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Neutrinoless double  ( ) decayβ 0νββ
•  decay is a hypothetical process:  
                                                  

which, if observed, would: 

‣ Violate lepton number (really ). 
‣ Show that neutrinos are Majorana particles. 

• Experiments looking for  decay in heavy nuclei (i.e. , ). 

‣ Direct LQCD calculation of matrix elements in these nuclei not possible. 
‣ Instead, use LQCD to compute inputs to EFT in the form of low-energy 

constants (LECs), and use EFT to study nuclear  decay.
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• Models are characterized by whether the decay is 
induced by non-local interactions (long-distance) 
or local interactions (short-distance).
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Heavy neutrino exchange
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Heavy neutrino exchange
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• Nuclear  decay induced in chiral EFT ( ) through 3 modes: 0νββ χEFT

Connection to nuclear 0νββ
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FIG. 1: Diagrams illustrating short-distance contributions to the n
0
n

0
! p

+
p
+
e
�

e
� 0⌫�� decay in �EFT. The

solid lines denote nucleons or electrons and the dotted lines denote pions. The hashed circles represent EFT
operators built from hadronic fields, which at LO for the ⇡⇡ vertex diagram, Fig. (1a), are determined by O

�
k in

Eq. (4). The ⇡⇡ (Fig. (1a)) and NN (Fig. (1b)) diagrams are the LO �EFT contributions to n
0
n

0
! p

+
p
+
e
�

e
�.

B. Bare matrix elements

The pion matrix elements of each of the SMEFT oper-
ators in Eq. (2) are computed in LQCD using gauge-field
ensembles with Nf = 2 + 1 quark flavors generated by
the RBC/UKQCD collaboration [36, 37]. Each ensemble
uses the Shamir kernel [38] for the domain-wall fermion
action [39] and the Iwasaki action [40] for the gauge field.
The parameters of each ensemble are detailed in Table I,
and additional details regarding the ensemble generation
can be found in Refs. [36, 37, 41]. The scale is set using
the Wilson flow scale w0 [34]. The pion mass m⇡, the pion
decay constant f⇡, and the axial renormalization factor
ZA for each ensemble were determined in Ref. [29]. In
these conventions, the physical pion decay constant [42] is

f
(phys)
⇡ = 130.2 MeV. The domain-wall residual mass [43]

for these ensembles was computed in Refs. [34, 35]. Be-
cause the domain-wall residual mass satisfies amres ⌧ 1,
the ensembles exhibit approximate chiral symmetry, and
ZA ' ZV to high precision, where ZV is the vector renor-
malization coe�cient.

On each ensemble, the time-averaged two-point func-
tion

C2pt(t) =
1

T

T�1X

t�=0

X

x,y

h0|�⇡(x, t + t�)�†

⇡(y, t�)|0i (5)

and three-point functions

Ck(t�, tx, t+) =
X

x,y,z

h0|�
†

⇡(x, t+)Ok(z, tx)�
†

⇡(y, t�)|0i,

(6)
where the pion interpolator �⇡(x) = u(x)�5d(x) has the
quantum numbers of ⇡

� and t+ � tx � t�, are computed
for each operator Ok(x) in the BSM basis (Eq. (2)) in
the Coulomb gauge. For each correlation function, wall-
source propagators are computed at t�, where “wall”
denotes projection to vanishing three-momentum. Note

that wall sources are not gauge-invariant, hence the need
for gauge fixing. The two-point functions (Eq. (5)) are
constructed using a wall sink at t + t�, and the three-
point functions (Eq. (6)) are constructed using a wall
sink at t+ and a point (local) sink at tx. The explicit
Wick contractions are given in Appendix A.

