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Achieving this goal involves developing predictive theoretical models that allow us to understand the 
emergent phenomena associated with small-scale many-body quantum systems of finite size. The detailed 
quantum properties of nuclei depend on the intricate interplay of strong, weak, and electromagnetic 
interactions of nucleons and ultimately their quark and gluon constituents. A predictive theoretical 
description of nuclear properties requires an accurate solution of the nuclear many-body quantum 
problem — a formidable challenge that, even with the advent of super-computers, requires simplifying 
model assumptions with unknown model parameters that must be constrained by experimental 
observations.  

Fundamental to Understanding 

The importance of rare isotopes to the field of 
low-energy nuclear science has been 
demonstrated by the dramatic advancement in 
our understanding of nuclear matter over the 
past twenty years. We now recognize, for 
example, that long-standing tenets such as 
magic numbers are useful approximations for 
stable and near stable nuclei, but they may 
offer little to no predictive power for rare 
isotopes. Recent experiments with rare 
isotopes have shown other deficiencies and 
led to new insights for model extensions, 
such as multi-nucleon interactions, coupling 
to the continuum, and the role of the tensor 
force in nuclei. Our current understanding has 
benefited from technological improvements 
in experimental equipment and accelerators 
that have expanded the range of available 
isotopes and allow experiments to be 
performed with only a few atoms. Concurrent 
improvements in theoretical approaches and 
computational science have led to a more 
detailed understanding and pointed us in the 
direction for future advances.  

We are now positioned to take advantage of these developments, but are still lacking access to beams of 
the most critical rare isotopes. To advance our understanding further low-energy nuclear science needs 
timely completion of a new, more powerful experimental facility: the Facility for Rare Isotope Beams 
(FRIB). With FRIB, the field will have a clear path to achieve its overall scientific goals and answer the 
overarching questions stated above. Furthermore, FRIB will make possible the measurement of a majority 
of key nuclear reactions to produce a quantitative understanding of the nuclear properties and processes 
leading to the chemical history of the universe. FRIB will enable the U.S. nuclear science community to 
lead in this fast-evolving field. 

 
Figure 1: FRIB will yield answers to fundamental questions 
by exploration of the nuclear landscape and help unravel 
the history of the universe from the first seconds of the Big 
Bang to the present.  
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Daejeon16 NN interaction
Based on SRG evolution of Entem-Machleidt “500” chiral N3LO to
                       followed by Phase-Equivalent Transformations (PETs) 
to fit selected properties of light nuclei.

            A.M. Shirokov, I.J. Shin, Y. Kim, M. Sosonkina, P. Maris and J.P. Vary,
            “N3LO NN interaction adjusted to light nuclei in ab exitu approach,”
            Phys. Letts. B 761, 87 (2016); arXiv: 1605.00413 

λ = 1.5 fm−1

Hoyle state?
see MCNCSM results below

Application to excited states of p-shell nuclei

Otsuka et al, Nature Comm 13:2234 (2022)            



Alpha clusters in Carbon-12 from
ab initio theory & statistical learning

Objectives
•Ab initio nuclear theory aims for parameter-free predictions 

of critical nuclear properties with controlled uncertainties 
using supercomputer simulations

• Specfic goal is to determine extent of alpha clustering in the 
Ground state and the Hoyle state of Carbon-12 (12C)

Ab initio Monte-Carlo Shell Model 
results for density contours of 12C 
Ground state and first excited 0+ 
(Hoyle) state using the Daejeon16 
two-nucleon potential. Simulations 
were performed on Fugaku in 
Japan, the world’s largest  
supercomputer at the time. 

Accomplishments 
T. Otsuka, T. Abe, T. Yoshida, Y. Tsunoda, N. Shimizu, N. Itagaki, Y. Utsuno, J. Vary, P. Maris and H. Ueno, “Alpha-Clustering 
in Atomic Nuclei from First Principles with Statistical Learning and the Hoyle State Character,” Nature Communications 
13:2234 (2022)

Impact 
• Ground state found to have 6% alpha clustering while 

Hoyle state discovered to be 3-alphas 61% of the time
• With this high percentage of 3-alphas, the Hoyle state is 

confirmed as a natural gateway state for the cosmic 
formation of 12C, the key element for organic life

• Statistical learning confirms 3-alpha feature of Hoyle state



Electric quadrupole (E2) observables in nuclei

• Electric quadrupole (E2) observables, such as the electric quadrupole 
moment Qp, and E2 transition strength B(E2), reveal nuclear collective 
structure and dynamics.

