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Motivation

a(M3) and sin® 6, (Q* < M3)

Two important quantities for precision tests of the SM

a(Mz) = 1/127.951(9) [Zyla et al. 2020]
sin® 0,,(0.025 GeV?) = 0.2383(11) [Androi¢ et al. 2018]
Upcoming experiments will improve precision — Need more precise theoretical determination

Main source of uncertainty: Leading hadronic contribution
Standard theoretical approach:

o(et

e~ — hadrons) perturbation theory — (Aa)p.a(M2)
olee” = utp) flavour separation — (A sin® Oy )naa(Q® < M3)

time-like experiments

A lattice determination has several advantages:
- Replace experimental data with ab initio calculation
- Exact flavour separation

I explain how to obtain (Aa)p.q(—Q7) and (Asin Oy Jnad(— Q%) at @ ~ 1 GeV?
[H. Wittig, TUE 18:10] explains how to connect a(M32) and a(—Q?)
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Setup

N¢ = 241 O(a)-improved Wilson action 0-008
Tree-level improved Liischer-Weisz action 0.007
Periodic/open temporal boundary conditions 0.006
Chiral trajectory M? /2 + M7 ~ const _0.005
Pion masses 130 MeV < M, < 420 MeV £0.004
a=0.05fm, 0.064fm, 0.076 fm, 0.086 fm 0003
Volumes ML > 4 0.002
Local and conserved discretisations 0,001
Scale Setting [Bruno, Korzec, and Schaefer 2017] .
0.000
\/8ty = 0.415 (4) (2) fm. 100
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COmputat'Onal setup [Bruno et al. 2015; Bruno, Korzec, and Schaefer 2017]
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T|me‘momentum representat'on [Bernecker and H. B. Meyer 2011; Francis et al. 2013]
As a function of the momentum exchanged Q*>0,
TMR a(—Q%) = a/(1 — Aa(—Q?)), sin® 0y (— Q%) = sin® O}y (1 + Asin® 9W(foz))

The leading hadronic contributions are related to two subtracted vacuum polarisations:

(AQ)had(— Q%) = 4 M7 (- Q%), (Asin® Oy )had(— Q%) = —4mar/ sin” O, N77(—Q7)

Use the time-momentum representation to express the subtracted vacuum polarisation

Izlz("h(sz):/Qodt GNP (K QY. G =3 3 /d VZO()v)(0))

J 12,3 Qcb
Vi = Vi +1/V3Vi +4/9V VZ = (1/2 —sin®0y) V] —1/6V. — 1/12V¢
V3,8,0 = 1/2q’yu)\31810q V; = E’)/HC

A* = diag(1, —1,0), A® = diag(1, 1, —2), A\° = diag(1, 1, 1) act in flavour space. g = (u,d,s)
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Bound'ng methOd [Borsanyi et al. 2018]

0< G(tew)e ot () (t—teut) G(t) < Glr.)e Eolt Tfm),

where

M.g(t) = log[G(t)/G(t 4 a)] is the effective mass.

Bounding
method

E, is the ground state,

Example at physical M, :

feu [fm]
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Finite-size effects

The infinite-volume correlator is obtained from the corrected finite-volume case,
G(t,00) = G(t, L)+ AG(t,L),

_ ny [fm]
AG(t7 L) - Gmodel(tf OO) - Gmodel(t7 L)' 0.4 0.6 0.8 1.0 1.2
FSE We estimate the correction AG(t,L) via the i', 00250 LN
Meyer-Lellouch-Liischer method, = N .
'/ 0.00225 °
oo 6 6
Grmodel(t,0) = / dw w p( ) e S 000200 8
2M. — [
e , o007 G
Gmodel(t, L) > A, lZe
mede ( Z | ‘ £ 0.00150 4
> in.umzr; 4 H105, L=28fm + FSE 4
where both p(w”) and |A,| can be related to the £ ¢ HI05, L=28fm
time-like pion form factor F (w) @Tfn.mmn 4 N101, L=4.1fm + FSE
At M7T = 280 MeV, MWL =4, 4 6 8 10 12 14

ny [a]
Z AGP(t, L) K(t, Q%) = ANP(L =2.8fm, @® = 1GeV?) = 57 x 10 ° (2%)
[l\/tleyer 2011; Francis et al. 2013; Della Morte et al. 2017; Lellouch and Luscher 2001]
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Finite-size effects

