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Gradient flow Lüscher 2010Narayanan, 
Neuberger:2006 Lüscher, Weisz 2011
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Aµ(x) = Aa
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a ! gluon fields
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xµ t = flow-time [t] = �2
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O(a2) cutoff effects analyzed 
Ramos, Sint: 2015



� = Dµ,tDµ,t Dµ,t = �µ +Bt,µ

Gradient flow for fermions Lüscher: 2013
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4+1 Local field theory
S = SG + SG,fl + SF,QCD + SF,fl

SF,fl =

Z 1

0
dt

Z
d4x

h
�(t, x) (⇤t ��)⇥(t, x) + ⇥(t, x)

⇣ �
⇤ t �

 �
�
⌘
�(t, x)

i

Wick contractions


Renormalization. All order proof for gauge sector 


Chiral symmetry and Ward identities


Wilson twisted mass

Lüscher 
2010-2013

Lüscher: 2013 

A.S.:2013

A.S.: 2013

Lüscher, Weisz: 2011 
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Chiral variation before integrating 


the Lagrange multipliers

4+1 chiral symmetry A.S. 2013
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4+1 chiral symmetry A.S. 2013

Lüscher: 2013
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Discretization 4+1 local field theory
S = SG + SG,fl + SF,QCD + SF,fl

Lüscher: 2013 
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X
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i
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Standard discretization for the gauge action 

Wilson-type discretization for the quarks
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<latexit sha1_base64="Epw+hGJQgttThCKs/vJiHlYq1TA="></latexit>

Flow equations on the lattice are classically O(a) improved + loop diagrams do 
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O(a) cutoff effects
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O6 = ��
<latexit sha1_base64="ICLP1D/OUM6JISEQqZKVtCV/6AY="></latexit>

O7 = m
�
� +  �

�
<latexit sha1_base64="DfB81qncU6Ul2f1I12XzqazE4SU="></latexit>

O8 = ��µDµ �  �µ
 �
Dµ�

<latexit sha1_base64="H+ZrQtgJ0fTDp2F8eBiznnE6gqE="></latexit>

O9 = @t��|t=0
<latexit sha1_base64="45ggeJbwp2h5gRNlpFfj+Fajb1o="></latexit>

9 fields - 4 conditions ==> 5 independent operatorsBhattacharya, Gupta, Lee, 
Sharpe, Wu: 2006

Se↵ = S + aS1 +O(a2)
<latexit sha1_base64="Epw+hGJQgttThCKs/vJiHlYq1TA="></latexit>

S1 =

Z
d4x

X

i

Oi

<latexit sha1_base64="99j0oYP0qHsZDhcpz5baX43C+oU="></latexit>

! cfl
<latexit sha1_base64="/kamvY0LZaL1U6EL8vUBSQ21nyY="></latexit>

! b� , b̄�
<latexit sha1_base64="ppHgRsAg9rm6d07NqUnokof3xyI="></latexit>

Lüscher: 2013 

8



O(a) cutoff effects

O1 =  �µ⌫Gµ⌫ 
<latexit sha1_base64="f6J/XfoXAhNfHure+XDmNS+3uzQ="></latexit>

O2 =  D2
µ +  

 �
D2

µ 
<latexit sha1_base64="iRviYrsQcXlaGMxu2H1339661rw="></latexit>

O3 = mTr [Gµ⌫Gµ⌫ ]
<latexit sha1_base64="Ds6wrkyDTI/lda8bCXHN13wucm4="></latexit>

O4 = m 
h
�µDµ � �µ

 �
Dµ

i
 

<latexit sha1_base64="UbGJZXdvcTGbRUypQj27iROjKKA="></latexit>

O5 = m2  
<latexit sha1_base64="pc97/xbZhPDaVqdYY9GeODRSUek="></latexit>

O6 = ��
<latexit sha1_base64="ICLP1D/OUM6JISEQqZKVtCV/6AY="></latexit>

O7 = m
�
� +  �

�
<latexit sha1_base64="DfB81qncU6Ul2f1I12XzqazE4SU="></latexit>

O8 = ��µDµ �  �µ
 �
Dµ�

<latexit sha1_base64="H+ZrQtgJ0fTDp2F8eBiznnE6gqE="></latexit>

O9 = @t��|t=0
<latexit sha1_base64="45ggeJbwp2h5gRNlpFfj+Fajb1o="></latexit>

9 fields - 4 conditions ==> 5 independent operators

Se↵ = S + aS1 +O(a2)
<latexit sha1_base64="Epw+hGJQgttThCKs/vJiHlYq1TA="></latexit>

