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Motivation: Critical slowing down

In Lattice Gauge Theories, the expectation value of an observable is defined as 100 -
int /g/
— 1 plujow S(U)) Q 0q e
(0) = L [D[U]O(U) exp(—S( 5 01,
1
1 3 S 7
Computed via importance sampling and using Markov-chain Monte Carlo (MCMC) methods ,3  ——

(0)= LSV OU;) wen p(U) = Lexp(—S(U))

4 »

"’ l' lllll,,o,“ ,,'I',' 0

QL= e Requires independent and identically distributed (IID) samples
P g ] P y (ID) samp

e State-of-the-art: Hybrid Monte Carlo (HMC) algorithm

(0) = z [D[U]D[p] O(U) exp(—p?/2 — S(U))
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Motivation: Critical slowing down

1000
»
In Lattice Gauge Theories, the expectation value of an observable is defined as 100 ,p’/
1 Tlnt 10 //‘,
_— _ ’.
(0) = 5 [DU]O(U) exp(—S(U)) o 1,
1
1 3 S 7
Alternative: If the field is generated by the transformation U = .F(V) —/\ ﬁ

D|U] = D|V]det F.(V)

g\ (©=1[DVIOFW) epl-8(V) —
The action is modified by
F Sr (V) — S(.F(V)) — log det F, (V) «——— the log-det. of the Jacobian

of the trancformation

Our goal, then, is to find a flow, JF , such that Sz (V) is easier to simulate / sample
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Motivation: Critical slowing down

1000
»
In Lattice Gauge Theories, the expectation value of an observable is defined as 100 ,p’/
1 Tlnt 10 //‘,
_— _ ’.
(0) = L [D[U]OW) exp(-S(U)) o vy,
14 [G. Kanwar et al., 2020]
1 3 S 7
Alternative: If the field is generated by the transformation U = .F(V) —/\ ﬁ

D|U] = D|V]det F.(V)

O) = L [DIVIO(F(V)) exp(—=Sz(V)) <—
UN\< ) = % [D[V]O(F(V)) exp(—Sz(V)) o
i Sr(V) = S(F(V)) — logdet F, (V) Locs fumction

Our goal, then, is to find a flow, JF , such that Sz (V) is easier to simulate / sample
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How to construct the flow?

Discrete flow Continuous flow
U=FV)=fpo---0faofi(V) U=FV)=[f(U,t)dt
Requirements: Ut — f(Ut, t)

e Cheap calculation of det JF, (V)

e Preserve symmetries of the field Same requirements...

Approach: Approach:
e RealNVP & Equivariant Normalizing Flows e Gradient flow by Llscher [M. Luscher, 2009]
[G. Kanwar et al., 2020] . . .
e ... with machine learning [S.B. et al., 2022]

y N . . - . - = f thi .
— L& — ot ° ocus of this presentation
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Part 1: Continuous flows for Lattice Gauge Theories

How to define Ut — d;f — f(Ut,t) 7

arXiv:0907.5491

\

Trivializing maps, the Wilson flow and
the HMC algorithm

Martin Liischer

CERN, Physics Department, 1211 Geneva 23, Switzerland

\. /
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ODEs on manifolds

Ut — g(Ut, t)Ut where Ut E Group Ut — eza Ca(t) T,
Zt [ Zt E Algebra ] [.]t — (Za Ca(t) Ta) Ut

e Z; = g(Ut, t) is an element of the algebra

e |Imposing Gauge invariance:

Uy(z) = Q2)U, ()2 (2 + 1) =eed | Z,(2) = Q(2)Z,(2)0 () |

e Strong constraints on Z;, how to satisfy these properties?
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Luscher’s ansatz

arXiv:0907.5491

Zt o 8 S (U ts t) : Trivializing maps, the Wilson flow and A

the HMC algorithm

~

S (Ut ’ t) — ZZ C; (t) WZ (U t) Martin Liischer

\ CERN, Physics Department, 1211 Geneva 23, Switzerland

/

° Zt is the force of a generic action (i.e. scalar & gauge invariant quantity)

o  Any force (i.e. gradient w.rt. the field components) is an element of the algebra

o Any force of an action (i.e. gauge invariant quantity) satisfies ZM (:B) — Q(:E)ZN (:E)QT (CIZ)

