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Wilson loop trace
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Group element at each edge U, € SU(N)

Wilson action § = — % ; Re [W(x)]
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Want to sample U-configurations
p(U) x eVl
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Change of variaples

Transtorming propability densities

distribution space
ﬁ
X y

S A

sample space

Change of density

1

0 4/
g =q (') - det 2

Source point j

E,.,[logg(y) —logp(y)] = E,_,[S(y) + log p(y)] + const
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Normalizing rlows

Learning f

trivial theory interacting theory

bijection f
-

“Normalizing flow”

We want to learn a trivializing map f .

To compute model probability:

0
det —f
ox

- f must be bijective. P =p (F()) -

- Computing the det-Jacobian must be tractable.
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Continuous normalizing flows

Sample ¢V ~ N Final proposal ¢'=!
d
Solve —@ = , 1
dt¢ go(@, 1)

« ODE always invertible, architecture of g, unconstrained!

d :
o ODE for p(¢") given by divergence: - logp(@)=—-V-¢

e Needs to be tractable
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Gauge symmetry

How objects transform

U,(x) = Qx) U,(x) Qx + gyt Wilsonloop ) .
P, =U @)U (x+ DU, +2) Uy(x)"

are equivariant P, — Q(x)P,Q(x)".
Q(X\LZ)
x|/ .
Trace of Wilson loops
g /&M /51(“2) W = tr P, are invariant.
X 7 K+4
A9 | -
Gradients of invariants

e.g. V= VW are equivariant
Vi Q)VQX)



Discrete normalizing tlows

How to deline gauge equivariant flows

Map P, — P, = f(P,) to update edge in P, conditioned
on unmodified invariant quantities.

Get an equivariant flow, it map transform under conjugation:

fQPQT) = Qf(P)Q'

Sampling using SU(NN) gauge equivariant flows

Denis Boyda,!' * Gurtej Kanwar,!' T Sébastien Racaniere,?’* Danilo Jimenez Rezende,?: %
Michael S. Albergo,® Kyle Cranmer,® Daniel C. Hackett,! and Phiala E. Shanahan!

(iv:2008.05456

Normalizing flows for lattice gauge theory in arbitrary space-time dimension

Ryan Abbott,!»? Michael S. Albergo,® Aleksandar Botev,* Denis Boyda,''? Kyle Cranmer,®
Daniel C. Hackett,!»? Gurtej Kanwar,% !:2 Alexander G.D.G. Matthews,* Sébastien Racaniére,* Ali
Razavi,* Danilo J. Rezende,* Fernando Romero-Lépez,!:2 Phiala E. Shanahan,? and Julian M. Urban®

arxiv:2305.02402
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A brief reminder

We can parametrize the vector space
Gl - = at U via the Lie algebra:
-~

~
N

\ / VET,G A:=VU' eq=TG
V/

V=AU
Tub
/ — Transporting A to
) vector space at U
1 A

Lie algebra is spanned by generators T¢
In components, V = A“YTYU
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Continuous flows for SU(N) lattices

Gradient tflows

Define A4 = 0“S as the gradient of some potential,
given as sums and products of Wilson loops.

Can extend/do better by learning
coefficients by gradient descent

1) ) 3 @

Trivializing maps, the Wilson flow and
the HMC algorithm

Martin Liuscher

Learning Trivializing Gradient Flows for Lattice Gauge Theories

Simone Bacchio,! Pan Kessel,>3 Stefan Schaefer,* and Lorenz Vaitl?
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Conjugation-equivariant tlow on SU(3)
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- Divergence must not be too expensive.
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Adjoint sensitivity method

#(T)

3 S2(7) Conti.nuous flow
ODE 2 = fy(2, 1)

t 2z +352 (4

ta

z(0)
We have a loss function L : M — R, so a’LZ = TZ*M

Adjoint state: a(t) = W;Xft dL, .

“Compute gradients by back-
integrating”

.0
da(?) o ofy(z, 1) dL __ [ ap df(z, t) 7
dt 07 do JT 00

U(t) = Zy(U,)U(t) A=[Z,A|+V(V-U)U " =) A (VZ)U™!



Results
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Results

16 X 16
SU(2) SU(3)
ESS [%)] =22 =27 pB=5 =6 =28
Continuous flow 87 68 23
Bacchio et al [13] - - -
Boyda et al [8] 80 56 -
8 X3
ESS [%] SU(3) B = B =12
Continuous flow 64 27
Multiscale + flow [23] 35 13
Haar + flow [23] 25 3
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Takeaways

- More general architecture improves sample quality

- Tractable divergence constraint still limits architecture,
complicates implementation

- Incorporating spatial rotation/mirror symmetries not yet
implemented

- General framework for normalising flows in JAX
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