• To probe the nuclear quadrupole dynamics more completely, both proton 
and neutron quadrupole observables are needed.

• E2 observables are sensitive to the large-distance tails of the nuclear 
wave function, they are slowly convergent in ab initio NCSM approaches. 
Useful predictions for static and dynamic E2 observables have been 
derived by focusing on selected ratios.



Ratios of E2 observables calculated by NCSM

M. Caprio et al., Phys. Rev. C (2021)
A. Calci et al., Phys. Rev. C (2016)

M. Caprio et al., Phys. Rev. C (2022)

Robust correlation between the two 
E2 observables: quadrupole moments 
and transition strengths

21+ to 01+ in 12C
Chiral NN (open symbols)
NN + 3N (solid symbols)
From Nmax = 2 to 8, ℏΩ = 16 MeV
Grey shaded: experimental result
Blue shaded: NCSM prediction

The convergence patterns of the E2 
transition strengths and radius are 
strongly correlated 

1/21- to 3/21- in 7Li
Daejeon16 interaction
From Nmax = 4 to14 
Square: experimental result 
Cross: GFMC prediction

A near-complete elimination of the hω dependence at the 
higher Nmax is shown with the dimensionless ratio B(E2)/Q2

3/21- to 1/21- in 7Li with Daejeon16,  JISP16 and LENPIC
From Nmax = 4 to16
Square: experimental result 
Cross: GFMC prediction
Asterisk: rotational ratio



M. A. Caprio, University of Notre DameM. A. Caprio, University of Notre Dame

9Be: E2 moment correlation with radius

GFMC: S. Pastore, S. C. Pieper, R. Schiavilla, and R. B. Wiringa, Phys. Rev. C 87, 035503 (2013).

M. A. Caprio, P. J. Fasano, and P. Maris, Phys. Rev. C 105, L061302 (2022), and new paper in preparation

NN-only, N2LO, 
SCS, R = 1.0fm



Ratios of observables converge better
He Li, et al., arXiv: 2401.05776



Ratios of observables and 
ratios of ratios converge better
He Li, et al., arXiv: 2401.05776

Jie Chen et al.,
PRC 106, 064312 (2022)



M. A. Caprio, University of Notre Dame

Excited-state quadrupole moment from radius in 12C

Q(2+1 ) = +6(3) fm2
Vermeer 1983 (Stone 2016)

M. Caprio, MIT Seminar, summer 2023



Accomplishments

Ab Initio Nucleon-Nucleus scattering

R.B. Baker, B. McClung, Ch. Elster, P. Maris, S.P. Weppner, M. Burrows, G. Popa, Phys. Rev. C106, 064605 (2022);
R.B. Baker, M. Burrows, Ch. Elster, K.D. Launey, P. Maris, G. Popa, S.P. Weppner, Front. Phys. 10, 1071971 (2022) 

Differential cross section for elastic proton scattering 
on Carbon-12 with quantified uncertainties.

Objectives
• Predict elastic scattering of nucleons 

on light nuclei with theoretical 
uncertainty estimates.

• Use consistent effective field theory 
(EFT) nucleon-nucleon interactions 
for both scattering and bound state 
calculations.

• Apply Bayesian statistical model to 
infer  EFT truncation uncertainties.

Impact
• First nucleon-nucleus scattering 

calculations using nucleon-nucleon 
interactions with quantified EFT 
truncation uncertainties.

• Uncertainties increase with 
increasing scattering energies.

• Need to incorporate higher orders, 
as well as consistent three-nucleon 
interactions.



This is an exactly    
solvable algebraic problem!

Arises as a natural extension of 
NCSM where both potential and 
kinetic energies are truncated 

 T  +  V

Infinite set of algebraic equations in HO basis of relative motion:

Tnn '
l +Vnn '

l −δ nn 'E( )
n '=0

N

∑  an 'l E( )= 0.       n≤N−1

Matching condition at n =  N

TNn '
l +VNn '

l −δ Nn 'E( )
n '=0

N

∑  an 'l E( ) + TN , N+1
l aN+1, l E( )= 0.    n≤N−1

T  

Then for  n≥N +1

Tnn '
l −δ nn 'E( )

n '=0

∞

∑  an 'l E( )= 0,   which produces:       

Tn, n−1
l an−1, l (E)+ Tnn

l −E( )anl E( )+Tn, n+1
l an+1, l (E) = 0.

