, Press release (2023)
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Quantum field theories on lattices
The Standard Model of particle physics and many 
candidates for more fundamental theories 
can be regularized with a spacetime lattice. 

• Perturbative methods


- Electromagnetic and weak force 

• Non-perturbative methods


- Strong nuclear force (Quantum Chromodynamics, QCD) 
at low energies


- Lattice QCD: highly complex and large-scale 
numerical simulations
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Quantum field theories on lattices
The Standard Model of particle physics and many 
candidates for more fundamental theories 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• Perturbative methods


- Electromagnetic and weak force 

• Non-perturbative methods


- Strong nuclear force (Quantum Chromodynamics, QCD) 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Lattice QCD
• Hadronic spectrum / structure


- Heavy resonances


- PDFs and their generalizations


- Form factors


• QCD phase diagram


- Critical point


- Equation of state


• New physics searches


- Muon g-2


- Heavy meson decays


• …

Fodor & Hoelbling RMP84 (2012) 449

Constantinou+   2006.08636

Muon g-2 Press release (2023)



Lattice quantum field theory



/ 519

Lattice quantum field theory
Path integral definition of physical observables


- Euclidean spacetime 


- Discretized action 

t → iτ

S

Z ≡ [∏
x

∫
∞

−∞
dϕ(x)] e−SE(ϕ)⟨𝒪⟩ =

1
Z [∏

x
∫

∞

−∞
dϕ(x)] 𝒪(ϕ) e−SE(ϕ) Partition functionVaccum/thermal expt. value 

of quantum operator 𝒪

SE[ϕ] = ∫ d4x
1
2

∂μϕ(x)∂μϕ(x)

+
m2

2
ϕ2(x) + V(ϕ(x))

SE(ϕ) = a4 ∑
x

1
2 ∑

μ

ϕ(x + a ̂μ) − ϕ(x)
2a

+
m2

2
ϕ2(x) + V(ϕ(x))

x x + µ̂Uµ(x) µ

∫

a

ϕ(x) ϕ(x + a ̂μ)
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Lattice quantum field theory
Path integral definition of physical observables


- Euclidean spacetime 


- Discretized action  

Lattice QCD and other lattice gauge theories:


- Gauge group  =  or  or …


- Gauge field discretized to link variables 

t → iτ

S

G U(1) SU(N)

Uμ(x) ∈ G

Z = ∫ 𝒟U e−S(U), ∫ 𝒟U = ∏
x,μ

∫ dUμ(x)⟨𝒪⟩ =
1
Z ∫ 𝒟U 𝒪(U) e−S(U)

Partition function Path integral measure

Vaccum/thermal expt. value 
of quantum operator 𝒪

x x + µ̂Uµ(x) µ

∫

E.g. 3x3 matrices in 
 for QCDSU(3)

a
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Wilson action for gluon dynamics

- Gluon self-interaction dynamics (Yang-Mills)


- Confinement, topological instantons


- Gauge symmetry Uμ(x) ↦ Ω(x)Uμ(x)Ω†(x + ̂μ)

S(U) = −
β
3 ∑

x
∑
μ<ν

ReTr Pμν(x)

Pμν(x) = Uμ(x)Uν(x + ̂μ)U†
μ(x + ̂ν)U†

ν (x)

x x + µ̂Uµ(x) µ

∫

ax x + µ̂Uµ(x) µ

∫
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Monte Carlo simulation
Approximate the path integral using Markov chain Monte Carlo

⟨𝒪⟩ ≈
1
n

n

∑
i=1

𝒪(Ui)

Ui ∼ p(U) = e−S(U)/Z

Positive integrand allows interpreting path 
integral weights as a probability measure:

⟨𝒪⟩ = [∏
x,μ

∫ dUμ(x)] 𝒪(U) e−S(U)/Z
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Why generative models?

M
ea

su
re

 o
f C

os
t

Algorithm 1

Algorithm 2

Algorithm 3

Algorithm 4

Topological QCD 
observable

Lattice spacing  [fm]a

Eichhorn, et al. (2023) 2307.04742

Continuum

 
State-of-the-art LGT calculations require 
enormous computational cost.


-  degrees of freedom


- “Critical slowing down” as 


- Costly matrix inversion for propagators  
(especially as )


This limits the precision of physics results 
(challenging uncertainties from , , 
 and  limits!)

≳ 109

a → 0

⟨ψψ̄⟩
mq → 0

a → 0 mπ → ∼ 140MeV
V → ∞
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Why generative models?

