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Via della Ricerca Scientifica 1, I-00133 Roma, Italy

5Istituto Nazionale di Fisica Nucleare, Sezione di Roma Tre,

Via della Vasca Navale 84, I-00146 Rome, Italy

6HISKP (Theory), Rheinische Friedrich-Wilhelms-Universität Bonn,

Nussallee 14-16, 53115 Bonn, Germany

7High Performance Computing and Analytics Lab, Rheinische Friedrich-Wilhelms-Universität Bonn,

Friedrich-Hirzebruch-Allee 8, 53115 Bonn, Germany

8NIC, DESY, Platanenallee 6, D-15738 Zeuthen, Germany

9Dipartimento di Matematica e Fisica, Università Roma Tre and INFN, Sezione di Roma Tre,
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The R ratio

First historical evidence ofNc = 3

R(E) =
σ(e+e− → hadrons)
σ(e+e− → µ+µ−)

→ Nc
∑
i=1

Q2
i

362 5 Hadronic Effects

γ

e−

e+

γ hard

s = M2
φ; s′ = s (1 − k), k = Eγ/Ebeam

π+π−, ρ0φ hadrons

(a) (b)

Fig. 5.9 a Radiative return measurement of the π+π− cross–section by KLOE at the φ–factory
DAΦNE. At the B–factory at SLAC, using the same principle, BABAR has measured many other
channels at higher energies. Recently also BES-III at BEPC-II has applied the ISR mechanism to
measure the π+π− cross–section; b Standard measurement of σhad in an energy scan as performed
at Novosibirsk (CMD-2, CMD-3, SND, KEDR) and Beijing (BES-II) by tuning the beam energy

Fig. 5.10 Comparison of ISR ππ data: ratio |Fπ(E)|2 in units of a GS fit from BES-III. Left panel
all sets. Right panel BaBar versus KLOE10, which exhibits the largest relative deviations

level [59, 60] at the end. The first dedicated radiative return experiment has been per-
formed by KLOE at DAΦNE/Frascati, by measuring the π+π− cross–section [23]
(see Fig. 5.6). Based on the ISR method, meson factories have been able to improve
the low energy ππ cross–sections database dramatically.Measurements fromKLOE,
BABAR and lately also from BES-III allowed to reduce errors by almost a factor
ten. The measurements are very challenging and unfortunately there is quite some
tension between the different data set as shown in Fig. 5.10. KLOE data lie higher
below the ρ0 and lower above the ρ0, with deviations at the few% level at the bound-
aries of the measured energy range. For a recent review of hadron production via
e+e− collisions with initial state radiation see [61] or the earlier [62].

The “observed” cross section at O(α2) may be written in the form

σobs(s) = σ0(s) [1 + δini(ω) + δfin(ω)]

+
∫ s−2ω

√
s

4m2
π

ds ′ σ0(s
′) ρini(s, s

′) + σ0(s)
∫ s−2ω

√
s

4m2
π

ds ′ ρfin(s, s
′) , (5.11)

which also illustrates the unfolding problem one is confronted with in determining
the cross section of interest σ0(s). This “bare” cross section, undressed from elec-
tromagnetic effects, is formally given by the point cross–section (2.261) times the
absolute square of the pion form factor which encodes the strong interaction effects

184 3 Lepton Magnetic Moments: Basics

γ γ
γ

e, μ, τ <

>

α : weak coupling
pQED works↙

γ γ

g
u, d, s, · · ·<

>
αs : strong coupling

pQCD fails

↗

Fig. 3.2 The hadronic analog of the lepton loops

Fig. 3.3 A compilation of
αs measurements in a plot
from Ref. [12]. The lowest
point shown is at the τ lepton
mass Mτ = 1.78 GeV where
αs(Mτ ) = 0.322 ± 0.030.
Resource the Review of
Particle Physics (2016)

QCD αs(Mz) = 0.1185 ± 0.0006

Z pole fit  

0.1

0.2

0.3

αs (Q)

1 10 100

Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

Sept. 2013

Lattice QCD (NNLO)

(N3LO)

τ decays (N3LO)

1000

pp –> jets (NLO)(–)

Fig. 3.4 The leading order
hadronic vacuum
polarization diagram

had

μ

γ

γ γ

be safely evaluated by exploiting causality (analyticity) and unitarity (optical theo-
rem) together with experimental low energy data. The imaginary part of the photon
self–energy function Π ′