The infinite-volume correlator is obtained from the corrected finite-volume case,

G(t,00) = G(t, L)+ AG(t,L),
AG(t7 L) = Gmodel(ta OO) - Gmodel(ty L)  [fm]
FSE . . . 0.0 15 20 25 30 35 40
We estimate the correction AG(t,L) via the ’s : — ‘
- 1 G error
Meyer-Lellouch-Liischer method, _ 2 GS P, LLM
oo £ 20 N NLO yPT
Gmodel(t7oo) = / dw pr(WZ)e—wt7 2 L\ Fr(—Q%), HP## =1
2M,, x 15 N Fe(—Q%), HP > <2
ts 2 ) N, == Koy weR<s
e} - - 9
Grmodel (£, L) TZ7 ) A, [Pe™"r, S0 L R(-0) PR <6
n =
) 2 5
where both p(w”) and |A,| can be related to the
time-like pion form factor F, (w). 0 o = oy " p "
Or via the Hansen-Patella method, which uses a t/a

relativistic effective theory of pions with local in-

teractions.
[Hansen and Patella 2020; Hansen and Patella 2019]
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Extrapolation at Q% = 1 GeV?

iy [MeV] my [MeV]
140 200 240 280 315 340 370 395 420 140 200 240 280 315 340 370 395 420
Nﬁg.ggg . 0.086fm 0.0041 © 0.086fm
?'0:0364 ¢ 0.076fm 0.0040 © 0.076fm
2. 0.034 < 0.064fm © 0.064fm
= 0.0039
0.0321 + 0.050fm i © 0.050fm
0.030 —~0.0038
g S
0.028
Extrapolation D‘) 0.026 ?‘/ 0.0037 47
£ 0.024 = 0.0036 1
0.0223 0.0035
& 0.0067
S 0.004 | 0.0034
‘,‘o"v 0.002 1 0.0033
0.000 . ‘ . . . . -
00 01 02 03 04 05 06 07 08 00 01 02 03 04 05 06 07 08
¢ = 8tgm? 0y = 815" m2

Scale setting 1 charm-quark loops

Total
Aa)naq(—1Gev?) x 10° = 3864 (17) (8) (22) (4) (12) [32, 0.8
( )h d( ) o ( ) (7\) ( ) ( ) (’L)’[—\ Ilercentage
Statistical Extrapolation Isospin breaking

(A sin® Oy Jnaa(—1 GeV?) x 10% = —3927 (19) (5) (32) (4) (13) [40, 1.0]
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Scale-setting uncertainty

Dominant uncertainty for 0 < Q* < 3 GeV/?

Although M is dimensionsless, the scale enters indirectly through
The virtuality 8ty Q? in the kernel K(t, Q%) of the TMR.
The physical point definition gf)ghy, gbﬁhy.

Using linear error propagation, the relative error of f is

Systematics

AN (265Q° ON 208" oM +2¢>5;"y on | Al
7| 0 ogQ> T ags™ T ags| b

The first term is positive, and varies with Q?

The second and third terms are negative —  We use bootstrap sampling instead
AT /T ~ 0 in some cases

Sca|e Setting: Io = \/8t0 = 0.415 (4) (2) fm [Bruno, Korzec, and Schaefer 2017]
Improved determination in progress [A. Segner, THU 10:20]
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Missing quark contributions

The charm-quark contribution is determined from the quark-connected component alone. Therefore,
there are two missing effects:
- Valence charm-quark loops
[Borsanyi et al. 2018] reports this contribution to be < 1% of the u, d, s quark-disconnected

EVP'LO — 0.1%o effect we neglect

Systematics - Sea charm-quark loops
To estimate the effect of quenching, we employ a phenomenological estimate,

Split 1 into two parts,

contribution to a

A(-Q3) = [ﬁ(—QS) (-1 GeVZ)] +(~1Gev?)
@ @

@® Charm sea-quark effects appear at (’)(af) in perturbation theory — negligible

@ D™D~, D°D°, D! D] contribute to the (u,d,s) vector correlators.
Using scalar-QED — 3% effect added to error budget

The bottom-quark contribution is determined by [Colquhoun et al. 2015] — maximum 3% effect added to
error budget to compare with phenomenology
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Isospin breaking effects [risch and witti 2022; Risch 2021: Risch and Wittig 2010]