Stokes, Kamleh, Leinweber 1312.0991

Lattice field theories may be well-suited for 
application of ML


- Problem involving lots of well-structured data 
(lattice cfgs ~ images)


- Analytically-known Boltzmann distribution


- Global updates may be possible



Generative flow models
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Sampling using flows
Box-Muller transform (Marsaglia polar form)

        x′￼ =
x
r

−2 ln r2 y′￼ =
y
r

−2 ln r2
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Sampling using flows
Box-Muller transform (Marsaglia polar form)

Flow  f

(More complex) Output density:
q(x′￼, y′￼) = r(x, y) | det J |−1

(Simple) Prior density:
r(x, y)

        x′￼ =
x
r

−2 ln r2 y′￼ =
y
r

−2 ln r2
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Sampling using flows
Box-Muller transform (Marsaglia polar form)

Flow  f

(More complex) Output density:
q(x′￼, y′￼) = r(x, y) | det J |−1

(Simple) Prior density:
r(x, y)

        x′￼ =
x
r

−2 ln r2 y′￼ =
y
r

−2 ln r2

libstdc++
<random>
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Machine learning + flows
By making  learnable, we can approximate more complicated distributions.


- Must be a diffeomorphism with tractable Jacobian


- Discrete learnable flows: 
 
 
 

- Continuous learnable flows:

f
Rezende & Mohamed (2015) PMLR 37, 1530

Dinh+ (2016) 1605.08803

Chen+ (2018) 1806.07366

Prior density

r(V )

Output density

q(U )

Flow  f
SAMPLE DISTRIBUTED 

ACCORDING TO

f(V) = ∫
T

0
dt ∇φ(U(t); t)

U(0)=V
+ V ln det J = − ∫

T

0
dt∇2φ(U(t); t)

f = g1 ∘ … ∘ gn

det J = det J1 ⋅ … ⋅ det Jn

Note: For compact spaces, derivatives and integrals should be appropriately modified to act in the space.

Dinh+ (2014) 1410.8516

Zhang+ (2018) 1809.10188

The “trivializing map” is a 
special continuous flow  
Lüscher CMP293 (2010) 899
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Test for scalar field theory

Freeze B

Update A

Checkerboard masking pattern m

Machine learning jargon
 

Neural network (NN) = highly parameterized function 
approximator, usually a composition of 

linear + elementwise non-linear transformationsScalar field , 1+1D spacetime ϕ(x) ∈ ℝ
S[ϕ] = ∑

x

∂μϕ(x)∂μϕ(x) +
M2

2
ϕ(x)2 + λϕ(x)4

Flow  f

Albergo, GK, Shanahan PRD100 (2019) 034515
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Test for scalar field theory

“Coupling layer” gi

Tractable Jacobian 


Jij ≡ ∂ϕ′￼i /∂ϕj = [ I
◼ δijesi]

⟹ ln det J = ∑
i

si

Freeze B

Update A

Checkerboard masking pattern m

Machine learning jargon
 

Neural network (NN) = highly parameterized function 
approximator, usually a composition of 

linear + elementwise non-linear transformationsScalar field , 1+1D spacetime ϕ(x) ∈ ℝ
S[ϕ] = ∑

x

∂μϕ(x)∂μϕ(x) +
M2

2
ϕ(x)2 + λϕ(x)4 Flow  f

Albergo, GK, Shanahan PRD100 (2019) 034515
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Test for scalar field theory
 
Self-training using Kullback-Leibler divergence 
between  and 


 

Exactness by reweighting or Metropolis

p(U) = e−S[U]/Z q(U)

ℒ ≡ D′￼KL(q | |p) = ∫ 𝒟U q(U)[log q(U) − log e−S[U]]

= ∫ 𝒟U q(U)[log q(U) + S(U)] ≥ − log Z

pacc(U → U′￼) = min (1,
p(U′￼)
q(U′￼)

q(U)
p(U) )

[Image credit: DeepMind]

Albergo, GK, Shanahan PRD100 (2019) 034515
Nicoli+ PRE101 (2020) 023304

Kullback & Leibler Ann. Math. Statist. 22 (1951) 79

[Image credit: 1805.04829]

Machine learning jargon
 

Training = optimization, typically by stochastic gradient descent

Loss function  = target function to be minimized ℒ

⃗ω ′￼= ⃗ω − ϵ∇ ⃗ω ℒ
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FlowsHeatbath
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Machine learning jargon
 

Training = optimization, typically by stochastic gradient descent

Loss function  = target function to be minimized ℒ

⃗ω ′￼= ⃗ω − ϵ∇ ⃗ω ℒ

FlowsHeatbath

Superseded by many recent 
scalar field theory results:


• Lattice size up to 


• Smaller lattice spacings


• Broken phase

L = 64

Del Debbio, et al. JHEP07 (2021) 2105.12481

de Haan, et al. NeurIPS (2021) 2110.02673

Nicoli, et al. PRL126 (2021) 032001

Caselle, et al. JHEP07 (2022) 015

Komijani, Marinkovic PoSLATTICE (2022) 019

Gerdes, et al. (2022) 2207.00283

Albandea, et al. (2023) 2302.08408

Singha, et al. PRD107 (2023) 014512

…



21

Birds-eye view
Parameterize flow using 
coupling layers with NNs

Training step

Draw samples from model

Compute loss function

Gradient descent

Draw samples and 
apply bias correction

Desired accuracy?