γ(s) (see Sect. 2.6.1) is determined via the optical theorem
by the total cross section of hadron production in electron–positron annihilation:

σ(s)e+e−→γ∗→hadrons = 4π2α

s

1

π
Im Π

′had
γ (s) . (3.52)

The leading Hadronic Vacuum Polarization (HVP) contribution is represented by the
diagram Fig. 3.4, which has a representation as a dispersion integral

aμ = α

π

∫ ∞

0

ds

s

1

π
Im Π

′had
γ (s) K (s) , K (s) ≡

∫ 1

0
dx

x2(1 − x)

x2 + s
m2

μ
(1 − x)

. (3.53)

Crucial to calculation of (g − 2)µ from dispersive integral

aLO-HVPµ =
α2
em

3π2

∫ ∞
M2
π

ds
K(s)

s
R(s)

690 695 700 705 710 715 720 725

aLO−HV Pµ × 10−10

3.5σ

2.1σ 1.5σ

Why? Great!

Dispersive (WP) No new physics scenario

BMW ’20 (LQCD)
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What do we mean by "probing the R ratio"?

Infinite number of observables

R[K](E) =

∫ ∞
0

dωK(ω,E)R(ω)

0 1 2 3 4 5 6

E [GeV]

0

1

2

3

4

5

6

R
(E

)

from AlphaQED19 (F. Jegerlehner)

From R(E) itself

R(E) =

∫ ∞
0

dωδ(ω − E)R(ω)

...
...

...
...

...

K(ω,E)

...
...

...
...

...

to the Euclidean correlator (Bernecker, Meyer ’11)

C(t) =
1

12π2

∫ ∞
0

dω e−ωtω2R(ω)

Each kernel probes R in a very different way
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aWµ : an example of observable

RBC/UKQCD:

aWµ =
2α2

em

9π2mµ

∫ ∞
Ethr

dE
(
mµ

E

)3

K̃

(
E

mµ

)
Θ̃W (E)R(E)

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

E [GeV]

0

1

2

3

4

5

( m
µ

E

) 3
K̃
(
E m
µ

) Θ̃
W

(E
)
×

3
·1

03

R(E)

W

From LQCD computation of C(t):

228 230 232 234 236 238 240

aWµ × 10−10

4.2σ tension

R(E) from e+e− data

ETMC-’22

BMW-’20

CLS/Mainz-’22

Some observables may suggest other ones to look at

Alessandro De Santis Probing theR ratio on the lattice 3 / 16



Probe R in the energy regime: smeared Rσ(E)

Rσ(E) =

∫ ∞
2Mπ

dωδσ(ω,E)R(ω) δσ(ω,E) =
1

σ
√

2π
e
−(ω−E)2

2σ2 → local probing of R in energy

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

E [GeV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

R
σ
(E

)

alphaQED19 (F. Jegerlehner)

δσ(E,2.0 GeV) σ = 0.32 GeV

δσ(E,2.0 GeV) σ = 0.44 GeV

δσ(E,2.0 GeV) σ = 0.53 GeV

HLT spectral reconstruction of Rσ(E) from C(t) =
1

12π2

∫ ∞
2Mπ

dω e−ωtω2R(ω)

Alessandro De Santis Probing theR ratio on the lattice 4 / 16



First “R(E)” computation from first principles

Rσ(E) =

∫ ∞
2Mπ

dωδσ(ω,E)R(ω) δσ(ω,E) =
1

σ
√

2π
e
−(ω−E)2

2σ2 σ ∼ 0.5 GeV

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

E [GeV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5
R
σ
(E

)
δσ(E,2.0 GeV)

R(E) from alphaQED19 (F. Jegerlehner)

Rσ(E) from e+e− data

Spectral reconstruction

How did we get it?
Alessandro De Santis Probing theR ratio on the lattice 5 / 16



ETMC Lattice setup

arXiv:2206.15084 by ETM Collaboration
S. Bacchio & G. Gagliardi - Talks Lattice 2022;

C(t) = −a
3

3

3∑
i=1

∑
~x

〈
Ĵi(x)Ĵi(0)

〉

Twisted-mass (tm) and Osterwalder-Seiler (OS) currents

Two different ways (r ∈ {tm,OS}) to approach the continuum limit

J f ,OS
µ ∝ ψ̄+

f γµψ
+
f (RC: ZV ). J f ,tm

µ ∝ ψ̄+
f γµψ

−
f (RC: ZA).

