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Lattice result for the hadronic running of o [Cé et al., arXiv:2203.08676]

Starting point: Results for Aq, . ,(—Q?) for Euclidean momenta 0 < 0? < 7GeV?  [T.5an José, TUE 17:10]

1.0GeV?  3.0GeV?  5.0GeV?

Rational approximation: e Mainz/CLS and BMWc (2017)
00010 - stat this work - + | -+ | —1- differ by 2-3% at the level of 1-20
| 0 fit |
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g = _on ] - o e phenomenology by ~ 3¢ for
7 0.00000 SS—— See—¢ Acpad(—Q?) x 10° 2 2
5 had 0 2> 3GeV
~0.00005 - DHMZ data 4 = 1 - 1 -~
Jegerl. | | | e Tension increases to > S50 for
—0.00010 A alphaQED19 Q2 <9 G€V2
0 3 i 6 KNTI8 data 4 - 1 - { = ~ -
Q* [Gev?) (smaller statistical error due to ansatz

260 330 575 600 675 700 795 for continuum extrapolation)
Aafi(—Q?) x 10°

Systematic uncertainties from fit ansatz, scale setting, charm quenching, isospin-breaking and missing
bottom quark contribution (five flavour theory) included in error budget
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Consistency of the Standard Model

Hadronic running at Z-pole: Aaézgi(Mg) — key quantity in global electroweak fit

Aa,, .4 related to hadronic vacuum polarisation contribution to muon g — 2:
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Consistency of the Standard Model

Hadronic running at Z-pole: Aaézgi(Mg) — key quantity in global electroweak fit
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Different kernel functions: low-energy region receives smaller weight in Aaégzl(Mé)
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Consistency of the Standard Model

Hadronic running at Z-pole: A“}Eil(Mg) — key quantity in global electroweak fit

Aa,, .4 related to hadronic vacuum polarisation contribution to muon g — 2:

P o)
5) 2y _ 29 R(s) 3 _
Aa, (q7) = i iz ds G =)’ R(s) = I als) o(e"e” — hadrons)

70

2 ™~ R(sK .
g :(“m“) f s ROKG) 63 < Ris) < 1

2 b
3 m, )

Different kernel functions: low-energy region receives smaller weight in Aaégzl(Mg)

Task: convert lattice result for Aalgzzi(—Qz) to an estimate of Aa}gzl(Mé) and

compare to global electroweak fit
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(5) (Af2
How to evaluate Aa > (M7)

Method 1: Direct dispersion relation (DR)

P o0
R(s)
Ao (2) = 24 2 — g2
cvhad(q ) 3 ) ds G — ) for g= = M;

70

— use combination of perturbation theory and experimental data for R-ratio
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Method 1: Direct dispersion relation (DR)
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R(s)
Ao (2) = 24 2 — g2

ahad(q ) 3 ) ds G — ) for g= = M;

70

— use combination of perturbation theory and experimental data for R-ratio

Method 2: Adler function approach, aka. “Euclidean split technique”
Aot (M3) = A (- 03)
HAapy (-M3) = Ay (—07)]
+HAaD (M2) — A (—M3)]

[Chetyrkin et al., Nucl Phys B482 (1996) 213; Eidelman et al., Phys Lett B454 (1999) 369; Jegerlehner, hep-ph/9901386, arXiv:0807.4206]
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Method 1: Direct dispersion relation (DR)

P o0
R(s)
Ao (2) = 24 2 — g2

ahad(q ) 3 ) ds G — ) for g= = M;

70

— use combination of perturbation theory and experimental data for R-ratio

Method 2: Adler function approach, aka. “Euclidean split technique”
Aa(s) (M%) — Aa(s) ( QO) — lattice QCD or DR for g* = — Qg
Ay (=M2) = Ay, (= 0p)]
+HAaD (M2) — A (—M3)]

[Chetyrkin et al., Nucl Phys B482 (1996) 213; Eidelman et al., Phys Lett B454 (1999) 369; Jegerlehner, hep-ph/9901386, arXiv:0807.4206]
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Method 1: Direct dispersion relation (DR)
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R(s)
Ao (2) = 24 2 — g2

ahad(q ) 3 ) ds G — ) for g= = M;

70

— use combination of perturbation theory and experimental data for R-ratio

Method 2: Adler function approach, aka. “Euclidean split technique”
Aa(s) (M%) — Aa(s) (= QO) — lattice QCD or DR for g* = — Qg

+[ACY(5)( M) — Aw(s)( 0:)] < Adler function in pQCD or DR
+Aa (M3) — Aay) (-M3))