λ(N ,!Ω) & Λ(N ,!Ω)

“think outside the box”=>

NCSM with: 

“Harmonic Oscillator Representation of Scattering Equations”

General idea of the
HORSE formalism



Single-State HORSE (SS-HORSE)

Eλ are (obtained from) eigenvalues of the NCSM (for given ħΩ and Nmax). Once a 
scattering channel is defined (sets the continuum energy scale) the phase shift is 
calculated.  Analog of                  method for a plane-wave basis.

A.M. Shirokov, A.I. Mazur, I.A. Mazur and J.P. Vary, PRC 94, 064320 (2016); arXiv:1608.05885

� 

Hnn '
I

n'= 0

N

∑ n' λ = Eλ n λ ,       n ≤ N

H−E( )nn '
−1≡−Gnn ' =

n λ ' λ ' n '
Eλ '−Eλ '=0

N

∑

tanδ (E)=−
SNl (E)−GNNTN , N+1

l SN+1, l (E)
CNl (E)−GNNTN , N+1

l CN+1, l (E)
.  Also, S-matrix = S(GNN )

Suppose E  =  Eλ '

tanδ (Eλ )=
SN+1, l (Eλ )
CN+1, l (Eλ )

= (−1)l q2l+1Γ(−l+ 1
2)

L(N−l )/2
l+12 (q2 )

Φ(−N
2− l
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where L(N−l )/2
l+1

2  are associated Laguerre polynomials, Φ are confluent hyper-

geometric functions and q= 2Eλ

!Ω
 .  

Standard HORSE

Single-State HORSE

L!!uscher's
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Example of nα scattering 

1. No Core Shell Model calculations with 
Daejeon 16 interaction:
E5He(Nmax,ħΩ), E4He(Nmax,ħΩ)

2. Erel.nα= E = E5He – E4He

tanδ = f(E): obtaining phases at points E   
with f as known function

3. Selection criteria for Nmax and ħΩ:
phases form smooth curve

4. Parameterization:  δ = δr + smooth func.

5. Extracting Er, Γ from δr

0 1 2 3 4 5
E [MeV]

0

30

60

90

120

δ 
[d

eg
re

es
]

Experiment
Nmax= 12
           14
           16
           18
SS-HORSE

Daejeon16

nα, 3/2-

Adapted from: A. M. Shirokov, A. I. Mazur, I. A. Mazur, E. A. Mazur, I. J. Shin, Y. Kim, L. D. Blokhintsev, 
and J. P. Vary, Phys. Rev. C 98, 044624 (2018)



26

SS-HORSE Results for 3n resonances search 

Daejeon16 is modern version of NN force that
Started from chiral Idaho N3LO (SRG evolved) interaction
Effectively included 3N forces (due to phase-shift equivalent fit to stable nuclei with up to 16 nucleons)

Using this interaction looks reasonable because there are no 3body interactions that are fit 
to Isospin=3/2 states

tan 𝛿 = −
𝑆!"#,ℒ 𝐸
𝐶!"#,ℒ 𝐸No Core Shell Model eigenenergies 𝐸

Igor Mazur, IMP Workshop, Huizhou, China, Nov. 21, 2023; I. Mazur et al, in preparation

PRELIMINARY
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SS-HORSE Results for 3n resonances search 

Nmax
3/2- 1/2-

Er [MeV] Г [MeV] Er [MeV] Г [MeV]
16 0.607 1.524 0.606 1.604
18 0.537 1.176 0.531 1.133
20 0.481 0.963 0.481 0.962

Selection of points,
parameterization

Extraction 
of S-matrix pole position

Igor Mazur, IMP Workshop, Huizhou, China, Nov. 21, 2023; I. Mazur et al, in preparation

PRELIMINARY



I. Mazur et al, in preparation

PRELIMINARY
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Our results vs recent results