The bare pion matrix elements in lattice units

hOki ⌘ a
4
h⇡

+
|Ok(p = 0)|⇡�

i = a
4
X

x

h⇡
+
|Ok(x, 0)|⇡�

i

(7)
are extracted from the e↵ective matrix elements

O
eff
k (t) ⌘ 2m⇡

Ck(0, t, 2t)

C2pt(2t) �
1
2C2pt(T/2)em⇡(2t�T/2)

. (8)

Subtracting 1
2C2pt(T/2)em⇡(2t�T/2) in the denominator

of Eq. (8) isolates the backwards-propagating state in
the two-point function, and in the 0 ⌧ t ⌧ T limit
O

eff
k (t) asymptotes to hOki. The e↵ective matrix ele-

ments are computed on between 33 and 53 gauge field
configurations for each ensemble (details in Appendix B,
Table III), resampled using a bootstrap procedure with
nb = 50 bootstrap samples. The spectral decomposition
of O

eff
k (t) up to and including the first excited state with

energy m⇡ + �,

O
eff
k (t) =

hOki + N
(k)
1 e

��t + N
(k)
2 e

�(m⇡+�)(T�2t)

1 + N
(k)
3 e�2�t + N

(k)
4 e�(m⇡+�)T+2(2m⇡+�)t

,

(9)
parameterizes the ground and excited-state contributions

to O
eff
k (t), where the coe�cients N

(k)
i are constants de-

termined by the spectral content of the theory. Eq. (9)

can be Taylor expanded to first order in N
(k)
3 and N

(k)
4 ,
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Short-distance operators for π− → π+e−e−

• Five operators  contribute to the decay  at leading order:𝒪k π− → π+e−e−

5

𝒪1 = (uLγμdL)[uRγμdR]
𝒪1′ 

= (uLγμdL][uRγμdR)
𝒪2 = (uRdL)[uRdL] + (L ↔ R)
𝒪2′ 

= (uRdL][uRdL) + (L ↔ R)
𝒪3 = (uLγμdL)[uLγμdL] + (L ↔ R)

Takahashi Bracket: 
 (A)[B] = AaaBbb

(A][B) = AabBba

3 different chiral  
transformation properties.

Patrick Oare, MIT; hep-lat/2208.05322



Lattice setup
• We have used the domain wall fermions and the Iwasaki gauge action.

6

• This calculation is performed on 5 ensembles with  flavors:Nf = 2 + 1

• These ensembles have been previously used to compute the long-distance  
 amplitude by W. Detmold and D. Murphy.π− → π+e−e−

W. Detmold, D. Murphy, 
hep-lat/2004.07404 (2020).

C. Allton et. al. (RBC/UKQCD Collaboration),  
Phys. Rev. D 78, 114509 (2008).

4

Ensemble aml ams � L
3
⇥ T ⇥ Ls a [fm] m⇡ [MeV] f⇡ [MeV] ZA amres

24I
0.01

0.04 2.13 243 ⇥ 64⇥ 16 0.1106(3)
432.2(1.4) 163.72(64) 0.717766(57)

0.00304(8)
0.005 339.6(1.2) 151.55(62) 0.717161(59)

32I
0.008 410.8(1.5) 162.02(90) 0.745357(44)

0.000630(6)0.006 0.03 2.25 323 ⇥ 64⇥ 16 0.0828(3) 359.7(1.2) 154.28(70) 0.745088(32)

0.004 302.0(1.1) 147.54(81) 0.745020(40)

TABLE I: Parameters of the gauge field ensembles used in this study. Each ensemble was generated with two
degenerate light quark flavors of mass m` and one heavy quark flavor of mass ms. The lattice volumes are

L
3

⇥ T ⇥ Ls, with the fifth dimension having Ls sites. Derived quantities are computed in Ref. [29] (the pion mass
m⇡, the pion decay constant f⇡, and the axial current renormalization ZA) and Refs. [34, 35] (the domain-wall

residual mass amres and the inverse lattice spacing a
�1).

Ensemble aml ams � L
3
⇥ T ⇥ Ls a [fm] m⇡ [MeV]

24I
0.01

0.04 2.13 243 ⇥ 64⇥ 16 0.1106(3)
432.2(1.4)

0.005 339.6(1.2)

32I
0.008 410.8(1.5)

0.006 0.03 2.25 323 ⇥ 64⇥ 16 0.0828(3) 359.7(1.2)

0.004 302.0(1.1)

yielding

fk(t; hOki, m
(k)

, �(k)
, A

(k)
i ) ⌘ hOki + A

(k)
1 e
��(k)t

+ A
(k)
2 e
�(m(k)+�)(T�2t)

� A
(k)
3 e
�2�(k)t

� A
(k)
4 e
�(m(k)+�)T+2(2m(k)+�(k))t

.