• ± is the sign of the twisted Wilson
parameter.

• Connected V f ,OS
conn (t) and V f ,tm

conn (t)
differ by O(a2) cut-off effects,
including a2-dependent FSEs.

• Disconnected V ff ′

disc(t) term can
only be evaluated with the OS
current. 5

ensemble β V/a4 a (fm) aµ` Mπ (MeV) L (fm) MπL

B64 1.778 643 · 128 0.07961 (13) 0.00072 140.2 (0.2) 5.09 3.62
B96 1.778 963 · 192 0.07961 (13) 0.00072 140.1 (0.2) 7.64 5.43
C80 1.836 803 · 160 0.06821 (12) 0.00060 136.7 (0.2) 5.46 3.78
D96 1.900 963 · 192 0.05692 (10) 0.00054 140.8 (0.2) 5.46 3.90

Nf = 2 + 1 + 1 dynamical flavours (`, s, c in isosymmetric theory)

All quark-line connected and disconnected contributions included

Two regularizations for quark connected contributions: Twisted Mass (TM) and Osterwalder-Seiler (OS)

Alessandro De Santis Probing theR ratio on the lattice 6 / 16



Spectral reconstruction from Euclidean correlators: HLT method

The new method (inspired by G. Backus and F. Gilbert method ’68, ’70):
M. Hansen, A. Lupo, N. Tantalo - Phys.Rev.D 99 (2019); J. Bulava et. al - JHEP 07 (2022)
J. Bulava - Talk Lattice 2022, A. Lupo - Talk Lattice 2022, A. Evangelista - Poster Lattice 2022

C(t) =

∫ ∞
0

dω e−ωtρ(ω)︸ ︷︷ ︸
Avaiable from lattice

ρ(ω) =
ω2R(ω)

12π2
K(ω,E) = 12π2 δσ(ω,E)

ω2

If we could write

K true(ω,E) ∼ K rec(ω,E) =

τmax∑
τ=1

gτ (E)
[
e−ωτ + e−ω(T−τ)

]
then

ρ[K](E) =

∫ ∞
0

dωK true(ω,E)ρ(ω) =

τmax∑
τ=1

gτ (E)C(τ) + ∆ρ

How can we compute the coefficient vector g?

Alessandro De Santis Probing theR ratio on the lattice 7 / 16



Spectral reconstruction from Euclidean correlators: HLT method

The vector of coefficients g is obtained by the minimization of

Wλ[g] = (1− λ)
Aα[g]

Aα[0]
+ λB[g]

Aα[g] is the difference between the true and the approximated kernel

Aα[g] =

∫ ∞
E0

dω
{
K true(ω,E)−K rec(ω,E)[g]

}2

· eαω

B[g] is a noise regulator (reflecting the statistical variance)

B[g] ∝ gT · Ĉov · g

α improves the convergence and allows for a better stability (α < 2 to have convergent integrals)
λ is a trade-off parameter

We look for stability with respect λ⇔ A0[gα,λ]

A0[0]

Alessandro De Santis Probing theR ratio on the lattice 8 / 16



Stability of the reconstruction

10−9 10−8 10−7

A0[gα,λ]/A0[0]

0.042

0.043

0.044

0.045

0.046

0.047

R
σ
(E

)/
12
π

2
Z

2 A
·cf

σ = 5mµ ∼ 500 MeV, E =0.74 GeV, (C80 light conn. TM cf=5/9)

α = 0

Vertical bars correspond to statistical error only
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Stability of the reconstruction

10−9 10−8 10−7

A0[gα,λ]/A0[0]

0.042

0.043

0.044

0.045

0.046

0.047

R
σ
(E

)/
12
π

2
Z

2 A
·cf

σ = 5mµ ∼ 500 MeV, E =0.74 GeV, (C80 light conn. TM cf=5/9)

α = 0

α = 0.5

The stability of R(E) wrt variations of A0[g]/A0[0] is enhanced upon increasing α
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Stability of the reconstruction

10−9 10−8 10−7

A0[gα,λ]/A0[0]

0.042

0.043

0.044

0.045

0.046

0.047

R
σ
(E

)/
12
π

2
Z

2 A
·cf

σ = 5mµ ∼ 500 MeV, E =0.74 GeV, (C80 light conn. TM cf=5/9)

α = 0

α = 0.5

α = 1

difference between α = 2− and α = 1 results found to be negligible→ saturation level reached
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Stability of the reconstruction: final result and error estimation

