
Marco	Cè,	Antoine	Gérardin,	Georg	von	Hippel,	Harvey	Meyer,	Kohtaroh	Miura,	
Konstan<n	O>nad,	Andreas	Risch,	Teseo	San	José,	Jonas	Wilhelm,	Hartmut	WiEg

The	39th	Interna<onal	Symposium	on	LaEce	Field	Theory	—	LaEce	2022	
Rheinische	Friedrich	Wilhelms	Universität	Bonn	
8–13	August	2022

The	hadronic	running	of	the	electromagne<c	coupling	
and	electroweak	mixing	angle



Hartmut	Wittig

La#ce	result	for	the	hadronic	running	of	α

2

Star<ng	point:	Results	for	 	for	Euclidean	momenta		Δαhad(−Q2) 0 ≤ Q2 ≤ 7 GeV2
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Figure 11. The deviation of the rational approximation of ∆–had (left) and ∆had sin2 ◊W (right)
from the data, plotted as a function of Q2 and compared to the statistical error (blue-shaded area)
as well as di�erent sources of systematic uncertainty: fit model (orange-bordered area), scale setting
(green-bordered area) and isospin breaking (red-bordered area). The plots show that statistical
errors increase when a term of O

!
a3"

is added to the leading discretization e�ect of O
!
a2"

in the fit
model for Q & 2.5 GeV2. The gray lines represent the total error.

reproduce the error band very accurately.7 For  ̄Z“ , the rational approximation is

 ̄Z“(≠Q2) ¥
0.026 3(6) x + 0.025(5) x2 + 0.000 89(34) x3

1 + 2.94(29) x + 1.12(27) x2 + 0.015(8) x3 , x = Q2

GeV2 , (4.13)

with the correlation matrix

corrZ“

Q

ccccccccca

a1
a2
a3
b1
b2
b3

R

dddddddddb

=

Q

ccccccccca

1
0.48 1
0.278 0.734 1
0.619 0.964 0.644 1
0.402 0.983 0.815 0.91 1
0.236 0.416 0.882 0.389 0.486 1

R

dddddddddb

. (4.14)

The deviation of the approximation from our measured values is compared to the
di�erent sources of uncertainty in figure 11. We find that the deviation is always much
smaller than the combined error: For instance, for Q2 > 1.5 GeV2 it is less than 1/5 of the
combined error, and less than 0.3 % of that of the actual data.

7
For both eqs. (4.11) and (4.13), we observe that a rational approximation with the same coe�cients and

errors except for b3 = 0 approximates the data equally well. We choose to include the b3 since this makes

the extrapolation to higher Q2
better behaved. However, we stress that the rational approximations in

eqs. (4.11) and (4.13) are valid only in the range of Q2
Æ 7 GeV

2
and are not suitable for an extrapolation

outside this range.
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Figure 12. Left, upper panel: ratio of the hadronic running ∆–had computed by BMWc [21]
divided by our results, for five di�erent momenta. In addition to the total contribution, we show
the isovector (I = 1), isoscalar (I = 0) and charm quark components. Left, lower panel: the total
hadronic running ∆–(5)

had from various phenomenological estimates [12, 31, 134] and the lattice result
of ref. [21], normalized by the result of this work. Right: Compilation of results for the four-flavor
∆–had lattice computations [6, 21] (above) and the five-flavor ∆–(5)

had phenomenological estimates
(below) at selected values of Q2. The gray vertical error band for the result of this work includes
the small bottom quark contribution as an additional systematic error, see section 5.1 for details.

result in our comparison since the disconnected contribution has not been determined in
that reference.

In the lower left panel of figure 12 we show the ratios of three recent phenomenological
determinations of ∆–(5)

had(≠Q2) and the rational approximation of our result as continuous
curves. Our result lattice results for ∆–had(≠Q2) includes the contributions from u, d, s

and c quarks. In order to account for the contributions from bottom quarks that are needed
to complete the estimate for ∆–(5)

had(≠Q2), we use results by the HPQCD collaboration
for the lowest four time moments of the HVP [135]. We determine the contribution from
bottom quarks by constructing Padé approximants from the moments, which results in a
few-permil e�ect on the total hadronic running of the coupling (up to 2.6 permil at the
largest Q2 = 7 GeV2). This e�ect is larger than the 0.4 permil e�ect reported for the HVP
contribution to the muon g ≠ 2 [136] due to the fact that the running coupling scale Q2

is not well separated from the bottom quark mass, in contrast to the muon mass case.8
However, this e�ect is a small fraction of the percent-level total error on ∆–had(≠Q2) and
we include it as an additional source of systematic error.