Evaluate quark-connected [ in QCD + QED at M, ~ 220 MeV — Estimate relative size of isospin
breaking effects — Add to error budget

— Non-compact QED_-action for IR regularisation, Coulomb gauge [Hayakawa and Uno 2008]
— Same boundary conditions for the photon and gluon fields

(0)

> Reweighting and leading perturbative expansion in Ae = € — € around ¢, where

Systematics QCD + QED parametrised by ¢ = (Mu, M, M., B, ez)
QCD;,, parametrised by &0 = (ML(,(L)v ML(IZ), I\/Iio),ﬁ(o)7 0)

[Divitiis et al. 2012; Divitiis et al. 2013]
— Neglect IB effects in the scale
> Renormalisation scheme: Match QCD + QED and QCD;,, using
M2o o< M, + My
M+ —M2o — M2 + M?o o< M, — Mg

M2, + Mf(g - M?; o M,
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Running of (Aa)y,q and (A sin® Ay )hag
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Results

Padé approximants in the range 0 < Q% < 7GeV?

Sample M in a wide range of Q?, and fit all data-points to a multi-point Padé Ansatz
[Aubin et al. 2012],

2 Zj,\io anzj
ﬂ(—Q ) ~ N 2k
T+ 2 b@Q

Then, the running couplings in the range 0 < Q? < 7GeV? are

0.1094(23) x 4 0.093(15) x> + 0.0039(6) x*
14 2.85(22) x 4 1.03(19) x* + 0.0166(12) x*

(Aa)paa(—Q%) = 4ra

_4ma 0.02263(6) x + 0.025(5) x° + 0.000 89(34) x*
sin® 6y, 14 2.94(29)x + 1.12(27) x° + 0.015(8) x*

(A sin2 HW)had(_Q2) =

with x = Q%/GeV?, 4w = 0.091701236853(14) and sin® A, = 0.23857(5) [zyla et al. 2020].

To reproduce the error bands, we give the correlation matrix of the coefficients.
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Comparisons

Comparison with other lattice and phenomenological estimates

this work
BMWcl7

BMWc20

DHMZ data

Jegerl.
alphaQED19

KNT18 data
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1-2 sigma disagreement be-
tween this work and [Borsanyi
et al. 2018; Borsanyi et al. 2021]

3-6 sigma disagreement
between our results and [ke-
shavarzi, Nomura, and Teubner 2020;

Davier et al. 2020; Jegerlehner 2020]
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Conclusion

Summary

> Computation of (Aa)p.g and (A sin’ Ow )had in the space-like interval 0 < Q* < 7GeV?
> Estimate of all error sources (2% for @ < 1GeV?, 1% for Q° > 1 GeV?)

— Results in closed form using Padé approximants and correlation matrices

— Significant tension with the data-driven method

Ongoing and related work

> Full calculation of isospin breaking effects
> Improved scale setting

— |sovector wm-scattering at physical M,

HVP,LO

— Intermediate window observable for a,,

Up next,
> Connection between (A )nad(—Q%) and (Ac)pag(M3)
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[Risch and Wittig 2022; Risch 2021]
[A. Segner, THU 10:20]

[S. Paul, FRI 15:10]

[S. Kuberski, TUE 17:10]

[H. Wittig, TUE 18:10]
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CLS Nf‘ — 2 + 1 ensem b|eS [Bruno et al. 2015; Bruno, Korzec, and Schaefer 2017]

T/a L/a t™/a% a [fm] L [fm] M., Myx [MeV] M. # cnfg (con., dis., charm)

H101 96 32 2.86 0.08636 2.8 418 5.9 2000 - 1000
H102 96 32 2.8 353 438 4.9 1900 1900 975
H105" 96 32 2.8 281 463 3.9 1000 1000 500
N101 128 48 4.1 279 461 59 1155 1155 345
C101 96 48 4.1 219 470 4.6 2000 2000 400
B450 64 32 3.659 0.07634 2.4 414 5.1 1600 - 800
S400 128 32 2.4 351 441 4.3 1720 1720 800
N451 128 48 3.7 286 460 53 1000 1000 200
D450 128 64 4.9 216 475 5.3 500 500 300
H200" 96 32 5.164 0.06426 2.1 418 4.4 1980 - 480
N202 128 48 3.1 411 6.4 875 - 420
N203 128 48 3.1 345 442 5.4 1500 1500 700
N200 128 48 3.1 283 462 4.4 1695 1695 390
D200 128 64 4.1 201 480 4.2 2000 1000 500
E250 192 96 6.2 129 489 4.1 485 485 65
N300 128 48 8.595 0.04981 2.4 422 5.1 1680 - 480
N302 128 48 2.4 346 451 4.2 2190 1080 480
J303 192 64 3.2 257 474 4.2 1040 1040 100
E300 192 96 4.8 175 491 4.2 600 300 100