(10)

This function is used to model the temporal dependence

of O
eff
k (t), treating hOki, m

(k)
, �(k), and A

(k)
i as free pa-

rameters.
Fits of O

eff
k (t) to the model of Eq. (10) are performed

using a correlated least-squares fit. Each fit is performed
over a range [tmin, tmax], with the covariance matrix ob-
tained from the bootstrapped sample covariance matrix
via linear shrinkage with parameter � [44, 45]; the hyper-
parameters are varied, with tmin 2 [6, 11], tmax 2 [30, 32],
and � 2 {0.1, 0.2, 0.3, 0.4}. Bayesian priors are placed on
the model parameters, informed by the results of a two-
state fit to C2pt(t). The priors on the spectral coe�cients

are set to A
(i)
k = 0.0±0.1, where µ±� denotes the normal

distribution with mean µ and width �. To enforce posi-

tivity, log-normal priors are chosen for the mass m
(k)
⇡ and

excited state gap �(k) such that m
(k) = m⇡±�m⇡, where

m⇡ (�m⇡) is the mean (standard deviation) of the pion
mass (Table I), and �(k) = 2m⇡±m⇡. Statistically indis-
tinguishable results are obtained for hOki under variation
of all hyperparameters within the ranges described above,
and when widths of the priors are inflated by a factor of
2, hence fiducial values of the hyperparameters are cho-
sen as [tmin, tmax] = [6, 32] and � = 0.12. Posterior values

2
This choice for � is statistically the most conservative within the

range, as � = 0 corresponds to no shrinkage.

for A
(k)
3 and A

(k)
4 are found to be ⌧ 1, thus the Taylor

expansion in Eq. (10) is valid. The fits have �
2
/dof be-

tween 0.10 and 0.73. Fit results and the complete set of
fits for each operator on each ensemble with the fiducial
hyperparameters are shown in Appendix B. Illustrative
fits to data from the 32I, am` = 0.004 ensemble with the
fiducial hyperparameters are shown in Fig. (2).

C. Renormalization

To make contact with phenomological calculations,
lattice-regulated matrix elements must be renormalized
in the MS scheme. In this calculation, the renormaliza-
tion coe�cients are computed non-perturbatively in the
RI/sMOM-(�µ

, �
µ) (abbreviated as RI) scheme [46, 47]

and perturbatively matched to MS. In terms of the op-
erator basis {Ok(x)} (Eq. (2)), the renormalized matrix
elements can be expressed as

O
MS
k (x;µ2

, a) = Z
MS;O
k` (µ2

, a)O`(x; a)

= C
MS RI;O
kj (µ2

, a)ZRI;O
j` (µ2

, a)O`(x; a),
(11)

where sums over repeated indices are implied. Here
O`(x; a) denotes the bare operator at lattice spacing a,
and

C
MS RI;O
kj (µ2

, a) ⌘ Z
MS;O
ki (µ2

, a)
⇥
Z

RI;O(µ2
, a)

⇤�1

ij
(12)

is the multiplicative matching coe�cient from RI to
MS, computed at one-loop in perturbation theory in the
strong coupling ↵s(µ) [47, 48]. Note that each renormal-
ization coe�cient is mass-independent and defined in the
chiral limit.