S1 =

Z
d4x

X

i

Oi

<latexit sha1_base64="99j0oYP0qHsZDhcpz5baX43C+oU="></latexit>
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<latexit sha1_base64="f6J/XfoXAhNfHure+XDmNS+3uzQ="></latexit>

O2 =  D2
µ +  

 �
D2

µ 
<latexit sha1_base64="iRviYrsQcXlaGMxu2H1339661rw="></latexit>

O3 = mTr [Gµ⌫Gµ⌫ ]
<latexit sha1_base64="Ds6wrkyDTI/lda8bCXHN13wucm4="></latexit>

O4 = m 
h
�µDµ � �µ

 �
Dµ

i
 

<latexit sha1_base64="UbGJZXdvcTGbRUypQj27iROjKKA="></latexit>

O5 = m2  
<latexit sha1_base64="pc97/xbZhPDaVqdYY9GeODRSUek="></latexit>

O6 = ��
<latexit sha1_base64="ICLP1D/OUM6JISEQqZKVtCV/6AY="></latexit>

O7 = m
�
� +  �

�
<latexit sha1_base64="DfB81qncU6Ul2f1I12XzqazE4SU="></latexit>

O8 = ��µDµ �  �µ
 �
Dµ�

<latexit sha1_base64="H+ZrQtgJ0fTDp2F8eBiznnE6gqE="></latexit>

O9 = @t��|t=0
<latexit sha1_base64="45ggeJbwp2h5gRNlpFfj+Fajb1o="></latexit>

9 fields - 4 conditions ==> 5 independent operators

Se↵ = S + aS1 +O(a2)
<latexit sha1_base64="Epw+hGJQgttThCKs/vJiHlYq1TA="></latexit>

S1 =

Z
d4x

X

i

Oi

<latexit sha1_base64="99j0oYP0qHsZDhcpz5baX43C+oU="></latexit>
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Discrete gradient flow equation

10

= a4
X

x

h
�(x, 0)�(x, ✏)� �(x, 0)�(x, 0)� ✏�(x, 0)��(x, 0) + �(x, ✏)�(x, 0)� �(x, 0)�(x, 0)� ✏�(x, 0)

 �
��(x, 0)

i
+ · · ·

<latexit sha1_base64="cXQGxPPIYEGXM8yI4pWrAUaVLYQ="></latexit>

+ · · ·
<latexit sha1_base64="TaEVsMLnmCWOTfNMMuQnaFuhTe8="></latexit>

SF,fl = ✏
X

n�0

a4
X

x

h
�(x, t)

�
@t �r2

�
�(x, t) + �(x, t)

⇣ �
@ t �

 �r2
⌘
�(x, t)

i

<latexit sha1_base64="HAkY9DPg+4VUBluJjbePhXsGJ+Q="></latexit>

@t�(x, t) =
1

✏
(�(x, t+ ✏)� �(x, t))

<latexit sha1_base64="KwBbolxYZsxP2dRQdlQwjiM2V+4="></latexit>

� = r⇤
µrµ

<latexit sha1_base64="/x0zq32pav3swYFI/Uqz8sugnTU="></latexit>



Discrete gradient flow equation

10

= a4
X

x

h
�(x, 0)�(x, ✏)� �(x, 0)�(x, 0)� ✏�(x, 0)��(x, 0) + �(x, ✏)�(x, 0)� �(x, 0)�(x, 0)� ✏�(x, 0)

 �
��(x, 0)

i
+ · · ·

<latexit sha1_base64="cXQGxPPIYEGXM8yI4pWrAUaVLYQ="></latexit>

+ · · ·
<latexit sha1_base64="TaEVsMLnmCWOTfNMMuQnaFuhTe8="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="1sEqxm1ikm8GpmB49U6IW4kiJBc="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="L/GuDzObAwgIX2awrhOwrQ1epI8="></latexit>

SF,fl = ✏
X

n�0

a4
X

x

h
�(x, t)

�
@t �r2

�
�(x, t) + �(x, t)

⇣ �
@ t �

 �r2
⌘
�(x, t)

i

<latexit sha1_base64="HAkY9DPg+4VUBluJjbePhXsGJ+Q="></latexit>

@t�(x, t) =
1

✏
(�(x, t+ ✏)� �(x, t))