10−9 10−8 10−7

A0[gα,λ]/A0[0]

0.042

0.043

0.044

0.045

0.046

0.047

R
σ
(E

)/
12
π

2
Z

2 A
·cf

10B[g]B[g]

σ = 5mµ ∼ 500 MeV, E =0.74 GeV, (C80 light conn. TM cf=5/9)

α = 0

α = 0.5

α = 1

Rσ(E) = Rσ(E)
∣∣
10B

∆final =
√

∆2
stat + ∆2

syst ∆syst =
∣∣∣Rσ(E)

∣∣
10B
−Rσ(E)

∣∣
B

∣∣∣ α = 1
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Stability of the reconstruction: final result and error estimation

10−10 10−9

A0[gα,λ]/A0[0]

0.028

0.029

0.030

0.031

0.032

0.033

R
σ
(E

)/
12
π

2
Z

2 A
·cf

10B[g]B[g]

σ = 5mµ ∼ 500 MeV, E =0.42 GeV, (D96 light conn. TM cf=5/9)

α = 0

α = 0.5

α = 1

Systematic uncertainty under change of A0[g]/A0[0] reliably taken into account
⇒ conservative error estimation
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Same lattice spacing but different volume (5.1 fm and 7.6 fm)

The results from data at the two different L are consistent within the quoted errors (E = 1.06 GeV, σ ∼ 500 MeV)

10−7 10−6

A0[gα,λ]/A0[0]

0.051

0.052

0.053

0.054

0.055

0.056

0.057

0.058

R
σ
(E

)/
12
π

2
Z

2 A
·cf

10B[g]B[g]
(light conn. cf=5/9)

B64

B96
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Rσ(E): continuous extrapolation
Combined (amµ)2-linear extrapolation to zero lattice spacing - (σ ∼ 500 MeV)

1.69

1.70

1.71

1.72

1.73

1.74

R
σ
(E

)
χ2/dof =3.56e-01 - E =0.74 GeV - light conn.

Rσ(E) =1.718(0.020) OS TM

−0.006

−0.005

−0.004

−0.003

R
σ
(E

)

χ2/dof =2.92e+00 - E =0.74 GeV - light disconn.

Rσ(E) =-0.045(0.001)

Rσ(E) =-0.003(0.001)

OS

0.0000 0.0005 0.0010 0.0015

(amµ)2

0.272

0.273

0.274

0.275

0.276

0.277

R
σ
(E

)

χ2/dof =1.55e-01 - E =0.74 GeV - strange conn.

Rσ(E) =0.276(0.002) OS TM

0.0000 0.0005 0.0010 0.0015

(amµ)2

1.2

1.3

1.4

1.5

1.6

R
σ
(E

)

χ2/dof =1.21e+00 - E =2.91 GeV - charm conn.

Rσ(E) =1.143(0.014) OS TM
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Rσ(E): preliminary results

Rσ(E) from e+e− data

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

E [GeV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

R
σ
(E

)

δσ(E,2.0 GeV) σ = 0.53 GeV

light conn.

strange conn.

charm conn.

All contrib.

Uncertainty coming mostly from light quark contributions, strange & charm ones are very precise
Disconnected contributions are tiny and cannot be appreciated on this scale
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Rσ(E): preliminary results, let’s zoom in ...

0.2 0.4 0.6 0.8 1.0 1.2 1.4

E [GeV]

0.75

1.00

1.25

1.50

1.75

2.00

2.25

2.50

R
σ
(E

)

δσ σ = 0.53 GeV

All contrib.

Spectral reconstruction seems to deviate significantly from e+e− data in line width aWµ calculation but ...
a more careful study of the error on data-driven results is needed (correlations, up-to-date datasets):

Here a naive estimate of them is shown based on a public database (AlphaQED19).
It would be interesting to have data-driven Rσ(E) values based on other databases (KNT, DHMZ).
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Rσ(E): preliminary results

Rσ(E) from e+e− data

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

E [GeV]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

R
σ
(E

)

δσ(E,2.0 GeV) σ = 0.32 GeV

light conn.

strange conn.

charm conn.

All contrib.