° Ut — (8S(Ut, t)) Ut is the most generic and suitable ODE for lattice gauge theories!
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Notation in Continuous Flows

(0) = Z [DIV]O(F(V)) exp(—SF(V))

Sx(V) = S(F(V)) — log det F, (V)

e Uy =YV basefield

Ur=F(V)= fOT U, dt integrated field

Uy = (8S(Ut,t)) Up fowoE

logdet F (V) = [\ L,S(Us, t)dt witn Loy =—Y

a a
T,U,a 833'7# 833,,“
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Summing up on Continuous Flows

(0) = % DU O(Ur) exp(—Sy(Up))

So(Us) = S(Ur) — [; LoS(Us,t)dt

Base Target Flow
action action action

o SO (UO) — COIlSt./SI(U[))/. . . training condition

o S(Ut’ t) - Zz C; (t)Wz (Ut) trainable action with ¢; (t) free parameters

° EO S(Ut ] t) is always an action-like term, e.qg. EO WO — % WO (but more complicated
for loops with repeated links)
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Part 2: Building on Liischer’s idea

How to find C; (t) 7

Perturbative approach around ﬂ =0

arXiv:0907.5491

-

\.

Trivializing maps, the Wilson flow and
the HMC algorithm

Martin Liischer

CERN, Physics Department, 1211 Geneva 23, Switzerland

\

/

S. Bacchio - 23/10/24 - ML4PhysChem, Bonn

Machine Learning approach
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Luscher’s t-expansion

S(Ut,t) = ;Cz(t)VVZ(Ut) e (t) _ Zk Cgk)tk
=280 W) = 3ot Y mw)

e Whensolvingaround 8 =0, ie. S(UT) — fOT Ly S(Ut, t)dt = const.

§Y =S
S =ty 0e,800,8%" fork >0
T, ,a
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Luscher’s t-expansion - Wilson action

) (1) @) 3) @) 5) ©) )

Terms appearing in the Next-to-Leading order,

,8 i.e. all combinations of two plaquettes sharing a link |
] S — —W ver Fag"f.
6 0 veyy dlg'lcu{t V
~ pqe beco™
° S(O) _ Lals _ _%WO Thing
=) .1 =0 B 4 12 1
. SYW=r 02,802 ,85 :—(——W —Z Wy + —= W
0 ; H T 192\ 3371 T 1192 T 33"
e etc.. o — LW4 -+ iWE) — lWG -4 1W7)
119 10 5 9
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Machine Learning approach

—

S(Ut, t) = Z,& C; (t)Wz (Ut) — C; (t, 9)

_)
° 9 are coefficients to train for finding the minimum of our tuning condition, i.e. cost function.

e Gradients of the cost function are needed for better & faster convergence

(S(UT)—SO(UO — [T oS, )df)

Coct ﬁmcﬁon

o
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Gradient of the cost function

9 np) = 4 _4a _rd G
7 C6) = £5(Ur) = 45:(Un) f; S Lo8(Us )

? 0

J

N\o<

dU; 1 i
o=y, - 5() = (a8, v,

Coefficiente’ ODE Algebra’e scalar product

e ISSUE: we have as many fields Y;(Z) as the number of parameters. Suitable only for few parameters...
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Adjoint State method

200) = Jy |(M>288)) - LL05,] dt

Adjoint Ctate

1
e We use the adjoint state method to remove any dependence on E( ) See [2212.08469] for details.

gw)‘e‘ At = 0LyS; + [0S, M] — Z A (y,v) 002, S,
¢ Y,V Second derivative
()D required

o\"v

P\&S
>\T — 8S(UT) —— The adjoint state is defined at time T,
so we have to integrate backwards
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Part 3: Numerical Results

2 Dimensional SY(3) Yang-Mills Theory

arXiv:2212.08469
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Considered Flow Actions

e Model A: Next-to-leading order of t-expansion, 7 Loops x Linear coefficients (2 params.)