<latexit sha1_base64="KwBbolxYZsxP2dRQdlQwjiM2V+4="></latexit>

� = r⇤
µrµ

<latexit sha1_base64="/x0zq32pav3swYFI/Uqz8sugnTU="></latexit>



Discrete gradient flow equation

10

= a4
X

x

h
�(x, 0)�(x, ✏)� �(x, 0)�(x, 0)� ✏�(x, 0)��(x, 0) + �(x, ✏)�(x, 0)� �(x, 0)�(x, 0)� ✏�(x, 0)

 �
��(x, 0)

i
+ · · ·

<latexit sha1_base64="cXQGxPPIYEGXM8yI4pWrAUaVLYQ="></latexit>

+ · · ·
<latexit sha1_base64="TaEVsMLnmCWOTfNMMuQnaFuhTe8="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="1sEqxm1ikm8GpmB49U6IW4kiJBc="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="L/GuDzObAwgIX2awrhOwrQ1epI8="></latexit>

SF,fl = ✏
X

n�0

a4
X

x

h
�(x, t)

�
@t �r2

�
�(x, t) + �(x, t)

⇣ �
@ t �

 �r2
⌘
�(x, t)

i

<latexit sha1_base64="HAkY9DPg+4VUBluJjbePhXsGJ+Q="></latexit>

@t�(x, t) =
1

✏
(�(x, t+ ✏)� �(x, t))

<latexit sha1_base64="KwBbolxYZsxP2dRQdlQwjiM2V+4="></latexit>

� = r⇤
µrµ

<latexit sha1_base64="/x0zq32pav3swYFI/Uqz8sugnTU="></latexit>

O7 = m
�
� +  �

�
<latexit sha1_base64="DfB81qncU6Ul2f1I12XzqazE4SU="></latexit>

O8 = ��µDµ �  �µ
 �
Dµ�

<latexit sha1_base64="H+ZrQtgJ0fTDp2F8eBiznnE6gqE="></latexit>



Discrete gradient flow equation

10

= a4
X

x

h
�(x, 0)�(x, ✏)� �(x, 0)�(x, 0)� ✏�(x, 0)��(x, 0) + �(x, ✏)�(x, 0)� �(x, 0)�(x, 0)� ✏�(x, 0)

 �
��(x, 0)

i
+ · · ·

<latexit sha1_base64="cXQGxPPIYEGXM8yI4pWrAUaVLYQ="></latexit>

+ · · ·
<latexit sha1_base64="TaEVsMLnmCWOTfNMMuQnaFuhTe8="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="1sEqxm1ikm8GpmB49U6IW4kiJBc="></latexit>

�(x, 0) =  (x)
<latexit sha1_base64="L/GuDzObAwgIX2awrhOwrQ1epI8="></latexit>

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

SF,fl = ✏
X

n�0

a4
X

x

h
�(x, t)

�
@t �r2

�
�(x, t) + �(x, t)

⇣ �
@ t �

 �r2
⌘
�(x, t)

i

<latexit sha1_base64="HAkY9DPg+4VUBluJjbePhXsGJ+Q="></latexit>

@t�(x, t) =
1

✏
(�(x, t+ ✏)� �(x, t))

<latexit sha1_base64="KwBbolxYZsxP2dRQdlQwjiM2V+4="></latexit>

� = r⇤
µrµ

<latexit sha1_base64="/x0zq32pav3swYFI/Uqz8sugnTU="></latexit>

O7 = m
�
� +  �

�
<latexit sha1_base64="DfB81qncU6Ul2f1I12XzqazE4SU="></latexit>

O8 = ��µDµ �  �µ
 �
Dµ�

<latexit sha1_base64="H+ZrQtgJ0fTDp2F8eBiznnE6gqE="></latexit>



Tree-level calculation - warmup 

11

M (p) = m +
1
2

aöp2

<latexit sha1_base64="uLa6hfmLC33ks8QZlBd5yZzUdUk="></latexit>

ûpµ =
1
a

sin(apµ )
<latexit sha1_base64="egtktYnjYxBJqoZYy6/jqIDQ2/s="></latexit>

öpµ =
2
a

sin(
apµ

2
)

<latexit sha1_base64="m5UadH/yASLRjPfabO/BcOoZr/s="></latexit>

!SW (p) =
! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="Lj0PatbE6e4Vb78IAm5Lmuu5MuU="></latexit>



Tree-level calculation - warmup 

11

M (p) = m +
1
2

aöp2

<latexit sha1_base64="uLa6hfmLC33ks8QZlBd5yZzUdUk="></latexit>

ûpµ =
1
a

sin(apµ )
<latexit sha1_base64="egtktYnjYxBJqoZYy6/jqIDQ2/s="></latexit>

öpµ =
2
a

sin(
apµ

2
)