Large errors from light contributions invalidate accurate reconstruction for σ < 0.3 GeV
Any possible discrepancy is now masked by the reconstruction uncertainty
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Conclusions and future perspectives

The R ratio can be investigated by computing any related observable R[K](E) =
∫∞
0 dωK(ω,E)R(ω)

We focused on the smearing by a Gaussian of width σ→ Rσ(E)→ important for comparison with Rσ(E)exp

Rσ(E) is computed from the Euclidean lattice correlator via a new spectral reconstruction method (HLT)

Results for Rσ(E) are given with reliable errors based on a careful reconstruction stability analysis

Results at σ < 300 MeV are currently inaccurate due to limitations in volume size and statistics but feasible in future

A deviation from e+e− data, if confirmed, would be in line with the aWµ computation from the same ETMC correlators

Next on our to-do list:

A solid estimate of the experimental errors and a detailed comparison with our data

Exploration of the sensitivity to other kernels

Extension to larger statistics (a second ensemble with L = 7.5 fm) and possibly to even larger size L in
order to reduce the error and explore smaller σ
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Conclusions and future perspectives
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∫∞
0 dωK(ω,E)R(ω)
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Backup slides



Rσ(E): preliminary results

Rσ(E) from e+e− data
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Still a tension between our results and e+e− data
As σ decreases the reconstruction becomes more challenging



Backup: the functional Aα[g]

Wλ[g] = (1− λ)
Aα[g]

Aα[0]
+ λB[g] Krec(ω,E) =

τmax∑
τ=1

gτ (K,E, · · · )e−τω (1)

where
Aα[g] =

∫ ∞
E0

dω
{
K true(ω,E)−Krec(ω,E)

}2
eαω = gT · Âg − 2gT · f +Aα[0] (2)

ρ[K]true(E)− ρ[K]rec(E) =

∫ ∞
E0

dωρ(ω)
[
K true(ω,E)−Krec(ω,E)

]
(3)

ρ(ω) in general increases as a power of the energy (Axiomatic QFT)[
K(ω,E)−Krec(ω,E)

]
is forced to decrease exponentially thanks to eαω with α > 0

gT · Âg =

τmax∑
τ1,τ2=1

gτ1gτ2
eω(α−τ1−τ2)

α− τ1 − τ2

∣∣∣∣∞
E0

convergent if α < τ1 + τ2 < 2 (4)

−2gT · f =

τmax∑
τ=1

gτ

∫ ∞
E0

dω eω(α−τ)K(ω,E) (5)

As a measure of the reconstruction accuracy we consider

A0[gα,λ]

A0[0]
=

∫∞
E0

dω
{
K(ω,E)− gα,λ · b

}2∫∞
E0

dω
{
K(ω,E)

}2
B[g] =

τmax∑
τ,τ ′=1

gτ
Cov(C(τ), C(τ ′))

C(1)2
gτ ′E

−2[g] (6)



Kernel reconstruction
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C80 - light conn. - E=3.17 GeV - σ ∼ 500 MeV

δtrueσ (ω,E)

δrecσ (ω,E), α =0

δrecσ (ω,E), α =1

The effect of α is a strong suppression of δrec(ω,E)− δtrue(ω,E)

The kernel reconstruction is less accurate at high energies



Backup: aµ time-distance windows
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Θ
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)
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awµ = 2α2
em

∫ ∞
0

dt t2K(mµt)Θ
w(t)C(t) aHVPµ = aSDµ + aWµ + aLDµ

ΘSD(t) = 1− 1

1 + e−2(t−t0)/∆

ΘW (t) =
1

1 + e−2(t−t0)/∆
− 1

1 + e−2(t−t1)∆

ΘLD(t) = 1− 1

1 + e−2(t−t1)/∆

t0 = 0.4 fm, t1 = 1 fm, ∆ = 0.15 fm (arXiv:1801.07224)



Backup: windows in the energy regime
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Deviations of R(E) data with respect to SM predictions expected in the low and/or intermediate energy region

awµ =
2α2

em
9π2mµ

∫ ∞
Ethr

dE
(
mµ

E

)3

K̃

(
E

mµ

)
Θ̃w(E)R(E) Θ̃w(E) =

∫∞
0 dt t2e−EtK(mµt)Θw(t)∫∞

0 dt t2e−EtK(mµt)

aHVP
µ window observables: SM (lattice) vs. experiment (Rhad)

SM predictions from lattice QCD + QED (col. 2,3,4) against Rhad data driven results (col. 5, 6)

latt. “aver.” ↔ our average of the “independent” results from ETMC-22, CLS-22 and BMW-20