Interaction
3/2- 1/2-

Er [MeV] Г [MeV] Er [MeV] Г [MeV]

Daejeon16 0.51 ± 
0.06 1.1 ± 0.3 0.55 ± 

0.09 1.0 ± 0.3

JISP16 0.37 ± 
0.09

0.74 ± 
0.21 

0.37 ± 
0.09 0.7 ± 0.3

Idaho-N3LO 
SRG Λ=2 fm-1

0.34 ± 
0.09

0.79 ± 
0.24 

0.35 ± 
0.12 0.8 ± 0.3

Bare N3LO, N4LO (no NNN interaction), R = 0.9 fm: no resonance

Our results

Approach Interaction Er [MeV] Г [MeV] Reference
Q Monte Carlo, 
trap

N2LO (incl. 
3N)

0.37(7) Gandolfi et al, PRL 118, 232501 (2017)

NC Gamov SM N3LO Vlow-k 0.91 1.29 Li, Michel, Hu, Zuo, Xu, PRC 100, 054313 
(2019)

Transition 
operators various 

“hard” 
interactions

no resonance

Deltuva, PRC 97, 034001 (2018)

Complex scaling Hiyama, Lazauskas et al, PRC 93, 044004 
(2016)

Recent results

Igor Mazur, IMP Workshop, Huizhou, China, Nov. 21, 2023; I. Mazur et al, in preparation

PRELIMINARY
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the tetraneutron, is an appropriate candidate to address
this question. An overview of previous experiments and
theoretical approaches is given in Ref. [1].

Numerous attempts have been made to find a hint for
the existence of the tetraneutron as a bound or reso-
nant state. Among these, experiments were performed
searching for possible bound tetraneutrons produced in
uranium fission reactions, see e.g. [6]. Others, sensitive
to both, bound and resonant states, used pion-induced
double charge-exchange (DCX) reactions, mainly the
4He(⇡�,⇡+) reaction, see e.g. [7], as well as transfer reac-
tions such as 8He(d, 6Li) [8]. None of those experiments
yielded a positive signal.

Most of the past experiments were performed with sta-
ble nuclei. Towards the 21st century, with the develop-
ment of radioactive-ion beam facilities, it became pos-
sible to use extremely neutron-rich nuclei in which one
can expect an enhanced formation of a tetraneutron sys-
tem. The first indication for a possible bound tetraneu-
tron was reported in 2002 [2] from a breakup reaction
of 14Be into 10Be + 4n. The result stimulated several
theoretical studies, all agreeing on the same conclusion:
a bound tetraneutron state cannot be obtained theoreti-
cally without changing significantly our understanding of
the nuclear forces [9–11]. However, the possibility of the
four-neutron system to exist as a resonant quasi-bound
state with a very short lifetime in the order of a few
10�22 seconds, before decaying, has remained an open
and challenging question. It was later found that the re-
sult reported in [2] is also consistent with such a resonant
state with the limit Er . 2 MeV [3].

A decade later in 2016, an indication for a tetraneu-
tron resonance was reported [4]. A DCX reaction was
used, but in contrast to older attempts this time the reac-
tion was induced by a high-energy 8He radioactive beam.
8He is the most neutron-rich bound isotope, and the
8He(4He, 8Be) reaction channel was investigated. The
advantage of using a radioactive beam is the freedom of
selecting the reaction partner in a so called "recoil-less"
production (without momentum transfer) of the four-
neutron system. The energy of the state was found to
be 0.8 ± 1.4 MeV, and an upper limit on its width was
estimated as 2.6 MeV. However, due to the large experi-
mental uncertainty, the possibility of a bound state could
not be excluded by this experiment.