Save trained model

generating samples is 
"embarrassingly parallel"

Flow  f

random 
noise

~ typical 
lattice field
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Symmetries in flows

Invariant prior + equivariant flow = symmetric model 
 
 

Symmetries…


✓Reduce data complexity of training


✓Reduce model parameter count


✓May make “loss landscape” easier

q(¡)

Exact symmetry

q(¡)

Learned symmetry

Invariant

Pure-symmetry

r(t ⋅ ϕ) = r(ϕ) f(t ⋅ ϕ) = t ⋅ f(ϕ)

Cohen, Welling 1602.07576

Motivation: Since target  is invariant under 
symmetries, natural to also make  invariant.

p(ϕ)
q(ϕ)
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Gauge symmetry
Many lattice QFTs possess a large gauge symmetry group.

Gauge-invariant prior: 

Uniform (Haar) distribution 
 works.r(U) = 1

Gauge-equivariant flow: 

Coupling layers acting on 
(untraced) Wilson loops.


Loop transformation easier to satisfy. V`(x)

`

Uµ(x)

x

µ

∫

`

W`(x) ! ≠(x)W`(x)≠†(x)

Open loop

`

tr W`(x) ! tr W`(x)

µ

∫

Closed loop

Wℓ(x) Flow W′￼ℓ(x)

U′￼μ(x) = W′￼ℓ(x) V†
ℓ(x)

GK, et al. PRL125 (2020) 121601

Uμ(x) ↦ Ω(x)Uμ(x)Ω†(x + ̂μ)

Gauge symmetry for  
lattice gauge theory

SU(3)
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Gauge symmetry
Many lattice QFTs possess a large gauge symmetry group.

Gauge-invariant prior: 

Uniform (Haar) distribution 
 works.r(U) = 1

Gauge-equivariant flow: 

Coupling layers acting on 
(untraced) Wilson loops.


Loop transformation easier to satisfy.

GK, et al. PRL125 (2020) 121601

°º 0 º

¡1

°º

0

º

¡2

SU(2)

¡1

°º

0

º¡2

°º

0

º

¡3

°º

0

º

SU(3)

Custom flows designed 
for  and  

gauge manifolds
U(1) SU(N) Rezende, et al. PMLR119 (2020) 8083


Boyda, et al. PRD103 (2021) 074504

Uμ(x) ↦ Ω(x)Uμ(x)Ω†(x + ̂μ)

Gauge symmetry for  
lattice gauge theory

SU(3)
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Flows can solve topological freezing

Cranmer, GK, Racanière, Rezende, Shanahan Nature Reviews Physics 5 (2023) 526

4 orders of 
magnitudeM

ea
su

re
 o

f C
os

t

Bare inverse coupling β

Continuum

Traditional method 1

Traditional method 2

Cost of MCMC vastly reduced due 
to better topological mixing.
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Including the quarks
Interaction between all quark flavors ( ) and gluons ( ):


 
 

-  is a sparse  matrix


- Typically use the pseudofermion representation for pairs of quark flavors


ψu, ψd, … U

Df O(V) × O(V)

det(D2) ∝ ∫ dϕ†dϕe−ϕ†D−1ϕ

Action

Path integral

Sf = ∑
f

ψ̄f Df[U]ψf

∫ ∏
f

[dψ̄dψ]e−Sf = ∏
f

det(Df[U])
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Flows with pseudofermions
Pseudofermions highly effective in HMC, logical to use for flows also.


Separate coupling layers for gauge field and PFs can be composed arbitrarily


- Simplest case: marginal + conditional model 
 
 
 
 
 

- Preconditioning works equally well for flows


- Modified Metropolis allows averaging away noise 
in the conditional flow

PRD104 (2021) 114507

PRD106 (2022) 014514

PRD106 (2022) 074506

M
od

el
 q

ua
lit

y 
(E

SS
)

Training time (gradient steps)

ESS =
( 1

N ∑i p(Ui)/q(Ui))2

1
N ∑i (p(Ui)/q(Ui))2
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Building up to QCD applications

2020

2021
2022

2023

2024

Albergo, et al. 
PRD100 (2019) 034515

GK, et al. 
PRL125 (2020) 121601

Boyda, et al. 
PRD103 (2021) 074504

Abbott, et al. 
PRD106 (2022) 074506

Albergo, et al. 
PRD104 (2021) 114507

PRD106 (2022) 014514

Abbott, et al. 
PoSLATTICE (2022) 036

Finkenrath 
(2022) 2201.02216

Bacchio, et al. 
PRD107 (2023) L051504

Abbott, et al. 
(2023) 2305.02402

New flow architecture

First application to QCD

Gauge symmetric flows

• Viability to solve CSD

• Gauge theories

• 2D spacetime

• Fermions

• Broken symmetry

• 4D spacetime

• Refined flow models

• Better training

Hackett, et al. 
(2021) 2107.00734

• Integrating flows into 
practical simulations

Many more results 
this year!