/ A\
(0) () @) 3) ) ®  © O
Ws = We — 2W,

e Model B: 42 Wilson loops x 10 time points (interpolated by a cubic spline)

3aI ai

(8) 9) (10) (1) (12) (13) (14)
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Time dependence of the coefficients is fundamental

0) (1) (2) (3) 4) (5) (6) (7)
--== Co /5 (init) — Co/5 —_— C3 — C2 —_— C3 — Ca —_— Cg — Cq
0.04 (inear
0.02 -
I 0.00
=
—0.02 -
—0.04
—0.06 -
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
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Main Result: Machine-learned Gradient Flows

arXiv:2212.08469 ESS at 8
\ Ref. Nparams 4.0 | 5.0 | 6.0
f Learning Trivializing Gradient Flows for Lattice Gauge Theories : . .
| Liischer | 8 non-zero values | 42% | 4% | <1% |
Simone Bacchio,! Pan Kessel, >3 Stefan Schaefer,® and Lorenz Vaitl? —
Ye tation-based Sci ’dT} l R h Cent THh C( It'tLt Nicosia, C; Our work a 14:2t><7W 91% 65% 26%
Jomputation-based Science and Technology Research Center, The Cyprus Institute, Nicosia, Cyprus o o
2 Machine Learning Group, Technische Universitit Berlin, Berlin, Germany B| 420 =10; x 42w 98% | 88% 70%
Sprm ; : - : : :
BIFOLD—Berlin Institute for the Foundations of Learning and Data, Berlin, Germany =
4 John von Neumann-Institut fiir Computing NIC, |MIT & Deelend I Z, 4000000 I 88% | 75% l 48% |
Deutsches Elektronen-Synchrotron DESY, Germany

K (Dated: December 19, 2022) /

We have developed the first continuous flow for Lattice QCD. 100

Advantages compared to “discrete” flows are

4 HigheSt ESS and better Sca Iing [ e S e e g ) ”:‘[:‘;v"“rg bt&\"ﬁl;m‘{c;;wﬂ_ ;c@@_;;fg%;?&@a-;w?gmfw@ma
e 5 orders of magnitude less parameters = v
& ‘;»J\“?ﬁ'

o N
e All symmetries of the theory preserved w40 ‘&J{f@ 1
e  Faster training, 100x less iterations NS LY 711 PR Fweme Y .
e Initial guess from perturbation theory NOTE: Resulte for SU(3) gauge

theoriec on a 2]) 16 lattice. o3 200 400 600 800 1000
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Part 4: Towards 4D results

4 Dimensional SU(3) Yang-Mille Theory

OPPORTUNITY'S
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Target problem

Results on B 10 20 30 40 Q, B=6.0
a 87 |attice ESS 91% 49% 1% 0% !

Moving away from toy models, a good target problem is

® [=6.0 » 0.093 fm lattice spacing [1009.5228]
e 16%lattice » 1.5 fm lattice size R T L T A M
e |ong autocorrelation already visible in the smeared Q

For the base distribution then we can consider

e |deally, uniform = most probably impossible | " I } 1
e Realistically, 3=5./ » double lattice spacing
e Practically, ...
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— %/D[U] OU) exp(— Z/ U) exp(—S-(U;))

Gradien ~ U —35’ U
bt (U,) = S(U) — [ dt LoS(Us, 1) { = —05.U,
U=U;
ecire ﬂ BO
fare a:c/t/’an ST — S — —T= WO — = ? WO ’

L T =1 Target action L g__"~ L 8,

==

T =0 Trvial action Wilcon actmu B
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[7,5 = —8§t Ut

S-(U;) = S(U) — [} dt Lo5 (U, 1) { -

d

dr
0S;

= — (8S,,08:) = LS, \9 =78
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Z/ ) exp(—Ss(U)) = %/D[V] O(U) exp(—S;,(V))

72"'.?&;‘ Sg(U) — S, (V) dt £oS(Us,t) = const.