[Chetyrkin et al., Nucl Phys B482 (1996) 213; Eidelman et al., Phys Lett B454 (1999) 369; Jegerlehner, hep-ph/9901386, arXiv:0807.4206]
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How to evaluate Aa > (M)

Method 1: Direct dispersion relation (DR)

P o0
R(s)
Ao (2) = 24 2 — g2

ahad(q ) 3 ) ds G — ) for g= = M;

70

— use combination of perturbation theory and experimental data for R-ratio

Method 2: Adler function approach, aka. “Euclidean split technique”
Aa(s) (M%) — Aa(s) (= QO) — lattice QCD or DR for g* = — Qg

+[ACY(5)( M) — Aw(s)( 0:)] < Adler function in pQCD or DR
HAapy(M3) - Aap (-M)]  « pQCD

[Chetyrkin et al., Nucl Phys B482 (1996) 213; Eidelman et al., Phys Lett B454 (1999) 369; Jegerlehner, hep-ph/9901386, arXiv:0807.4206]
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Euclidean split techniqgue and the Adler function

Adler function: D(—5) = 3—7T ) i Aapag(s)
a ds
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Euclidean split techniqgue and the Adler function

3 d
Adler function: D(—5) = o7 s — Apaq(s)
a ds

D(0O?) known in massive QCD perturbation theory at three loops

M’ 2
72 by

[Aa/had( M Z ) Aa/hald( QO)]pQCD /Adler 3 0> Q2
0
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Euclidean split techniqgue and the Adler function

3 d
Adler function: D(—5) = o7 s — Apaq(s)
a ds

D(0O?) known in massive QCD perturbation theory at three loops

M’ 2
72 by

[Aa/had( M Z ) Aa/hatd( QO)]pQCD /Adler 3 0> Q2
0

R(s)
(s + Q%)°

Relation of D(Q?) and R-ratio: D(Q?) = sz ds
mfro
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Euclidean split techniqgue and the Adler function

3 d
Adler function: D(—5) = o7 s — Apaq(s)
a ds

D(0O?) known in massive QCD perturbation theory at three loops

M d Q2

) —M2) — Ag®
[Aa ( Mz) Aa’ ( QO)] QCD/Adler 371' 0> Q2
0

D(Q*)

R(s)
(s + Q%)°

Relation of D(Q?) and R-ratio: D(Q?) = sz ds

Direct DR: Aap) (—M3) = Ay (- Q)| - =

~a(M7 - Qp) f“’ » R(s)
3r m, (s + Q%)(s + M)
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Euclidean split techniqgue and the Adler function

3 d
Adler function: D(—5) = o7 s — Apaq(s)
a ds

D(0O?) known in massive QCD perturbation theory at three loops

d 2
A3 M3) = A3 0D) g = 3 | gt PO
] o) . 2 2 - 1?(?9)
Relation of D(Q“) and R-ratio: D(Q") = QO f2 ds (s + 02)

]vlil___ 2 00
Direct DR: Aoy (—M3) — Aoy (- QO)] _ Zﬂ %) f ds R(s)

3 2 (s 0:)(s + M)

Perturbation theory: [Aa( ) (M%) Aa/(s) (= M%)] 0.000045(2) [Jegerlehner, CERN Yellow Report, 2020]
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Euclidean split techniqgue and the Adler function

Technical advantages of Euclidean split technique:

e |ntegration over Euclidean squared momentum: resonances and physical thresholds are absent
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Euclidean split techniqgue and the Adler function

Technical advantages of Euclidean split technique:
e |ntegration over Euclidean squared momentum: resonances and physical thresholds are absent

e Only Aahad(—Qg) depends on experimental data in low-energy regime;

direct DR evaluation of Aahad(Mg) requires precise experimental data up to much higher energies
e Aq,4(—Qp) accessible in lattice QCD or by result from MUonE experiment

e Can check validity of perturbative QCD down to Qg ~ 5GeV?:

[Aw(s)( M%)—A“gﬁ(—Q(Z))]pQCD/Adler Versus [Aw(s)( —M3) - Aaj (- QO)]
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Evaluation of Aa}ic)l(M %) [Ce et al., arXiv:2203.08676]

Input: Lattice result for Aay,,(—Q;) for O =3 —7GeV*

() 2 &) : ,
Evaluate [Aoz {(=M7) — Aa ', (— QO)] OCD/Adler using Jegerlehner’s software package pQCDAdler
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Evaluation of Aa}ic)l(M %) [Ce et al., arXiv:2203.08676]