New paradigms

- Partition functions 

(e.g. for thermodynamics)


- Parameter dependence 

- Correlated samples


- Transformed replica exchange


- Sign problems

28

Beyond critical slowing down

Practical gains

- Embarrassingly parallel sampling


- Storage-free ensembles

Gerdes+ (2022) 2207.00283

Singha+ (2022) 2207.00980

Nicoli+ PRE101 (2020) 023304

Nicoli+ PRL126 (2021) 032001

Lawrence+ PRD103 (2021) 114509

Rodekamp+ PRB106 (2022) 125139

Pawlowski & Urban (2022) 2203.01243

With ,





and 

Ui ∼ q(U)

̂Z =
1
N

N

∑
i=1

e−S[Ui]/q(Ui)

̂F = − log ̂Z
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Near-term applications
Correlated sampling 
(e.g. Feynman-Hellmann)


• “Shorter” distance to flow


• Correlations give noise reduction

Replica exchange with flows


• “Shorter” distance to flow


• Flows can be easily inserted into 
existing PT procedures

Anisotropy factor λ Method

Estimate 
derivative

PRD109 (2024) 094514 2404.11674
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Recent developments
• Better training procedures


- Minimize gradient noise with control variates 
or path gradients 
 

• “Residual flows”


- Flow = Discrete steps according to gradient 
of scalar function 


- Symmetries easier to encode


- Relation to trivializing map, continuous flows

̂S(ϕ)

Vaitl, Nicoli, Nakajima, Kessel  (2022) 2207.08219

Białas, Korcyl, Stebel (2022) 2202.01314

M
od

el
 q

ua
lit

y 
(E

SS
)

Lüscher  CMP293 (2010) 899

Bacchio, Kessel, Schaefer, Vaitl  PRD107 (2023) L051504

Abbott, et al. (2023) 2305.02402

SU(3) gauge theory,  lattice44
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Continuous vs discrete flows

r

q

Discrete  
flow

Trivializing 
map

p
≈

Continuous  
flow

Open questions

- What is the most efficient path 
through distribution space?


- What paths are easiest to cast as 
continuous or discrete?


- When can integrator error be 
systematically eliminated?
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Adding noise?
Continuous normalizing flows = ODE


Diffusion models = SDE


Out-of-equilibrium, stochastic NFs, …

Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole, ICLR (2021) 2011.13456

Albergo, Boffi, Vanden-Eijnden 2303.08797

See many excellent 
talks at this workshop
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Summary & Outlook
• Generative flow models have the potential to


- Solve critical slowing down

- Calculate partition functions

- Explore parameter dependence

- …


• Better systematic control in Lattice QCD and other 
lattice field theories by careful use of generative ML


• Many practical developments over the last 2 years


- 3+1D pure-gauge theory


- Quarks  demos on full QCD


• But many open questions still to be answered!

→
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Summary & Outlook
• Generative flow models have the potential to


- Solve critical slowing down

- Calculate partition functions

- Explore parameter dependence

- …


• Better systematic control in Lattice QCD and other 
lattice field theories by careful use of generative ML


• Many practical developments over the last 2 years


- 3+1D pure-gauge theory


- Quarks  demos on full QCD


• But many open questions still to be answered!

→

Thank you!



Backup slides
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Self-training scheme
Optimization must be designed for inverted data hierarchy in the lattice problem.  

1. Define “Reverse” Kullback-Leibler (KL) divergence 
between  and  
 
 

2. Measure using samples  from the model 
 
 

3. Minimize by stochastic gradient descent

q(ϕ) p(ϕ) = e−S(ϕ)/Z

ϕi

DKL(q | |p) := ∫ 𝒟ϕ q(ϕ)[log q(ϕ) − log p(ϕ)] ≥ 0

Inspired by:

- Self-Learning Monte Carlo (SLMC) 

[Huang, Wang PRB95 (2017) 035105;

Liu, et al. PRB95 (2017) 041101; …] 
 
- Self-play reinforcement learning 
[Silver, et al. Science 362 (2018), 1140]

DKL(q | |p) ≈
1
M

M

∑
i=1

[log q(ϕi) + S(ϕi)]

Image credit: DeepMind
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Related approaches

AI-generated faces (GAN)

Karras, Lane, Aila / NVIDIA 1812.04948

Shen & Liu 1612.05363

AI-generated faces (VAE)

Generative Adversarial Networks (GANs):


- Highly expressive


- Work in the direction of GANs for lattice 
 

Variational AutoEncoders (VAEs):


- Can also learn meaningful directions in the prior 
variables


However: No access to … hard to make 
exact!

q(ϕ)

Urban, Pawlowski 1811.03533

Zhou, Endrődi, Pang, Stöcker 1810.12879
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What about volume scaling?