* only used in the estimation of finite-size effects.
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The I method vs jackknife binning pwei 2004; Bruno <t al. 2015]

Measurements are taken every 4 MDU.
Runs with the same trajectory length should show Langevin scaling, 7 i a 2. OBC are taking to
alleviate the increase in autocorrelations towards the The error estimate using the I' method includes
autocorrelations explicitly,
Ng
=\ 2 _ =\2 —2 Ng—1 B _\2
(AF) = 27-F,int (AOF) ’ (AjaCkF) = N Z (f(Ca) - F)

B k=1

Both methods minimize the total error of the error to find the correct uncertainty,

AmtalAE::AF_)z;mvjn (efw/TF’D+2\/%)7 Wm;m‘én (T;:éD +\/¥)

J

The systematic error of the error is different,

Ay (Afr) - 1 A B
D (Alzf) " log (N/7ep)’ Asia (BjakF) 2

The systematic error of the error for the I' method vanishes with increasing statistics.
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T|me—momentum I’epresentatlon [Bernecker and H. B. Meyer 2011; Francis et al. 2013]

22 4 o [Qt
K(t,Q)—t—stm <2>

1.6
HVPLO
- d B

1.41 — TI(—0.1GeV?) TE

121 — M(~1.0GeV?) =
= — I1(-3.0GeV?) NO}
£19] <
=031 S
ol
& =
=0.61 <
X Q04

0.4 >

0.2 ©

0.0 .

0 2 4 6 8 10
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Autocorrelation analysis pwei 20041

- ATI(B)/ATI(B = 1) ATI(B)/ATI(B = 1)

S400
1720 configurations 2.0
Bin size = 20

Tit e = 2174+ 0.32

J303
1050 configurations
Bin size = 20

Ty = 141 £0.26

1.00 44 1044
10 2 30 40 0 10 2 30 40
Bin size Bin size
Ensemble S400, with M, = 351 MeV Ensemble J303, with M, = 257 MeV

The vertical line shows the estimated optimal bin size B, and the horizontal band shows

AN(B)/AN(L) = /275 ;e = const,

which is the expected uncertainty increase when taking into account autocorrelations..
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Autocorrelation analysis

The pion masses were obtained by the Mainz group using an implementation of the PhD thesis [Risch 2021].

CLs aM,.  Bin size Th int
H101  0.1830 (5) 25 1.70 (26)
H102  0.1546 (5) 2% 173 (27)
H105  0.1234 (13) 20 132 (27)
NIOL  0.1222 (5) 15 0.79 (11)
€101  0.0960 (6) 20 0.79 (10)
B450  0.1605 (4) 25  1.45 (24)
5400 0.1358 (4) 20 217 (32)
N451  0.1108 (3) 10 0.73 (10)
D450 0.0836 (4) 5 055 (7)
H200  0.1363 (5) 30 1.0 (19)
N202  0.1342 (3) 35 1.86 (45)
N203  0.1124 (2) 20 1.15(17)
N200  0.0922 (3) 15 077 (10)
D200 0.0655 (3) 10 058 (6)
E250  0.0422 (2) 5 047 (4)
N300  0.1067 (3) 40 336 (67)
N302  0.0875 (3) 30 207 (33)
J303  0.0649 (2) 20 1.41 (26)
E300  0.0442 (1) 20 1.07 (22)

and Tf,int 2re computed using the Python code [De Palma et al. 2019].