Patrick Oare, MIT; hep-lat/2208.05322

https://arxiv.org/abs/2004.07404
https://link.aps.org/doi/10.1103/PhysRevD.78.114509


Extracting ⟨π+ |𝒪k |π−⟩

7

Ck(t−, tx, t+) = ∑
y,x,z

⟨χ†
π(y, t+)𝒪k(x, tx)χ†

π(z, t−)⟩ C2pt(Δt) =
1
T

T−1

∑
t−=0

∑
x,y

⟨0 |χπ(x, t+)χ†
π(y, t−) |0⟩

χπ(z) = u(z)γ5d(z)
t+ = t− + Δt
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Extracting ⟨π+ |𝒪k |π−⟩

7

Ck(t−, tx, t+) = ∑
y,x,z

⟨χ†
π(y, t+)𝒪k(x, tx)χ†

π(z, t−)⟩ C2pt(Δt) =
1
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T−1

∑
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∑
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⟨0 |χπ(x, t+)χ†
π(y, t−) |0⟩

π+(t+)

Wall source

π−(t−)

Wall source

time
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u
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d
𝒪k(tx)

χπ(z) = u(z)γ5d(z)

time

π−(t−) π−(t+)

u

d

Wall sinkWall source

t+ = t− + Δt

T ≫ t ≫ 0 ⟨π+ |𝒪k |π−⟩Oeff
k (t) ≡ 2mπ

Ck(0,t,2t)

C2pt(2t) − 1
2 C2pt(T/2)emπ(2t−T/2)
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Bare  on ,  ensembleOeff
k (t) 323 × 64 amℓ = 0.004
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Renormalization
• Renormalize matrix elements in  at 3 GeV. 
• Compute in RI/sMOM scheme and 

perturbatively match to . 
• Operators with the same quantum numbers 

mix under renormalization.

MS

MS

9

𝒪MS
k (x; μ2, a) = ZMS

kℓ (μ2, a) 𝒪(0)
ℓ (x; a)

P. A. Boyle et. al., 
JHEP 10, 054 (2017).

Patrick Oare, MIT; hep-lat/2208.05322
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Renormalization
• Renormalize matrix elements in  at 3 GeV. 
• Compute in RI/sMOM scheme and 

perturbatively match to . 
• Operators with the same quantum numbers 

mix under renormalization.

MS

MS

9

𝒪MS
k (x; μ2, a) = ZMS

kℓ (μ2, a) 𝒪(0)
ℓ (x; a)

* * 0 0 0
* * 0 0 0
0 0 * * 0
0 0 * * 0
0 0 0 0 *

Diagonals: order 1 numbers 
Off-diagonals: small

P. A. Boyle et. al., 
JHEP 10, 054 (2017).

Patrick Oare, MIT; hep-lat/2208.05322

https://arxiv.org/abs/1708.03552


Renormalization coefficients in MS

10

ZMS (μ2 = 9 GeV2, a = 0.11 fm) =

0.6068(29) −0.07630(43)0 0 0 0
−0.06168(46) 0.5563(26) 0 0 0

0 0 0.5219(25) −0.02778(33) 0
0 0 0.00800(19) 0.6768(32) 0
0 0 0 0 0.5290(257)

ZMS (μ2 = 9 GeV2, a = 0.08 fm) =

0.6727(46) −0.08926(60) 0 0 0
−0.05425(40) 0.5567(39) 0 0 0

0 0 0.5379(37) −0.01399(26) 0
0 0 0.03968(35) 0.7780(54) 0
0 0 0 0 0.5993(54)

Patrick Oare, MIT; hep-lat/2208.05322



Chiral extrapolation A. Nicholson et al.,  
Phys. Rev. Lett. 121, 172501 (2018). 

•  evaluated at finite , , and heavier-than-physical quark mass. 

• Use functional model  for  computed in , where ( , , ) 
determine the  LECs.

⟨π+ |𝒪MS
k |π−⟩ a L

ℱk ⟨π+ |𝒪MS
k |π−⟩ χEFT αk βk ck

χEFT

11Patrick Oare, MIT; hep-lat/2208.05322

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.172501
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ϵ2
π =

m2
π

8π2f 2
π

Λ2
χ = 8π2f2

π

Finite volume artifacts.