Fixed models will always* scale exponentially poorly with the physical volume. 

- Expect variance of log reweighting factors to scale as  
Scaling relation , where 


- This says nothing about scaling towards the continuum limit! 

We should be thinking about targeting boxes of size .


- For larger volumes, hybrid/multilevel sampling schemes should be used

(L/ξ)d

ESS(V) = ESS(V0)V/V0 V0 ∼ ξd

≈ ξd

Abbott, et al. 2211.07541

* in a direct sampling scheme
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Transfer learning
Both parameter transfer and volume transfer are 
highly effective for lattice field theory.

Abbott, et al. 2211.07541

Model 
quality

(ESS)

Training time (gradient steps)

Boyda, GK, … PRD103 (2021) 074504

Training time (gradient steps)

Model 
quality 
(ESS)

0 2000 4000 6000 8000 10000

Training iteration

0.0

0.1

0.2

0.3

0.4

0.5

E
S
S

Ø = 6 (init. from 8 £ 8) Ø = 6 (random init.)

• SU(N) gauge theory
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Hyperparameters can make a big difference
Optimization algorithm, hyperparameters, 
and initialization have strong effects on training rate.

Training time (gradient steps) Training time (gradient steps)

Model 
quality

(ESS)

Abbott, et al. 2211.07541



Kernel for  theoriesSU(N)
Uµ(x)

<latexit sha1_base64="Cn6Sv5U8YcR38+JDxgGUjyH6ZSk=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVgnorevFYwW0r7VKyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sVnYKm7v7O7tlw4OmzpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Gbqtx6p0iyW92ac0EDggWQRI9hY6cHvdUVaeTpDvVLZrbozoGXi5aQMORq90le3H5NUUGkIx1p3PDcxQYaVYYTTSbGbappgMsID2rFUYkF1kM0OnqBTq/RRFCtb0qCZ+nsiw0LrsQhtp8BmqBe9qfif10lNdBlkTCapoZLMF0UpRyZG0+9RnylKDB9bgoli9lZEhlhhYmxGRRuCt/jyMmmeV71a9equVq5f53EU4BhOoAIeXEAdbqEBPhAQ8Ayv8OYo58V5dz7mrStOPnMEf+B8/gC8t4+7</latexit>

Pµ⌫(x)

<latexit sha1_base64="7ThYkL0hd54foPdguk9iSPVf91o=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAuot6MVjBPOA7BJmJ5NkyOzsOo9gWPIdXjwo4tWP8ebfOEn2oIkFDUVVN91dYcKZ0q777eTW1jc2t/LbhZ3dvf2D4uFRU8VGEtogMY9lO8SKciZoQzPNaTuRFEchp61wdDvzW2MqFYvFg54kNIjwQLA+I1hbKah3Uz8yvjDT8tN5t1hyK+4caJV4GSlBhnq3+OX3YmIiKjThWKmO5yY6SLHUjHA6LfhG0QSTER7QjqUCR1QF6fzoKTqzSg/1Y2lLaDRXf0+kOFJqEoW2M8J6qJa9mfif1zG6fxWkTCRGU0EWi/qGIx2jWQKoxyQlmk8swUQyeysiQywx0Tangg3BW355lTQvKl61cn1fLdVusjjycAKnUAYPLqEGd1CHBhB4hGd4hTdn7Lw4787HojXnZDPH8AfO5w+GA5H1</latexit>

U 0
µ(x)

<latexit sha1_base64="SIWB+K7EDU4oFteuMCWV8qWzo+E=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQEL6Q1JOqN6MUjJhZIoDbbZQsbdrfN7lYllZ/ixYPGePWXePPfuEAPCr5kkpf3ZjIzL0wYVdpxvq3Cyura+kZxs7S1vbO7Z5f3WypOJSYejlksOyFShFFBPE01I51EEsRDRtrh6Grqt++JVDQWt3qcEJ+jgaARxUgbKbDL3l0vkZSTIOvxdFJ9PAnsilNzZoDLxM1JBeRoBvZXrx/jlBOhMUNKdV0n0X6GpKaYkUmplyqSIDxCA9I1VCBOlJ/NTp/AY6P0YRRLU0LDmfp7IkNcqTEPTSdHeqgWvan4n9dNdXTuZ1QkqSYCzxdFKYM6htMcYJ9KgjUbG4KwpOZWiIdIIqxNWiUTgrv48jJpndbceu3ipl5pXOZxFMEhOAJV4IIz0ADXoAk8gMEDeAav4M16sl6sd+tj3lqw8pkD8AfW5w8bLJPr</latexit>