Teseo San José

Electroweak couplings

B

5/18



Bounding method's spectra

Label aM, aE, . ] S— aMp‘GS aM,? aM,

H101 0.1836(5) 0.5376(7) 0.8704(9) 0.375(2) - 0.375( 2)
H102 0.1546( 6) 0.4998( 7) 0.8176(10) 0.358(3) - 0.358( 3)
H105  0.1235(13) 0.4639(14) 0.7679(19) 0.338(11) - 0.338(11)
N101  0.1224( 5) 0.3584( 6) 0.5803( 9) 0.340( 4) - 0.340( 4)
C101  0.0962(6) 0.3248(8) 05335(11) 0.334(4) 0.326(3) 0.326(3)
B450  0.1611(4) 0.5079( 6) 0.8290(8) 0.337(1) - 0.337( 1)
5400  0.1359( 4) 0.4776(5) 0.7868(7) 0.312(4) - 0.312( 4)
N401  0.1100( 6) 0.3419(8) 05572(11) 0.303(6) 0.299(2) 0.299( 2)
N451  0.1109(3) 0.3431(4) 05589(5) 0.302(4) - 0.302( 4)
D450  0.0836(4) 0.2579(5) 0.4200(7) 0.303(8) - 0.303( 8)
H200 0.1363(5) 0.4781(5) 0.7874(8) 0.286(3) - 0.286( 3)
N202  0.1342( 3) 0.3750( 4) 0.6036( 6) 0.280( 3) - 0.280( 3)
N203  0.1127(2) 0.3454(3) 05621(4) 0.269(2) 0.268(1) 0.268( 1)
N200  0.0923(3) 0.3204(3) 05273(4) 0.260(4) 0252(2) 0.252(2)
D200 0.0651(3) 0.2357(3) 0.3890(4) 0.256(3) 0.250(2) 0.250( 2)
E250  0.0422(3) 0.1557(3) 0.2574(4) 0.242(5) 0251(4) 0.251(4)
N300 0.1062(2) 03371(3) 05505(4) 0222(3) - 0.222( 3)
N302  0.0872(3) 0.3146(4) 05193(5) 0216(3) - 0.216( 3)
J303  0.0648( 2) 0.2353(2) 0.3885(3) 0.194(3) 0.200(2) 0.200( 2)
E300 0.0437(2) 0.1574(2) 0.2597(2) 0.198(2) - 0.198( 2)

lHansen, Romero-Lépez, and Sharpe 2020.

2Andersen et al. 2019.
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Ms3, Mgg, M. and Myg at a subset of virtualities

Q2 [GeVZ] ton ﬁ33 |:]88
0.1 0.0553 0.00764 (9) (8) (4)(0)[13] 0.00406 (4)(0) (4)(0) [6]
0.4 0.2212  0.02061 (15)(11)(10)(1)[21] 0.01259 (8)(1)(11)(1)[14]
1.0 0.553  0.03287 (17)(10)(21)(3)[29] 0.02251 (9)(3)(19)(3)[21]
2.0 1106 0.0429 (2) (1) (3)(1) [4] 0.03169 (17)(5)(27)(5)[33]
3.0 1.650  0.0488  (5) (0) (4)(1) [6] 0.0374  (5)(1) (3)(1) [6]
4.0 2212 00529 (6) (0) (4)(1) [7] 0.0414  (6)(1) (4)(1) [7]
5.0 2.764  0.0560 (6) (0) (5)(1) [8] 0.0445  (6)(1) (4)(1) [8]

QZ [Gev2] tOQ2 |=|08 |=|cc
0.1 0.0553  0.00175 (4)(0) (7)(0) [8] 0.000421 (2)(1) (9)(-) [9]
0.4 0.2212  0.00440 (7)(0)(14)(0)[15] 0.001652 (7)(2)(33)(-)[34]
1.0 0.553  0.00606 (8)(0)(15)(0)[17] 0.00397 (2)(1) (8)(-) [8]
2.0 1.106  0.00672 (8)(0)(15)(0)[17] 0.00749 (3)(1)(14)(-)[14]
3.0 1.659  0.00690 (8)(0)(15)(0)[17] 0.01064 (4)(1)(19)(-)[19]
4.0 2212 0.00698 (8)(0)(15)(1)[17] 0.01348 (5)(2)(23)(-)[24]
5.0 2.764  0.00701 (8)(0)(15)(1)[17] 0.01608 (6)(2)(26)(-)[27]

Uncertainties from left to right: statistical, fit, scale setting, charm loops’'and total