ℱ1(mπ, fπ, a, L; α1, β1, c1) =
β1Λ4

χ

(4π)2 [1 + ϵ2
π(log ϵ2

π − 1+ α1c1
β1 − f0(mπL) + 2f1(mπL)) + a2]
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• Fits to  for ( , , ) performed with least-squares minimization.ℱk αk βk ck

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.172501
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⟨𝒪k⟩shift = ⟨π+ |𝒪MS
k |π−⟩ − ℱk(mπ, fπ, a, L; αk, βk, ck)

+ℱk(mπ, f (phys)
π ,0,∞; αk, βk, ck)

8

Operator O1 O2 O3 O10 O20

Ensemble am` Ok(m⇡, f⇡, a, L)

24I
0.01 -0.02184(54) -0.05377(81) 0.001848(24) -0.0976(14) 0.01598(26)

0.005 -0.01825(47) -0.04477(78) 0.000935(14) -0.0834(12) 0.01336(25)

32I
0.008 -0.02385(86) -0.0512(11) 0.001609(30) -0.1012(20) 0.01452(39)

0.006 -0.02096(77) -0.04540(10) 0.001088(20) -0.0899(18) 0.01292(36)

0.004 -0.01880(70) -0.04091(89) 0.000659(14) -0.0816(17) 0.01168(33)

Extrapolated Ok(m
(phys)
⇡ , f

(phys)
⇡ , 0,1)

h⇡
+
|O

MS
k |⇡

�
i (GeV4) -0.01479(96) -0.0287(16) 0.0001008(33) -0.0626(33) 0.00788(52)

�k -1.42(10) -2.78(17) 0.702(27) -6.04(35) 0.765(55)

↵k (fm�2) -0.35(16) 0.26(15) 0.058(81) -0.09(13) 0.53(18)

ck -0.50(73) -1.11(64) 8.77(53) -1.11(59) -1.46(69)

�
2
/dof 0.02 0.04 0.69 0.11 0.03

TABLE II. Renormalized pion matrix elements Ok(m⇡, f⇡, a, L), Eq. (28), of each operator Ok in the BSM basis computed on
each of the ensembles (upper), and the results of chiral continuum extrapolation (lower). The parameters ↵k, �k, and ck are

the �EFT LECs, Eq. (29), and h⇡
+
|O

MS
k |⇡

�
i is the extrapolated matrix element in the continuum and infinite volume limit at

physical quark masses in the MS scheme at µ = 3 GeV.

Operator h⇡
+
|O

MS
k |⇡

�
i (GeV4) �k �

2
/dof

O1 -0.01479(96) -1.42(10) 0.02

O10 -0.0626(33) -6.04(35) 0.04

O2 -0.0287(16) -2.78(17) 0.69

O20 0.00788(52) 0.765(55) 0.11

O3 0.0001008(33) 0.702(27) 0.03

FIG. 4. Chiral extrapolation of renormalized matrix elements. The LQCD results are shown at ✏
2
⇡ = m

2
⇡/(8⇡

2
f
2
⇡) calculated

using the pion mass of each ensemble and the physical value of f⇡, and the values of Ok(m⇡, f⇡, a, L) have been shifted by

�Fk(m⇡, f⇡, a, L;↵k,�k, ck) + Fk(m⇡, f
(phys)
⇡ , 0,1;↵k,�k, ck), where ↵k,�k, ck are the best-fit coe�cients given in Table II.

The physical pion mass is denoted by the dashed line.

best-fit coe�cients given in Table II. The extrap- olation bands for each Ok depict the functional
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A. Nicholson et al.,  
Phys. Rev. Lett. 121, 172501 (2018). 

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.121.172501


• Completes the first computation of long and short-distance  in a 
consistent framework. 

• How do they compare?

π− → π+e−e−

Relative contributions
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k
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= GF

|∑k ck⟨π+ |𝒪k |π−⟩ |

c |M0ν |

ck⟨π+ |𝒪k |π−⟩

c M0νGF

Seesaw: mββ = c
v2

ΛLNV
∼

c
GFΛLNV

Wilson coefficient

Patrick Oare, MIT; hep-lat/2208.05322

seesaw

W. Detmold, D. Murphy, 
hep-lat/2004.07404 (2020).

https://arxiv.org/abs/2004.07404


• Completes the first computation of long and short-distance  in a 
consistent framework. 

• How do they compare?