C
on

vo
lu

tio
n 

an
d 

M
as

ki
ng

 P
at

te
rn {✓i}N�1

i=1

<latexit sha1_base64="NAND7h9dFICORU8qa4Uyr8hKzt8=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8EieLEkUlAPQtGLJ6lgP6CJYbPdtks3m7A7EUqIF/+KFw+KePVfePPfuG1z0NYHA4/3ZpiZF8ScKbDtb6OwsLi0vFJcLa2tb2xumds7TRUlktAGiXgk2wFWlDNBG8CA03YsKQ4DTlvB8Grstx6oVCwSdzCKqRfivmA9RjBoyTf33NSFAQXsMzfzU3bhZPfpzbGT+WbZrtgTWPPEyUkZ5aj75pfbjUgSUgGEY6U6jh2Dl2IJjHCaldxE0RiTIe7TjqYCh1R56eSDzDrUStfqRVKXAGui/p5IcajUKAx0Z4hhoGa9sfif10mgd+alTMQJUEGmi3oJtyCyxnFYXSYpAT7SBBPJ9K0WGWCJCejQSjoEZ/bledI8qTjVyvlttVy7zOMoon10gI6Qg05RDV2jOmoggh7RM3pFb8aT8WK8Gx/T1oKRz+yiPzA+fwA5yJbB</latexit>

{✓i0}N�1
i0=1

<latexit sha1_base64="agrLQlFTh5VIBRe2SUu92yJGg7g=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvoxpJIQV0IRTeupIJ9QBPDZDpph04ezNwIJWTjxl9x40IRt/6DO//GSZuFVg9c7uGce5m5x4s5k2CaX1ppbn5hcam8XFlZXVvf0De32jJKBKEtEvFIdD0sKWchbQEDTruxoDjwOO14o8vc79xTIVkU3sI4pk6AByHzGcGgJFfftVMbhhSwm7KDzM7ydm5ld+n1kZW5etWsmRMYf4lVkCoq0HT1T7sfkSSgIRCOpexZZgxOigUwwmlWsRNJY0xGeEB7ioY4oNJJJ1dkxr5S+oYfCVUhGBP150aKAynHgacmAwxDOevl4n9eLwH/1ElZGCdAQzJ9yE+4AZGRR2L0maAE+FgRTARTfzXIEAtMQAVXUSFYsyf/Je3jmlWvnd3Uq42LIo4y2kF76BBZ6AQ10BVqohYi6AE9oRf0qj1qz9qb9j4dLWnFzjb6Be3jG+KNmC8=</latexit>

{✓0i0}N�1
i0=1

<latexit sha1_base64="veIdSv0tzvL5vSspuNq3gp5vwDw=">AAACDHicbVDLSsNAFJ34rPVVdekmWEQ3lkQK6kIounElFewDmrRMprft0MmDmRuhhHyAG3/FjQtF3PoB7vwbJ20X2npgmMM55zJzjxcJrtCyvo2FxaXlldXcWn59Y3Nru7CzW1dhLBnUWChC2fSoAsEDqCFHAc1IAvU9AQ1veJ35jQeQiofBPY4icH3aD3iPM4pa6hSKTuLgAJC2nUhyHzoJP0qdNLsu7bSd3J7YqU5ZJWsMc57YU1IkU1Q7hS+nG7LYhwCZoEq1bCtCN6ESOROQ5p1YQUTZkPahpWlAfVBuMl4mNQ+10jV7odQnQHOs/p5IqK/UyPd00qc4ULNeJv7ntWLsnbsJD6IYIWCTh3qxMDE0s2bMLpfAUIw0oUxy/VeTDaikDHV/eV2CPbvyPKmfluxy6eKuXKxcTevIkX1yQI6JTc5IhdyQKqkRRh7JM3klb8aT8WK8Gx+T6IIxndkjf2B8/gCNnJtM</latexit>