Teseo San José

Electroweak

couplings

7/18



(AQ)pag and (Asin® Oy )paq at a subset of virtualities

Q° [GeV?] Q7 (Aa)had (Asin® O )had
0.1 00553 0.000842 (9) (7) (4)(0) (2)[13] —0.000849 (10) (8) (5)(0)(1)[14]
0.4 02212 0.002342 (15)(10)(12)(1) (7)[23] —0.002368 (17)(11)(18)(2)(3)[27]
10 0553  0.003864 (17) (8)(22)(4)(12)[32] —0.00393  (2) (1) (3)(0)(1) [4]
20 1106 000521 (2) (0) (3)(1) (2) [4] -0.00530 (3) (0) (4)(1)(1) [5]
30 1659 000605 (6) (0) (A1) (2) [] —000614 (6) (0) (5)(1)(1) [8]
40 2212 000666 (7) (0) (4)(1) (2) [o] -0.00676 (8) (0) (6)(1)(1)[10]
50 2764 000716  (8) (0) (5)(2) (2) [o] —000724 (8) (0) (6)(2)(1)[10]
6.0 3317 000757 (8) (0) (5)(2) (2) [9] —0.00764 (8) (0) (6)(2)(1)[11]
70 387 000793 (8) (0) (4)(2) (2) [9] —0.00799  (8) (0) (6)(2)(1)[L1]

Uncertainties from left to right: statistical, fit, scale-setting, charm loops, isospin-breaking effects, and total
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Extrapolation to the physical point

Extrapolate to the isospin-symmetric physical point on the dimensionless variables
[Bruno, Korzec, and Schaefer 2017; Zyla et al. 2020; Blum et al. 2021]

a®/8t™ = 0
¢ = 8tgM2 — ¢5™ = 0.0806(17)
bs = Bto(M2/2 + M7) — ¢B™ = 1.124(24)

Fit models
|=|Charm( sym7¢2) _ |=|cc,sym + 5; (3 /8 sym) +71 (¢2 _ sym)
A% (62, 64) =1 (00 —3/202)

ﬁi:33’88(32/8tgymv b2y 0a) = s+ ’Yl (02 = #5"™) + 11 (P2 — 927™)

log (6>/65™) 5 (/85™)
o {(@ sy T ( /8 sym)+5§( /8 Sym)

/2

Teseo San José Electroweak couplings 9/18



Total least-squares minimisation

We employ the least squares routine of the SciPy package [Virtanen et al. 2020], which uses the

Levenberg-Marquardt algorithm [Ranganathan 2004].
Different ensembles are uncorrelated,

222 222 Xg,—7 If Mﬂ,e;ﬁMK,w
X " Xe = " 1/2 (X§,33 + Xi,ss) , if My o= Mgk .

The index e runs over the ensembles.
2 2 2 . . . T —1
Xe,—1 Xe,33 and e gs can be written with the same generic structure r* Cov™ "r, where

r = model — data is the vector of residues.

Cov is the covariance matrix, whose entries can be computed using

Np
Cove. [x.y] = =g O (% = E) (v — EDD).

where s runs over the bootstrap samples, of which there are N, in total.
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r and Cov for non-SU(3),-symmetric ensembles

The residue vector is defined as

where e runs over the ensembles data. The index structure of the covariance matrix is

Cov,,_ =

Teseo San José
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(37 ¢27 ¢4; d= |7 = 33)
(8,2, 4:d =s,i = 33)
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(37 ¢27¢4; d= S, = 88)

o [ R [ [ B ]

_| —_

G2y b2 bayba  ba,Mlzz o, M35
. _| _
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r and Cov for SU(3)¢-symmetric ensembles

The residue vector is defined as

¢)2 ¢2
rei= (2, 02,302/2:d =1,i) | = | AL | ,
I=I(a, 02,302/2;d =, 1) ﬁl.s

e
where e runs over the ensembles data. The index structure of the covariance matrix is

_| —
G2 b2 G2,0i 6o, 1
Cover=1 ¢+ ALA ALAe
[, As

e
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Jacobian

We define a vector y of length m x 1 containing all the fit parameters,

y = ("7, azs, ass, i3, etc.)
The vector y includes ¢, for the SU(3)s-symmetric ensembles, and ¢, and ¢, for the rest.
Then, we apply the Cholesky decomposition on XE . X§,33, Xa8.
Xe,. = L re 5

such that x., is a n x 1 vector, with n the number of dependent (M) plus independent (¢, ¢4)
variables for a given ensemble.
Then, we compute the m x n matrix of derivatives