Input: Lattice result for Aay,,(—Q;) for O =3 —7GeV*

5 5 : ,
Evaluate [Acy( )( M%) Aw( )( QO)] OCD/Adler using Jegerlehner’s software package pQCDAdler

lat. + pQCD'[Adler]

0.0280 - \\
0.0278 N
AN 2
=
500276 SRR L S—— —
— g
3
N
0.0274
0.0272
0.0270
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[Ce et al., arXiv:2203.08676]

(5) (Af2
Evaluation of Aa, > (M)

Input: Lattice result for Aay,,(—0O;) for OF =3 — 7 GeV*

Evaluate [Aoz(s)( M%) Aa(s)( QO)] using Jegerlehner’s software package pQCDAdler

pQCD/Adler

Alternatively evaluate [Aw(s)( M%) Aa(s)( QO)] using experimental R-ratio

lat. + pQCD'[Adler] lat. + KNT18[data

0.0282
0.0280 K -
U S .
0.0278 N - K
X ———— |~
5 /
= 0.0276 [ I— -
— =
5
<
0.0274
0.0272
00270 1 1 T T T T T
3 4 5 §) 7 0 1 2 3 4 5 6 7
Q¢ [GeV?] Q¢ [GeV?]
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Evaluation of Aaés)
ad

(M)

[Ce et al., arXiv:2203.08676]

Input: Lattice result for Aay,,(—0O;) for OF =3 — 7 GeV*

Evaluate [Aoz(s)( M%) ACK(S)( Qo)]

Alternatively evaluate [Aw(s)( M%) ACV(S)( Qo)]

lat. + pQCD'[Adler]

OCD/ Adler using Jegerlehner’s software package pQCDAdler

using experimental R-ratio

lat. + KNT18|data)

g+ 1

Final estimate: lattice + pQCD/Adler

Al (M2) = 0.027 73(91a(2bim(12)pac

= (K827 78015)

(error contains ambiguity in the choice of Qg)

Q2 [GeV?]
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Euclidean split technique: relative contributions to Aa>) (M)

P.T.
0,2%

Lattice
13,9 %

Contribution

pQCD'
86,0 %

‘ Error | 2 | Lattice
2,0%

pQCD'
98,0 %

05 [GeV7]
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Euclidean split technique: relative contributions to Aa™ (M2)

had
g.Tz. % P.T.
Contribution " 0,2 %
e Lhce - Lattice
ke 21,8 %

pQCD' pQCD"
86,0 % 78,0 %

|Error|2 Lattice
2,0 %

- Lattice
23,8 %

pQCD'

pQCD 76,2 %

98,0 %

05 [GeV7]
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Euclidean split technique: relative contributions to Aa™ (M2)

had
g'Tz' % i P1.
Contribution o 0,2% 0,2 %
’ 21,8% . 25,8%
pQCD' pQCD' pQCD'
86 0 % 78,0 % 74,0 %
2 Lattice
‘ Error l ' 2.0%  Lattice
£8% Lattice
pQCD’ 43,6 %
| 56,4 %
, pQCD" =
pQCD 76,2 %
98,0 %

05 [GeV7]
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Euclidean split technique: relative contributions to Aa™ (M2)

P.T.
] ] 0,2%

Contribution |
Lattice
13,9 %

pQCD'

86,0 %

‘ Error | 2 Lattice
2,0%

pQCD’
98,0 %

Hartmut Wittig

P.T.

0,2 %
Lattice
21,8 %

pQCD’
78,0 %

Lattice
23,8 %

pQCD’
76,2 %

—
—

—
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P.T.
0,2 %
Lattice
25,8 %

pQCD'

740% '

Lattice
pQCD' 43,6 %
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. Lattice
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Euclidean split technique: relative contributions to Aa™ (M2)

had
PT.
L 0,2 % - P.T. PT,
Contribution - 0,2% 0,2% l 0,2 %
e attlce Lattice Lattice L .
13,9 % - - . attice
. 21,8 % 25 8 % 28,6 %
, ' QCD'
oy 78,0 % 74,0 % T3
2 Lattice
‘ Error l 2.0 %  Lattice
23,8% Lattice  ,cpy .
pQCD' 43,6 % Lattice
56,4 % 47.9% 52,1%
, pQCD' '
pQCD 76,2 %
98,0 %
oAa/Aa| =038l %o 0.53 % 0.51% 0.48 %
1.0 3.0 5.0 7.0
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Euclidean split technique: relative contributions to Aa™ (M2)

P.T.
0,2%

Lattice
13,9 %

Contribution

pQCD’
86,0 %

Lattice

|Error |2
2,0 %

pQCD’
98,0 %

P.T.