{✓0i}N�1
i=1

<latexit sha1_base64="Y2ULtb9Qbm1CwAkE92ntvPA6C5g=">AAACCnicbVC7SgNBFJ31GeMrammzGgQbw64E1EII2lhJBPOA7GaZndwkQ2YfzNwVwrK1jb9iY6GIrV9g5984eRSaeOBeDufcy8w9fiy4Qsv6NhYWl5ZXVnNr+fWNza3tws5uXUWJZFBjkYhk06cKBA+hhhwFNGMJNPAFNPzB9chvPIBUPArvcRiDG9BeyLucUdSSVzhwUgf7gLTtxJIH4KU8czLdL+2snd6e2JlXKFolawxznthTUiRTVL3Cl9OJWBJAiExQpVq2FaObUomcCcjyTqIgpmxAe9DSNKQBKDcdn5KZR1rpmN1I6grRHKu/N1IaKDUMfD0ZUOyrWW8k/ue1EuyeuykP4wQhZJOHuokwMTJHuZgdLoGhGGpCmeT6rybrU0kZ6vTyOgR79uR5Uj8t2eXSxV25WLmaxpEj++SQHBObnJEKuSFVUiOMPJJn8krejCfjxXg3PiajC8Z0Z4/8gfH5A7efmuo=</latexit>

Eigen Decomposition

Extract Angle 
Coordinates

Canonical Permutation

Flow in 
Canonical Cell

Invert 
Canonical Permutation

Recover Eigenvalues

Eigen Recomposition

{�0
i}Ni=1

<latexit sha1_base64="BI08NHrQyoe5ihJLVgGMz7CiR9I=">AAACB3icbVDLSsNAFJ3UV62vqEtBgkVwVRIpqAuh6MaVVLAPaNIwmUzaoTOTMDMRSsjOjb/ixoUibv0Fd/6N0zYLbT0wcDjnXO7cEySUSGXb30ZpaXllda28XtnY3NreMXf32jJOBcItFNNYdAMoMSUctxRRFHcTgSELKO4Eo+uJ33nAQpKY36txgj0GB5xEBEGlJd88dDOX6ngI+24iCMM+cXM/I5dO3s9uc9+s2jV7CmuROAWpggJN3/xywxilDHOFKJSy59iJ8jIoFEEU5xU3lTiBaAQHuKcphwxLL5vekVvHWgmtKBb6cWVN1d8TGWRSjlmgkwyqoZz3JuJ/Xi9V0bmXEZ6kCnM0WxSl1FKxNSnFConASNGxJhAJov9qoSEUECldXUWX4MyfvEjapzWnXru4q1cbV0UdZXAAjsAJcMAZaIAb0AQtgMAjeAav4M14Ml6Md+NjFi0Zxcw++APj8weJl5nB</latexit>

Ei
ge

nv
ec

to
rs

Sp
ec

tra
l F

lo
w

M
ax

im
al

 T
or

us
 F

lo
w

P 0
µ⌫(x)

<latexit sha1_base64="vM7JbFcCBYq7+gAvOgY2FAJohN8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkUlB3RTcuK9gHNDFMptN26MwkzEzEErPwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JY0aVdpxvq7C0vLK6VlwvbWxube/Yu3stFSUSkyaOWCQ7IVKEUUGammpGOrEkiIeMtMPR1cRv3xOpaCRu9TgmPkcDQfsUI22kwD5o3KVeLCknWZB6PPFEklUeTgK77FSdKeAicXNSBjkagf3l9SKccCI0ZkipruvE2k+R1BQzkpW8RJEY4REakK6hAnGi/HR6fwaPjdKD/UiaEhpO1d8TKeJKjXloOjnSQzXvTcT/vG6i++d+SkWcaCLwbFE/YVBHcBIG7FFJsGZjQxCW1NwK8RBJhLWJrGRCcOdfXiSt06pbq17c1Mr1yzyOIjgER6ACXHAG6uAaNEATYPAInsEreLOerBfr3fqYtRasfGYf/IH1+QNRVJZP</latexit>

Pe
rm

ut
at

io
n

{�i}Ni=1

<latexit sha1_base64="n6GVA8pTaM8IbkU/B8dU1IJTOpM=">AAACAHicbVDLSsNAFL2pr1pfURcu3ASL4KokUlAXQtGNK6lgH9DEMJlM2qGTSZiZCCVk46+4caGIWz/DnX/j9LHQ1gMDh3PO5c49QcqoVLb9bZSWlldW18rrlY3Nre0dc3evLZNMYNLCCUtEN0CSMMpJS1HFSDcVBMUBI51geD32O49ESJrwezVKiRejPqcRxUhpyTcP3NxlOh4in7qFn9NLp3jIbwvfrNo1ewJrkTgzUoUZmr755YYJzmLCFWZIyp5jp8rLkVAUM1JU3EySFOEh6pOephzFRHr55IDCOtZKaEWJ0I8ra6L+nshRLOUoDnQyRmog572x+J/Xy1R07uWUp5kiHE8XRRmzVGKN27BCKghWbKQJwoLqv1p4gATCSndW0SU48ycvkvZpzanXLu7q1cbVrI4yHMIRnIADZ9CAG2hCCzAU8Ayv8GY8GS/Gu/ExjZaM2cw+/IHx+QPty5ak</latexit>