WP-proc.(’22) ↔ 2205.12963 (Colangelo et al.) with merging procedure of 2006.04822 (WP)

KNT(’19-’22) ↔ Keshavarzi, Nomura, Teubner: 1911.00367 + private communication (2022)

obs.(HVP-LO) ETMC-22 BMW-20 latt. “aver.” WP-proc.(’22) KNT(’19-’22)

a) aSD
µ 1010 69.33(29) – – 68.4(5) 68.44(48)

b) aW
µ 1010 235.0(1.1) 236.7(1.4) 236.08(74) 229.4(1.4) 229.51(87)

c) aHVP
µ 1010 – 707.5(5.5) – 693.0(3.9) 692.78(2.42)

a) Agreement at 1.6 σcombined level

b) Tension at 4.2 (or 5.8 ) σcombined level ! [BACKUP]

c) Tension at 2.1 (or 2.4 ) σcombined level

aw
µ ∝

∫ ∞
Ethr

dE
{m3

µ

E3 K̃
(

E
mµ

)
Θ̃w (E)

}
Rhad (E) 0
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×
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Frezzotti (Physics Dept. and INFN of Roma - Tor Vergata)Photon HVP and gµ − 2 July 8th - ICHEP 2022 9 / 13

Table from R. Frezzotti ICHEP 2022



Backup: continuous extrapolation of the correlator

C
(

(amµ)2
)

= C0 + Cr1 (amµ)2 + Cr2 (amµ)4 + CMπ

(
aMπ

aM
−
M

phys
π

M

)
+ CrL

(
e−MπL − e−M

phys
π L?

)
Cr2 (amµ)4, mass and volume corrections are included depending on the time region. r = [TM,OS]

Correlators are first interpolated at physical times t =
(

1 + 1
2

)
· aB (aB = 0.0796 fm - coarser lattice spacing)

Continuous extrapolation is more challenging around 0.5 fm where both a4 and finite volume effects show up
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Backup: continuous extrapolation of the correlator

C
(

(amµ)2
)

= C0 + Cr1 (amµ)2 + Cr2 (amµ)4 + CMπ

(
aMπ

aM
−
M

phys
π

M

)
+ CrL

(
e−MπL − e−M

phys
π L?

)

L? = LB64 = 5.09 fm,M = 2.48 GeV
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Backup: mixed-action setup

From G. Gagliardi - SchwingerFest 2022

Local and renormalizable mixed action employed
[ Frezzotti and Rossi (2004) ] :

S = SYM [U ] + Sq,sea[Ψ`,Ψh, U ] + Sq,val[q
η
f , U ] + Sq,ghost[φ

η
f , U ]

Gluonic sector: improved Iwasaki action SYM [U ] (not detailed here).

Fermionic sector: sea quark action Sg,sea written in terms of degenerate quark doublet
Ψt
` = {usea, dsea}, and heavy non-degenerate doublet Ψt

h = {csea, ssea}.

Fermionic sector: valence quark action Sg,val written in terms of quark fields qηf , where f = u, d, s, c,
and the replica index η runs from 1 to 3 with rηf = (−1)η+1.

Ghost sector Sq,ghost introduced to cancel contribution of Sq,val to fermionic determinant.

Sea and valence quark masses are matched to renormalized ones (see arXiv:1807.00495 and
arXiv:2206.15084)



Backup: mixed-action setup

From G. Gagliardi - SchwingerFest 2022

Sea quark action

Sq,sea = a4
∑
x

{
Ψ̄`(x)

[
γ · ∇̃+ µ` − iγ5τ

3W clov.
cr

]
Ψ`

+ Ψ̄h(x)
[
γ · ∇̃+ µσ + µδτ

3 − iγ5τ
1W clov.

cr

]
Ψh

}

Valence quark action

Sq,val = a4
∑
x

q̄ηf (x)

γ · ∇̃+mf − rf,η︸︷︷︸
(−1)η+1

iγ5W
clov.
cr

 qηf (x)

Critical Wilson-clover operator

W clov.
cr = −

a

2
∇∗ · ∇+mcr +

cSW

32
γµγν

[
Qµν −Qνµ

]



Strange quarks

Strange contributions are more precise than light ones
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Charm quarks

Charm correlators are less noisy→ very accurate result
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Same lattice spacing but different volume (5.1 fm and 7.6 fm)
The results from data at the two different L are consistent within the quoted errors (E = 1.06 GeV, σ ∼ 500 MeV)
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