8Xe,. i _ L—l 8!’97_ T
8y e,. 8_)/ ’

For SU(3)¢-symmetric ensembles, m = 10 and n = 3, while m = 11 and n = 6 for the rest. Then, the
Jacobian for every ensemble is [Turkington 2013]

axe y if Mﬂ',e 7£ MK,e
5 Xe = 1 .
ay E (‘9)(5},/33 Xe,33 + Xe 88) if MTr,e = MK,e'
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Lattice spacing dependence

Logarithmic corrections to the a* behaviour

a [fm] [Cé et al. 2021]
0.0 0.035 0.05 0.064 0.076 0.086

0.0361 « 135MeV
© 200MeV
0.0341 * 280MeV
+ 350MeV
412MeV

. ;::ﬂ':::

a [fm]
0.0 0.035 0.05 0.064 0.076 0.086

n(Q%) - (/™) log (15 /2) /2 = 0

o0sef e
0054 * 200Mev :
< 280MeV
0052] © 350Mev -
< © 412MeV ¥~
0.0 01 02 03 S 0.050
24 &
0.048 ~
. . 2 2, 3
Step function to transition between a° and a“ + a 0.046
) > 5 2 0.0441 ‘ ‘ ‘
©(Q?) = 05 (1 + tanh((Q” — 25 Gev*)/1.0Gev?) ) YR R—
a2/
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Relating I and the Stieltjes function

The integral representation of a Stieltjes function ®(z) is [Hadamard 1892; Aubin et al. 2012],

(z) = /OI/R dv(r)

1+72’

where v(z) is real, bounded, non-decreasing on the interval [0,1/R], and takes infinitely many values
on that said interval. ®(z) is analytic in the entire complex plane except on the cut z € (—o0, —R],
and decreases monotonically in the range z € (—R, c0).Choosing [Aubin et al. 2012]

T= 1 dv(r) =dr p(1/7),

S7
1
R =4M?2, p(1/7) = ZImN(1/7),
™
we see that 1 is a Stieltjes function [Aubin et al. 2012],

N(Q%) = Q°d(Q%), »(Q%) = A; ds %.

The spectral function p(s) is non-negative in the integration range.
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Relating the Stieltjes function and the Padé approximants (PAs)

A acro:padePadé approximant (PA) R,\A,I,(Qz) is the ratio of two polynomials of degrees N and M

[Barnsley 1973],
_ ZnN:O 2,Q*
1+ 3 b Q™
To build PAs to describe <1>(QZ), we employ the following theorem [Barnsley 1973; George A. Baker 1969]:
Given P points (Q7, ®(Q?)), i € {1,...,P}, a sequence of Padé approximants can be constructed
converging to <D(Q2) in the limit P — oo on any closed, bounded region of the complex plane,

excluding the cut Q* € (—oo, —4M2]. Then, the Stieltjes function ®(Q?) can be built as a continued
fraction [Barnsley 1973],

Rim(Q%)

2
0y Q2 _ wl(Ql)
(@ (@ — @) ¥2(Q3)
(@ — @) ¥5(Q3)
1+ (Q7 - Q1) ve(QP)
The functions v; can be constructed recursively using [G. A. Baker 1969]

_ iea(Q7) — i (@)
(Q® - Q7 1)vi 1(Q)
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Euclidean split technique

To compute a(qz) and avoid using e” e -data, we need to connect the LQCD determination in the
space-like region Q> = —g¢° > 0 with the time-like energy q° > 0.
We do this via the Adler function [Adler 1974],

D(Q?) = %de(Aoé)gg(Qz)
Upon integration [Jegerlchner 1999]
(Ba)P(M2) = (D)2 (F)
+ (D) (~ME) — (8a)2(@3)] Pacp
+[a)m2) - (Ba)Sy 1) P

Q2 must be large enough to apply pQCD, but also small enough to be computed on the lattice
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Particular values of «

(Aa)|ep(M§) = 314979(2) X 10_4 [Sturm 2013; Steinhauser 1998],
(ACK)S;L(M%) = 27609(112) X 10_4 [Keshavarzi, Nomura, and Teubner 2020],
(Aa)t(Mg) = —07201(37) X 10_4[Keshavarzi‘ Nomura, and Teubner 2020].
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