0,2 %
Lattice
21,8 %

pQCD'
78,0 %

Lattice
23,8 %

pQCD’
76,2 %

—
—

—
— 3

Can tune Qg to optimise the reliability

pQCD'

740% .

pQCD’
56,4 %

P.T.
0,2%
Lattice
25,8 %

Lattice
43,6 %

had

PT.
} 0,2 %
. Lattice
28,6 %

pQCD'
71,3 %

pQCD’
47,9 %

Lattice
52,1%

e Lattice QCD accounts for ~ 25 % of the value of Aahad(Mé) and for ~ (25 — 50) % of the variance
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Comparison with phenomenology and electroweak fit

MainZ/CLSZ Aahad(Mé) — 0027 73(15) lat. + pQCD’[Adler] Lot
(pQCD/Adler + lattice input) lat. + KNT18[data _ -
KNT18/19 .
DHMZ19 .,
Jegerlehner 19 oo

EW global fits

Gfitter 18 | V Py
Crivellin et al. 20 : %
Keshavarzi et al. 20 VT

Malaescu, Schott 20

HEPfit 21 y m— o
0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290
5%
Ay (M)
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Comparison with phenomenology and electroweak fit

I\/Iainz/CLS: Aahad(Mé) = (0.027 73(15) lat. + pQCD’[Adler] H——H
(pQCD/Adler + lattice input) ot RETsldar] __ N
5 KNT18/19
Jegerlehner 19: Ay 4(M;) = 0.027 53(12) I
(pQCD/Adler + R-ratio input) Jegerlchmer 19
+ pQCD
Gfitter 18
Crivellin et al. 20 : 3
Keshavarzi et al. 20 VT

Malaescu, Schott 20

HEPfit 21 —

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290
5
Aol (M2)
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Comparison with phenomenology and electroweak fit

Mainz/CLS:

Jegerlehner 19:

Aay (M%) = 0.027 73(15)
(pQCD/Adler + lattice input)

Aay (M%) = 0.027 53(12)
(pQCD/Adler + R-ratio input)

lat. + pQCD’[Adler]

lat. + KNT18[|data]

KNT18/19
DHMZ19

Jegerlehner 19

R-ratio

Gfitter 18

Crivellin et al. 20
Keshavarzi et al. 20
Malaescu, Schott 20

HEPfit 21

irect DR

+ pQCD

0.0255 0.0260 0.0265

0.0270 0.0275 0.0280 0.0285 0.0290
5
Aol (M2)

Hartmut Wittig



Comparison with phenomenology and electroweak fit

Mainz/CLS:

Jegerlehner 19:

e Agreement within errors at Z-pole obscures the fact
that there is a tension of ~ 3¢ for Q5 ~ (3 —7) GeV*
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Aay (M%) = 0.027 73(15)
(pQCD/Adler + lattice input)

Aay (M%) = 0.027 53(12)
(pQCD/Adler + R-ratio input)

lat. + pQCD’|Adler] H—4—H
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Comparison with phenomenology and electroweak fit

Mainz/CLS:

Jegerlehner 19:

e Agreement within errors at Z-pole obscures the fact
that there is a tension of ~ 3¢ for Q5 ~ (3 —7) GeV*

Aay (M%) = 0.027 73(15)
(pQCD/Adler + lattice input)

Aay (M%) = 0.027 53(12)
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e Running from —Q; to —M; is correlated

Hartmut Wittig

lat. + pQCD’|Adler] H—4—H
lat. + KNT18|data] H-E—H
R-ratio
KNT18/19 O
DHMZ19 o
Jegerlehner 19 —og o

Gfitter 18

Crivellin et al. 20
Keshavarzi et al. 20
Malaescu, Schott 20

HEPfit 21

EW global fits

0.0255 0.0260 0.0265

0.0270  0.0275 0.0280 0.0285  0.0290

5%
Aol (M2)




Comparison with phenomenology and electroweak fit

Mainz/CLS:

Jegerlehner 19:

e Agreement within errors at Z-pole obscures the fact
that there is a tension of ~ 3¢ for Q5 ~ (3 —7) GeV*

Aay (M%) = 0.027 73(15)
(pQCD/Adler + lattice input)

Aay (M%) = 0.027 53(12)
(pQCD/Adler + R-ratio input)

e Running from —Q; to —M; is correlated

Electroweak global fit:

lat. + pQCD’|Adler] H—4—H
lat. + KNT18|data] H-E—H
R-ratio
KNT18/19 O
DHMZ19 e
Jegerlehner 19 — o