In this work, we used the quasi-elastic knockout of
an alpha (4He) particle from a high-energy 8He projec-
tile induced by a proton target to populate a possible
tetraneutron state. The inverse-kinematics knockout re-
action 8He(p, p4He) at large momentum transfer is well
suited because the 8He nucleus has a pronounced clus-
ter structure of an alpha core (4He) and four valence
neutrons with small 4n center-of-mass motion, such that
after the sudden removal of the alpha, a rather localized
four-neutron system with small relative energy between
the neutrons is produced, which may have a large overlap

Laboratory frame
8He Target 

proton

4He

x
Zbeam

Center-of-mass frame
�c.m. ≳ 160o

Target proton

Scattered proton

Projectile 4He

Scattered 4He

x4n

proton

Figure 1: | Schematic illustration of the quasi-elastic
reaction investigated in this work. Top: Quasi-elastic
scattering of the 4

He core from a 8
He projectile off a pro-

ton target in the laboratory frame. The length of the ar-
rows represents the momentum/nucleon (the velocity) of the
incoming and outgoing particles. Bottom: The equivalent
p� 4

He elastic scattering in their center-of-mass frame, where
we consider reactions at backward angles close to 180

�. In this
frame, the momentum of the proton balances that of the 4He,
PPP p = �PPP 4He, i.e., the proton is four times faster than the
4He.

with a tetraneutron state [12, 13]. The chosen kinematics
at large momentum transfer between the proton and the
alpha particle ensures that the four-neutron system will
recoil only with the intrinsic momentum of the 4He core
in the 8He rest frame, without any further momentum
transfer, thus allowing the recoil-less production. Fur-
thermore, final-state interactions between the four neu-
trons and the charged particles are also minimized due
to the large momentum transfer, separating charged reac-
tion partners from the neutron spectators in momentum
space (see Fig. 1).

The experiment took place at the Radioactive Ion
Beam Factory (RIBF) operated by the RIKEN Nishina
Center and the Center for Nuclear Study (CNS), Uni-
versity of Tokyo, using the Superconducting Analyzer
for Multi-particles from Radio Isotope Beams (SAMU-
RAI) [14]. A primary beam of 18O was directed onto a
beryllium production target producing a cocktail of ra-
dioactive nuclei from fragmentation. The secondary 8He
beam was separated using the BigRIPS fragment separa-
tor and transported with an energy of 156 MeV/nucleon
to a 5 cm thick liquid-hydrogen target [15] located at the
SAMURAI spectrometer (Fig. 2).

The incoming beam was measured upstream of the
target on an event-by-event basis using scintillators for
charge identification as well as momentum measurement,
and two drift chambers for tracking (see Extended Data
Fig. 1).

The outgoing charged fragments (alpha and proton)
emerging from the quasi-elastic scattering were detected
using a combination of detectors downstream of the tar-
get. Three planes of silicon-strip detectors, where each

M. Duer, et al., Nature 606, 678 (2022) 

Experimental setup in the Lab frame and
in the Center-of-mass frame

Basic idea:  the proton knocks out the
4He nucleus from the 8He system so 
fast as to leave the 4n system behind 
and, apparently, in a resonant state for
a significant fraction of the time (~20%).
In the remaining ~80% of the cases, the 
4n system is left in some excited 
“continuum” configuration.



M. Duer, et al., Nature 606, 678 (2022) 
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Figure 3: | Missing-mass spectra. Left: Missing-mass spectrum of the four-neutron system extracted from the 8
He(p, p4He)

reaction. The different curves represent a Breit-Wigner resonance (red), non-resonant continuum (dashed blue), background
from two-step processes (green), and the total sum (solid blue). Right: Missing-mass spectrum of the two-neutron system
extracted from the 6

He(p, p4He) reaction. The blue curve represents the theoretical calculation [17] convoluted with the
experimental acceptance and resolution, and the green curve the background from two-step reaction.

defined by P̄miss = P̄8He + P̄p(tgt) � P̄4He � P̄p, where the
four-momenta P̄ in the r.h.s of the equation are those
of the incoming beam, target proton, knocked-out alpha
and scattered proton, respectively.

The 6He(p, p4He) knockout reaction was measured
with almost exactly the same experimental conditions
as for 8He, except for some small differences in the en-
ergy of the incoming beam and the beam profile (see
Table 2 in the Supplementary Information), and served
as a benchmark for verifying the analysis and calibration
procedures. In the case of 6He, the 2n system is produced
by the sudden removal of the 4He core. The two-neutron
relative-energy spectrum is expected to be well described
by theory taking into account both the well established
ground-state wavefunction and the final-state scattering
wave of the two neutrons, predicting a low-energy peak
around 100 keV. Similarly to the 8He case, we define the
missing mass (P̄8He ! P̄6He and 4mn ! 2mn). The
measured missing-mass spectrum for 6He is shown in the
right panel of Fig. 3 together with the theoretical calcu-
lation [17] convoluted with the experimental acceptance
and resolution (blue curve). The energy range shown rep-
resents the one covered by the experimental acceptance.
The calculation is compared to the data by implementing
it into an event generator for the quasi-elastic reaction,
which uses the measured p� 4He differential elastic cross
section [16] as an input, as well as the measured inter-
nal momentum distribution of the alpha in 6He [18]. The
generated events are transported through the experimen-
tal setup in Geant4 simulations to account for the exper-
imental acceptance and detector resolutions. The excel-
lent agreement of the simulated theoretical distribution
with the measured spectrum confirms the analysis and
the calibration for determining the missing mass. The