π− → π+e−e−

Relative contributions

13

𝒜SD

𝒜LD
=

𝒜SD

𝒜LD

∑
k

=
1

ΛLNV mββ

|∑k ck⟨π+ |𝒪k |π−⟩ |

|M0ν |

ck⟨π+ |𝒪k |π−⟩
M0νΛLNV mββ

ck≈c

∼ 10−4= GF

|∑k ck⟨π+ |𝒪k |π−⟩ |

c |M0ν |

ck⟨π+ |𝒪k |π−⟩

c M0νGF

Seesaw: mββ = c
v2

ΛLNV
∼

c
GFΛLNV

Wilson coefficient

Patrick Oare, MIT; hep-lat/2208.05322

seesaw

W. Detmold, D. Murphy, 
hep-lat/2004.07404 (2020).

https://arxiv.org/abs/2004.07404


Summary and outlook
• For the 5 leading order short-distance operators , we have computed: 

‣ Pion matrix elements . 

‣ The  LECs . 
• First computation of  with domain-wall valence and sea quarks. 
• Completes the  computation of hep-lat/2004.07404 (2020). 
• Remaining short-distance LECs,  and , need to be computed to fully 

parameterize the decay in .

𝒪k

⟨π+ |𝒪k |π−⟩

χEFT βk

⟨π+ |𝒪k |π−⟩

π− → π+e−e−

gnn
k gπn

k

χEFT

14Patrick Oare, MIT; hep-lat/2208.05322

https://arxiv.org/abs/2004.07404


Backup slides
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Nuclear matrix elements (many-body)

16

Long-distance NMEs Short-distance NMEs (heavy neutrino exchange)

Dolinski et. al., : Status and 
Prospects [nucl-ex/1902.04097]

0νββ Dell’Oro et. al., : 2015 
Review [hep-ph/1601.07512]

0νββ



• Classify operators  constructed from SM fields with  which can 
contribute to . Schematically:

O [O] > 4
0νββ

Operators for short-distance 0νββ

17

• Operators must be Lorentz invariant and obey  
SM gauge symmetries, including . 

• 4-quark part of vector operators match onto 
, which is suppressed by 

powers of  (and set to 0 in this calculation). 
• Only positive parity operators contribute.

U(1)EM

π(∂μπ)eγμγ5ec + h . c .
me

O

d

du

u

e

e

      (2 u fields) × (2 d fields) × (2 e fields) ⟹ [O] ≥ 9



Excited state fits
• Functional model for excited states:

18

<latexit sha1_base64="l4bNcOppC3S3eQTX+yOS0rdwbT8="></latexit>

fk(t; hOki,m
(k),�(k), A(k)

i ) ⌘ hOki+A(k)
1 e��(k)t

+A(k)
2 e�(m(k)+�)(T�2t)

�A(k)
3 e�2�(k)t

�A(k)
4 e�(m(k)+�)T+2(2m(k)+�(k))t,

• Bayesian least-squares fit on range  with parameters 
, ,  

• Covariance matrix obtained from sample covariance via linear shrinkage 
with parameter  

• Statistically indistinguishable results under variation of , 
, and 

[tmin, tmax]
m(k) ∼ N(mπ, δmπ) Δ(k) ∼ N(2mπ, mπ) A(k)

k ∼ N(0.0, 0.1)

λ
tmin ∈ [6, 11]

tmax ∈ [30, 32] λ ∈ {0.6, 0.7, 0.8, 0.9}



Comparison to constant fit on 24I, amℓ = 0.01
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Stability plot for , 32I/⟨𝒪1⟩ amℓ = 0.004
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Non-perturbative renormalization (NPR)
• The lattice comes equipped with a UV 

regulator: . 
• Correlation functions computed on the 

lattice are of bare operators. 
• Work in NPR basis to simplify 

calculation.

a−1

21

NPR operator basis
Q1 = 2[𝒪3]+ = VV + AA
Q2 = 4[𝒪1]+ = VV − AA
Q3 = − 2[𝒪′ 1]+ = SS − PP
Q4 = 2[𝒪2]+ = SS + PP
Q5 = 4[𝒪′ 2]+ + 2[𝒪2]+ = TT

VV = (uγμd)[uγμd]



RI/sMOM scheme
• Renormalization condition at scale : For an operator with  quark fields, 

impose that its renormalized, amputated -point function equals its tree level 
value at kinematical point .