1
B fﬂo/ﬂ

golutio"” Ly S, — % (8WO, 85}) + %Wo — const.

= L' Wy = —= W

S(U.4) =8 % "W i
( () )_ Ekg()( ) ( t) g(k):[,al (8WO,3§(k_l))
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Convergence of the flow action

s 0(SD)o(5@) e o(£oSM)/o(LeS®) ¢ 0(£e5P)/0(L£5?)
0.10 7

S0 -2 5 (2) 0y -

kIO 0.06
e t <1 ¢ Limitoftheintegral . :%4

e B <6 X Region ofphysical interestat 3 = 6

~

e Order of magnitude of S( ) 2? T

505(2) _ (3WO,8§(1))
e Our conclusion: jt does not converge! BEAP
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Final Part: A realistic application

A wovel approach for computing gradients
of Phycical observables

OPPORTUNITY
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Opportunity?  Calculation of gradients!

arXiv:2305.07932 + PE ¢ LO { NLO
A novel approach for computing gradients of physical observables et 2| +
1o +., __________ WEST— + TR e T— — +_., ________ +_.,,_._
Simone Bacchio® Q . + +
! Computation-based Science and Technology Research Center, The Cyprus Institute, Nicosia, Cyprus i
(Dated: May 21, 2023)
- ~ ; | +
® Standard flnlte-dlffel'ence approach: g- 0_...+,Q¢ ........ +..+. ........ ¥Q, ......... Rigpoinsovis +.... .......... PR
-2
d0) _ 80 8s 8S
= a5 — O%) T1O){5) | +
Y noicy dicconnected < + + + + +
. . 1] Q- "‘ ......... +.Q ........... + Y St *’ ......... +’ .......... +.. ........ 4++'
contribvtions @
e Novel approach presented: el
d{0) 80 G . 2
_d0 = <W + (80, 05) }———* up to 1000x more precice Z 0__H+_{.+ ........ +.+.{ ......... + {* ........ +.H ........ ++} ........ +4+.* ......... +++
_2 o
EOS + (85, aS) + % — ConSt.—’ co’l(/l't/b’l fU ée fﬁfllfﬂ‘ed WO Wl )/\'72 W3 W4 We M')7

NOTE: Reculte for 4D pure-gauge SU(3), /=16
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Theorem and Corollaries

The generic formula, demonstrated and valid in any situation, is

d0) _ 20 | +(00,08) — 0C) + (0)(c) where
do 00 ) 99
C = LoS + (08,05) + =
Corollary A: “The new approach” Corollary B: “The standard approach”
If C = const. then If S’ = const. then
d{0) 80 S d(0) s S
o = {5 T(00,88)) | 5 =(5 —05) +(0){F)
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Remarks & Outlook

,COS + (35 85) 80 — const. A new loss function for gradients

Applications:

e Calculation of gradients and leading-order effects (QED, ©-term, isospin-breaking, etc.)

e Feynman-Hellmann approach for computing observables (g,, o-terms, gluons loops, etc.)

Approach:

e Any developed ML for LQCD. This is not a continuous flow anymore, only S is needed!

e Generic analytic solution: 5'(0) L 198

= (k) = 0
Can be veed as initial quecs S S (L oy
9 kzo S(k) _ _Ea (85, 8S(k 1)) Critical for

convergence
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Remarks & Outlook

~ A~ NS , - - .
,C() S + nts
102
| N;=2QCD

Pure Gauge
Applica ~ Feyman-Hellmann
2
e Calc § Feynman-Hellmann king, etc.)
TR observables
o Feyr 2 loops, etc.)
< 0 QT PR
Approac = i 0haarvabies [2401.10874]
| Dani
aniel Hackett
o An i ; » a 7 2 ‘ 3 'a , ’ S neededl
Y Moo Moz Mo 0@y foa| (@)t LU Monday's talk
e Gen ott-2024 0ct 21 observable
Cﬁl’\éeU ljuess ~ LJ ~J k k 1 0ys
O — S(R— ritical for
im0 | S =Lt (88,0577 Criteelt

convergence
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