Results from Davier et al. [12, 137] (labellel “DHMZ data”), Keshavarzi et al. [31, 138]
(KNT18 data), and based on Jegerlehner’s alphaQEDc19 software package [13, 134] show
good agreement among each other, but are between 3 and 6 % lower than our estimate.9

8
As a crosscheck, we have reproduced the bottom quark contribution to the muon g ≠ 2 reported by

HPQCD [136].

9
The estimate of ∆–(5)

had(≠Q2
) in the space-like region corresponding to ref. [12] was kindly provided
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• Mainz/CLS	and	BMWc	(2017)	
differ	by	2–3%	at	the	level	of	1–2σ

• Tension	between	Mainz/CLS	and	
phenomenology	by	 		for	∼ 3σ
Q2 ≳ 3 GeV2

• Tension	increases	to 		for	
		

(smaller	sta6s6cal	error	due	to	ansatz	
for	con6nuum	extrapola6on)

≳ 5σ
Q2 ≲ 2 GeV2

Systema6c	uncertain6es	from	fit	ansatz,	scale	se#ng,	charm	quenching,	isospin-breaking	and	missing	
boSom	quark	contribu6on	(five	flavour	theory)	included	in	error	budget

[Cè	et	al.,	arXiv:2203.08676]

[T.	San	José,	TUE	17:10]
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	related	to	hadronic	vacuum	polarisa6on	contribu6on	to	muon	 :Δαhad g − 2
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had(M
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Figure 13. The hadronic contribution to the running coupling for five flavors at the Z pole mass,
∆–(5)

had(M2
Z), evaluated according to eq. (5.1) and using our lattice result for ∆–(5)

had(≠Q2
0), plotted

as a function of the threshold energy Q2
0. Left: The higher energy contribution [∆–(5)

had(≠M2
Z) ≠

∆–(5)
had(≠Q2

0)] computed via the pQCDÕapproach in eq. (5.2) using the pQCDAdler software package
[141]. Right: Results based on the KNT18[data] approach of eq. (5.3) using the R-ratio data with
full covariance matrix [31, 138]. The red symbols in each panel are taken to produce the final
estimates for each method, while the maxima and minima of the blue bands within the non-shaded
region are used to estimate the uncertainty.

Finally, we focus on the second combination in square brackets in eq. (5.1), which
provides the link between the space-like and time-like regions at MZ . We quote the pQCD
estimate by Jegerlehner [13, 55],

Ë
∆–(5)

had(M2
Z) ≠ ∆–(5)

had(≠M2
Z)

È

pQCD
= 0.000 045(2) . (5.4)

With these ingredients in hand, we can provide an estimate for the phenomenologically
relevant quantity ∆–(5)

had(M2
Z

), using our lattice estimate for ∆–(5)
had(≠Q2

0) as input in eq. (5.1).
In figure 13, we show ∆–(5)

had(M2
Z

) as a function of the Euclidean squared momentum
transfer Q2

0. In the left panel the contribution from [∆–(5)
had(≠M2

Z
) ≠ ∆–(5)

had(≠Q2
0)] has

been determined in perturbative QCD via the Adler function (pQCDÕ[Adler]), while in the
right panel the same quantity has been evaluated using the R-ratio data and correlation
matrix from KNT18 in eq. (5.3). The blue bands represent the total error obtained by
adding in quadrature all uncertainties that enter eq. (5.1). In both cases we find that the
estimates for ∆–(5)

had(M2
Z

) are very stable for Q2
0 & 3 GeV2. The slight upward trend and

the loss of precision observed for Q2
0 . 2 GeV2 when using the pQCDÕ[Adler] approach is

symptomatic of the failure of pQCD at strong couplings. Alternatively, when employing the
dispersive approach of eq. (5.3), one observes a decreasing trend for Q2

0 . 2 GeV2, which is
due to the enhanced contributions from low-lying resonances (fl, Ê, „) in eq. (5.3) as Q2

0
is lowered. For our final results in both approaches we choose Q2

0 = 5 GeV2 and estimate
the uncertainty associated with the choice of Q2

0 from the maxima and minima of the blue

– 39 –
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Figure 14. Compilation of results for ∆–(5)
had(M2

Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)
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Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

DR	+	pQCD

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra6o	input)R
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the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

direct	DR
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had(M2

Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra6o	input)R

• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		

Z
∼ 3σ Q2

0 ∼ (3 − 7) GeV2
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Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra6o	input)R

• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		

Z
∼ 3σ Q2

0 ∼ (3 − 7) GeV2

• Running	from	 		to		 		is	correlated−Q2
0 −M2

Z
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Z). The first two data points (red symbols) represent
the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra6o	input)R

• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		

Z
∼ 3σ Q2

0 ∼ (3 − 7) GeV2

• Running	from	 		to		 		is	correlated−Q2
0 −M2

Z

Electroweak	global	fit:

:		 	is	free	fit	parameter,	determined	exclusively	from	EW	precision	dataΔαhad(M2
Z)
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the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which
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Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)
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• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		
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∼ 3σ Q2

0 ∼ (3 − 7) GeV2

• Running	from	 		to		 		is	correlated−Q2
0 −M2

Z

Electroweak	global	fit:

:		 	is	free	fit	parameter,	determined	exclusively	from	EW	precision	dataΔαhad(M2
Z)

:		 	and	Higgs	mass	 	free	fit	parametersΔαhad(M2
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the results from the Euclidean split technique using our lattice estimate for ∆–(5)

had(≠Q2
0). Green

circles denote results based on the standard dispersive approach, where the R-ratio integration
is performed over the entire momentum range. From top to bottom, we plot the results from
refs. [11, 31], [12], and [13]. The estimate based on the Adler function in ref. [13] is shown as a green
diamond. Blue symbols represent the results from global EW fits, published in refs. [34–36, 142, 143]
(see the text for further details). The gray band represents our final result quoted in eq. (5.5).

bands in the region 3–7 GeV2. In this momentum range, our lattice results for the hadronic
running can be extrapolated reliably to the continuum limit. Furthermore, this choice of
interval guarantees that our final estimate is not a�ected by the Landau pole when using
the pQCDÕ[Adler] approach, nor is it dominated by the experimentally determined R-ratio
when employing eq. (5.3) instead.

For our main result of the hadronic running of the QED coupling at the Z pole we
adopt the pQCDÕ[Adler] approach and quote

∆–(5)
had(M2

Z)|Lat+pQCDÕ[Adler] = 0.02773(9)lat(2)bottom(12)pQCDÕ[Adler]

= 0.027 73 ± 0.000 15 .
(5.5)

The first error is the total uncertainty of our lattice estimate of ∆–had(≠5 GeV2) as
listed in table 7, while the second error accounts for the neglected contribution from
bottom quark e�ects. The error labeled pQCDÕ[Adler] is associated with the evaluation of
[∆–(5)

had(≠M2
Z

) ≠ ∆–(5)
had(≠5 GeV2)] (see the second column in table 7), augmented by the

maximum deviations from the central value in the region Q2
0 œ [3, 7] GeV2.

For completeness, we also list the result obtained via the KNT18[data] approach, which

– 40 –

Mainz/CLS:															 			Δαhad(M2
Z) = 0.027 73(15)

(pQCD/Adler	+	la#ce	input)

Jegerlehner	19:								 			Δαhad(M2
Z) = 0.027 53(12)

(pQCD/Adler	+	 -ra6o	input)R

• Agreement	within	errors	at	 -pole	obscures	the	fact	
that	there	is	a	tension	of	 		for		

Z
∼ 3σ Q2

0 ∼ (3 − 7) GeV2

• Running	from	 		to		 		is	correlated−Q2
0 −M2

Z

Electroweak	global	fit:

:		 	is	free	fit	parameter,	determined	exclusively	from	EW	precision	dataΔαhad(M2
Z)

:		 	and	Higgs	mass	 	free	fit	parametersΔαhad(M2
Z) MH
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• La#ce+pQCD/Adler	es6mate	for	 		broadly	agrees	with	global	electroweak	fit	
		 			no	contradic6on	with	the	Standard	Model

Δαhad(M2
Z)

→

• La#ce	es6mates	for	 		larger	than	counterparts	derived	from	data-driven	approach	
		 			tension	of	 		for		

Δαhad(−Q2
0)

→ ∼ 3σ Q2
0 ≈ 5 GeV2
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• Observa6on	consistent	with	larger	la#ce	es6mates	for	
HVP	contribu6on	to	 	,	cf.	window	observable:aμ

230 235 240

awin
µ ⇥ 10�10

Colangelo et al. 22 (R-ratio)

RBC/UKQCD 18

BMW 20

ETMC 21

Mainz/CLS 22

ETMC 22

[Cè	et	al.,	arXiv:2206.06582]



Hartmut	Wittig

Summary	and	Discussion

10

• La#ce+pQCD/Adler	es6mate	for	 		broadly	agrees	with	global	electroweak	fit	
		 			no	contradic6on	with	the	Standard	Model

Δαhad(M2
Z)

→

Standard	Model	can	accommodate	a	larger	value	for	 	
without	contradic6ng	electroweak	precision	data
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