missing-mass resolution obtained in the measurement is
approximately 1 MeV sigma, and is almost constant over
the measured energy range. The systematic uncertainty
for the determination of the absolute energy was esti-
mated from this measurement to be 0.4 MeV and that
of the energy width to be 0.27 MeV (see Methods). Also
shown in the right panel of Fig. 3 (green curve) is a possi-
ble small background contribution coming from two-step
process where 4He is produced in a first step (see Meth-
ods and following discussion for 8He). This background
was estimated from measured cross section to contribute
with 1% to the total number of measured events.

The measured missing-mass spectrum of the four-
neutron system from the 8He(p, p4He) reaction is shown
in the left panel of Fig. 3. Two components are observed:
a well pronounced peak in the low-energy region with
an energy around 2 MeV, and a broad distribution at
higher energies attributed to a non-resonant continuum
response [13], a direct four-body decay.

The shape of the non-resonant continuum spectrum
of the four neutrons has been studied theoretically for
the case of the four-neutron structure formed after the
sudden removal of the alpha core from 8He [13]. The
creation of the system is investigated by introducing into
the Schrödinger equation a source term which accounts
for the reaction mechanism producing the four-body sys-
tem, and that depends explicitly on the internal struc-
ture of the parent nucleus 8He. The 8He ground-state
wavefunction (without final-sate interaction) was treated
using the five-body (4He+4n) cluster orbital shell model
approximation (COSMA) [12]. The exact shape of the
non-resonant continuum, is sensitive to the hyperradius
of the source, ⇢sour, an internal radius of the 4n system,
described in the hyperspherical harmonics basis. A hy-

Continuum:
Grigorenko, et al
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What about 4n resonances for J > 0 channels?

Put the 4n system in a trap which confines the system:
states with different J values appear above the J = 0 
ground state raising the question of possible additional 
resonances in the physical system.



Fig. 6 Scaled ground state energies for neutron drop systems when confined to a harmonic oscillator trap with 
strength 10 MeV. The results are obtained with NN + 3N interactions from chiral Effective Field Theory (those 
labeled “NN+3N”) and compared with results from meson exchange interactions using other methods (P. 
Maris et al., Phys. Rev. C 87, 054318 (2013)). These results help quantify the uncertainty due to interaction 
dependence. NCSM results (labeled “NCSM”) are obtained on Titan using the GPUs for decoupling 
transformations of the 3N interaction from a compressed coupled angular momentum and isospin basis to an 
m-scheme basis that is employed in MFDn. Results from coupled-cluster calculations using the same 
interaction are labeled “ΛCCSD(T)”.  

P. Maris, J.P. Vary, S. Gandolfi, J. Carlson, S.C. Pieper, Phys. Rev. C87, 054318 (2013);
H. Potter, S. Fischer, P. Maris, J.P. Vary, S. Binder,  A. Calci, J. Langhammer and R.Roth, Phys. Lett. B739, 445 (2014)

“Neutron drops” in a 10 MeV harmonic oscillator trap
2014-2016 INCITE Closeout Report Highlight

Chiral EFT 

4, 6, 8
are more

stable



Overall Conclusions for static, transition
and scattering observables from ab initio theory

• Large classes of parameter-free predictions emerging 
• Ratios of well-chosen observables have small uncertainties and 

show remarkable agreements with experiment where available
• Ab-initio, non-perturbative and time-dependent scattering 

theory is developing rapidly – could become a fundamental 
physics “killer app” for Quantum Computers which will 
provide a sensitive probe into nuclear dynamics.



Thank you for your attention
I welcome your questions