Eigenvalues

G
au

ge
 F

lo
w

 a
t  

  i
n 

   
  -

pl
an

e
x<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

µ
⌫

<latexit sha1_base64="V+rtU+C6tADWNshmKyaSzhCn2xo=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6QXcLsZDYZMzuzzEMIIf/gxYMiXv0fb/6Nk2QPmljQUFR1090VZ5xp4/vfXmFtfWNzq7hd2tnd2z8oHx61tLSK0CaRXKpOjDXlTNCmYYbTTqYoTmNO2/Hodua3n6jSTIoHM85olOKBYAkj2DipFaY2FLZXrvhVfw60SoKcVCBHo1f+CvuS2JQKQzjWuhv4mYkmWBlGOJ2WQqtphskID2jXUYFTqqPJ/NopOnNKHyVSuRIGzdXfExOcaj1OY9eZYjPUy95M/M/rWpNcRRMmMmuoIItFieXISDR7HfWZosTwsSOYKOZuRWSIFSbGBVRyIQTLL6+S1kU1qFWv72uV+k0eRxFO4BTOIYBLqMMdNKAJBB7hGV7hzZPei/fufSxaC14+cwx/4H3+ALh2jz8=</latexit>

µ

<latexit sha1_base64="f07fvjvEmfORWUNjRlniwZ57t5Q=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqexKQb0VvXisaD+gXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMnGqKWvSWMS6ExLDBFesabkVrJNoRmQoWDsc38789hPThsfq0U4SFkgyVDzilFgnPfRk2i9XvKo3B14lfk4qkKPRL3/1BjFNJVOWCmJM1/cSG2REW04Fm5Z6qWEJoWMyZF1HFZHMBNn81Ck+c8oAR7F2pSyeq78nMiKNmcjQdUpiR2bZm4n/ed3URldBxlWSWqboYlGUCmxjPPsbD7hm1IqJI4Rq7m7FdEQ0odalU3Ih+Msvr5LWRdWvVa/va5X6TR5HEU7gFM7Bh0uowx00oAkUhvAMr/CGBHpB7+hj0VpA+cwx/AH6/AFhPo3i</latexit>

⌫

<latexit sha1_base64="3C0HiAm+hgVAw6FNqb9y4lWpXE4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLHSQ0+m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOVnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8SloXVa9Wvb6vVeo3eRxFOIFTOAcPLqEOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AFiw43j</latexit>

In
va

ria
nt

 C
on

te
xt

x

<latexit sha1_base64="g3vERbzU3kfXibT9Kek4KMf3Qbg=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXhMwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rwyp9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaV6UvUr5ul4pVW+yOPJwAqdwDh5cQhXuoAYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+oZjQg=</latexit>

Input Configuration

Output Configuration

U 0
µ(x) P 0

µ⌫(x)P
†
µ⌫(x)Uµ(x)

<latexit sha1_base64="lP8chDqyi2ir38K4EGudN9sFXSU="></latexit>

 kernelSU(N)

 
Intuition: should move points between conjugacy 
classes, without moving around within CCs


 
 
Conjugacy classes for  described by 
spectrum of the matrix: unordered set of 
eigenvalues. Kernel should transform spectrum!


- Act on list of eigenvalues


- Equivariant under permutations

SU(N)



SU(N) kernels: strategy
SU(N) matrix-conj. equivariance is non-trivial.


Useful observations: 

- Conjugation only rotates eigenvectors.


- Spectrum is invariant.


- Wilson loop spectrum encodes gauge-invariant 
physics  This is what we want to transform. 

Strategy: Invertibly transform only the 
spectrum of  via a “spectral map”.

→

W

h(ΩWΩ†) = Ωh(W)Ω†

Or, “spectral flow”.

[Boyda, GK, Racanière, Rezende, Albergo, Cranmer, Hackett, Shanahan  PRD103 (2021) 074504]



SU(N) kernels: strategy
SU(N) matrix-conj. equivariance is non-trivial.


Useful observations: 

- Conjugation only rotates eigenvectors.


- Spectrum is invariant.


- Wilson loop spectrum encodes gauge-invariant 
physics  This is what we want to transform. 

Strategy: Invertibly transform only the 
spectrum of  via a “spectral map”.

→

W

h(ΩWΩ†) = Ωh(W)Ω†

Or, “spectral flow”.

[Boyda, GK, Racanière, Rezende, Albergo, Cranmer, Hackett, Shanahan  PRD103 (2021) 074504]



SU(N) kernels: 
Permutation equivariance

Sub-manifold of 
 eigenvaluesdet = 1
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“Cell”, related to other 
cells by permutations 

of .{ϕ1, ϕ2, ϕ3}



SU(N) kernels: 
Transform the canonical cell

Change variables to rectilinear box Ω

Transform by acting on coords of box , either…Ω

… or …