Gfitter 18

Crivellin et al. 20
Keshavarzi et al. 20
Malaescu, Schott 20

HEPfit 21

EW global fits

¥ O

XZ
A\

Y Z

—

Y Z

1
Ay 4 J
v
Y Z ]
A\

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

5%
Aol (M2)

V : Aahad(Mé) s free fit parameter, determined exclusively from EW precision data
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Comparison with phenomenology and electroweak fit

Mainz/CLS:

Jegerlehner 19:

e Agreement within errors at Z-pole obscures the fact
that there is a tension of ~ 3¢ for Q5 ~ (3 —7) GeV*

Aay (M%) = 0.027 73(15)
(pQCD/Adler + lattice input)

Aay (M%) = 0.027 53(12)
(pQCD/Adler + R-ratio input)

e Running from —Q; to —M; is correlated

Electroweak global fit:

lat. + pQCD’|Adler] H—4—H
lat. + KNT18|data] H-E—H
R-ratio
KNT18/19 o
DHMZ19 O
Jegerlehner 19 — o
EW global fits
Gfitter 18 Vv Py
Crivellin et al. 20 V
Keshavarzi et al. 20 Ny ¥
Malaescu, Schott 20 v ' /x
HEPfit 21 m— o

0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290

5%
Aol (M2)

V : Aahad(Mé) s free fit parameter, determined exclusively from EW precision data

A Aahad(Mé) and Higgs mass M, free fit parameters
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Comparison with phenomenology and electroweak fit

I\/Iainz/CLS: Aahad(Mé) = 0.027 73(15) lat. + pQCD’[Adler] H—4—H
. . lat. + KNT18|data H——H
(pQCD/Adler + lattice input) ’ - .
-ratio
) KNT18/19 o
Jegerlehner 19: Aoy, (M7) = 0.027 53(12) ML y
(pQCD/Adler + R-ratio input) Jegerlehner 19 —5
EW global fits
o Gfitter 18 | v m
e Agreement within errors at Z-pole obscures the fact Coivellin of al 20
that there is a tension of ~ 36 for QF ~ (3 —7)GeV?* | Keshovars crat 20—
Malaescu, Schott 20 v ' A
e Running from —Q; to —M; is correlated HEPE:t 21 i
0.0255 0.0260 0.0265 0.0270 0.0275 0.0280 0.0285 0.0290
Electroweak global fit: Aafy(M3)

V : Aahad(Mé) s free fit parameter, determined exclusively from EW precision data

A Aahad(Mé) and Higgs mass M, free fit parameters
¥V @ : sameas V but using priors for Aq,4(M2) centred about R-ratio estimate / BMWc
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Summary and Discussion

o Lattice+pQCD/Adler estimate for Aahad(Mg) broadly agrees with global electroweak fit
— nho contradiction with the Standard Model

o Lattice estimates for Aahad(—Qg) larger than counterparts derived from data-driven approach

— tension of ~ 3¢ for OF ~ 5GeV~?
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Summary and Discussion

o Lattice+pQCD/Adler estimate for Aahad(Mé) broadly agrees with global electroweak fit
— nho contradiction with the Standard Model

o Lattice estimates for Aahad(—Qg) larger than counterparts derived from data-driven approach

— tension of ~ 3¢ for OF ~ 5GeV~?

e Observation consistent with larger lattice estimates for

e~  ETMC 22
HVP contribution to @, , cf. window observable: @+~  Mainz/CLS 22
O ETMC 21
—e—  BMW 20
—0— RBC/UKQCD 18
- IColzlmgelo et al. 22 (R-ratio)

230 235 240

a¥™ x 1071

[Ce et al., arXiv:2206.06582]
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Summary and Discussion

o Lattice+pQCD/Adler estimate for Aahad(Mg) broadly agrees with global electroweak fit
— no contradiction with the Standard Model

o Lattice estimates for Aahad(—Qg) larger than counterparts derived from data-driven approach

— tension of ~ 30 for Qg ~ 5GeV?

e Observation consistent with larger lattice estimates for " ee | ETMC 22
HVP contribution to @, , cf. window observable: @~  Mainz/CLS 22
o ETMC 21
= Standard Model can accommodate a larger value for a, —e—  BMW 20
without contradicting electroweak precision data | o RBC/UKQCD 18
- Fkﬂ?ngek)etal 22 (R-ratio)

230 235 240

a¥™ x 10710

[Ce et al., arXiv:2206.06582]
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