μ n − 1
n

p2
1 = p2

2 = (p2 − p1)2 = μ2

22

• Example: vector current :Vμ(x) = q(x)γμq(x)

=
(R)

q2=μ2

γμ
p2

( )
−1

p1
( )

−1

p1 p2

q = p2 − p1( )Vμ

 Allows us to solve for  factors!⟹ Z



RI/sMOM details
• RI/sMOM renormalization coefficients computed from the following correlation 

functions

23

(Λn)αβγδ
abcd(q) ≡ (S−1)αα′ 

aa′ 
(p1)(S−1)γγ′ 

cc′ 
(p1)(Gn)α′ β′ γ′ δ′ 

a′ b′ c′ d′ 
(q)(S−1)β′ β

b′ b(p2)(S−1)δ′ δ
d′ d(p2),

(Gn)αβγδ
abcd(q; a, mℓ) ≡

1
V ∑

x
∑

x1,...,x4

ei(p1⋅x1−p2⋅x2+p1⋅x3−p2⋅x4+2q⋅x)⟨0 |dδ
d(x4)uγ

c(x3)Qn(x)dβ
b(x2)uα

a (x1) |0⟩

Fmn(q; a, mℓ) ≡ (Pn)βαδγ
badc(Λm)αβγδ

abcd(q; a, mℓ)

S(p; a, mℓ) =
1
V ∑

x,y

eip⋅(x−y)⟨0 |q(x)q(y) |0⟩ Projectors onto tree-level structure of Λ



Chiral limit of renormalization coefficients
•  must be extrapolated to  to 

determine  
• Perform a linear extrapolation to , 

including correlations with other renormalization 
coefficients computed on each ensemble: quark 
field , vector current , axial current  

• Extract  as

Fnm(q; a, mℓ) mℓ → 0
Fnm(q; a)

mℓ → 0

Zq ZV ZA

ZRI
nm

24

ZRI;Q
nm (μ2; a)

sym

= (ZRI
q (μ2; a))

2
[F(tree)

nr F−1
rm (q; a)]

sym

Tree-level value of Fnm(q; a)



Matching to MS
• Must match to a scheme useful for phenomenology: MS

25
Perturbative Minimize discretization artifacts

ZMS
ij (μ1)

Match to  at  with  
matching coefficients  
computed perturbatively  

@ NLO in . 

MS μ1

αs

RI/sMOM μ

μ0

μ1

MS

Compute  at some scale  with
ZRI
ij μ0

ΛQCD ≪ μ0 ≪ πa−1 ZRI
ij (μ0) μ24I

0 = 2.64 GeV
μ32I

0 = 2.65 GeV

ZRI
ij (μ1)

μ
d

dμ
Zij

Z2
V

= − γik(αs)
Zkj

Z2
V

(μ)

μ1 = 3 GeV



Chiral extrapolation
• Use  to extrapolate to the physical point. 
• Write each operator  as a function of the meson field  by 

promoting  to a spurion.

χEFT
𝒪k Σ = exp(2iπata/F)

τ+

26

𝒪1 = (qLτ+γμqL)[qRτ+γμqR] ⟶ Tr[Σ†τ+
LLΣτ+

RR] ⟶ Tr[Σ†τ+Στ+]

Σ ↦ LΣR†

τ+
LL ↦ Lτ+

LLL† τ+
RR ↦ Rτ+

RRR†

• Spurion analysis yields three independent operator structures:

𝒪1, 𝒪′ 1 ∼ Tr[Σ†τ+Στ+] 𝒪2, 𝒪′ 2 ∼ Tr[Στ+Στ+] + h . c .

𝒪3 ∼ Tr[Lμτ+Lμτ+] + h . c .

Lμ ≡ Σ∂μΣ†



Chiral Extrapolation (unshifted)
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Chiral Extrapolation (shifted)
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