<latexit sha1_base64="m5UadH/yASLRjPfabO/BcOoZr/s="></latexit>

!SW (p) =
! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="Lj0PatbE6e4Vb78IAm5Lmuu5MuU="></latexit>

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

S(x, y) !
!

d4p
(2! )4 eip (x ! y ) " i #p + m

p2 + m2 (1 " am) +
1
2

a" (4) (x " y) + O(a2)
<latexit sha1_base64="SPXhUwusomwywCM/V+b44HzQVXY="></latexit>



Tree-level calculation - warmup 

11

M (p) = m +
1
2

aöp2

<latexit sha1_base64="uLa6hfmLC33ks8QZlBd5yZzUdUk="></latexit>

ûpµ =
1
a

sin(apµ )
<latexit sha1_base64="egtktYnjYxBJqoZYy6/jqIDQ2/s="></latexit>

öpµ =
2
a

sin(
apµ

2
)

<latexit sha1_base64="m5UadH/yASLRjPfabO/BcOoZr/s="></latexit>

!SW (p) =
! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="Lj0PatbE6e4Vb78IAm5Lmuu5MuU="></latexit>

!
! ! (1 + ab! m)!
! ! ! (1 + ab! m)

<latexit sha1_base64="I/MkCplZm8tRCLgPoBNerwCfNq0="></latexit>

b(0)
! =

1
2

<latexit sha1_base64="t1CTdsZGHnXFivIJ4el8OKwg4Ks="></latexit>

c(0)
q = !

1
4

<latexit sha1_base64="Z6TmQNL0evIRzXAZ5syDLYvkauY="></latexit>

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

S(x, y) !
!

d4p
(2! )4 eip (x ! y ) " i #p + m

p2 + m2 (1 " am) +
1
2

a" (4) (x " y) + O(a2)
<latexit sha1_base64="SPXhUwusomwywCM/V+b44HzQVXY="></latexit>

! ! [1 + acq(" µ Dµ + m)] !
<latexit sha1_base64="Srl/oD1WLcK7Xaq/YRLYmk2MQOY="></latexit>



Tree-level calculation

12

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>



Tree-level calculation

12

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

e! p2 ( t + s)
!

1 +
a2p4

12

"
! i "p + m + 1

2 am2 + 1
2 ap2

p2 + m2 (1 ! am) + á á á
<latexit sha1_base64="4MrWoGNqd5IdM41TLBawzZupyg8="></latexit>



Tree-level calculation

12

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

e! p2 ( t + s)
!

1 +
a2p4

12

"
! i "p + m + 1

2 am2 + 1
2 ap2

p2 + m2 (1 ! am) + á á á
<latexit sha1_base64="4MrWoGNqd5IdM41TLBawzZupyg8="></latexit>

! !
µ ! µ ! ! !

µ ! µ

!
1 "

a2

12
! !

µ ! µ

"

<latexit sha1_base64="8DUfVuXBe3g4d2lS7UKHVxnFqhk="></latexit>

b(0)
! = 1

<latexit sha1_base64="DEvRQqeV5oAlKq39Cy55AH60kek="></latexit>

Battelli, Sint: 2022

!
! ! (1 + a

2 b! m)!
! ! ! (1 + a

2 b! m)
<latexit sha1_base64="mCkJS6k69v87JSkD9slzFYlaqZ8="></latexit>



Tree-level calculation

12

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

e! p2 ( t + s)
!

1 +
a2p4

12

"
! i "p + m + 1

2 am2 + 1
2 ap2

p2 + m2 (1 ! am) + á á á
<latexit sha1_base64="4MrWoGNqd5IdM41TLBawzZupyg8="></latexit>

! !
µ ! µ ! ! !

µ ! µ

!
1 "

a2

12
! !

µ ! µ

"

<latexit sha1_base64="8DUfVuXBe3g4d2lS7UKHVxnFqhk="></latexit>

b(0)
! = 1

<latexit sha1_base64="DEvRQqeV5oAlKq39Cy55AH60kek="></latexit>

!SW (p; t, s) !
e! p2 ( t + s)

p2 + m2 +
1
2

ae! p2 ( t + s) + á á á
<latexit sha1_base64="HIJBmI6M+fbL4/jyxgfZ5qsBwg0="></latexit>

Battelli, Sint: 2022

!
! ! (1 + a

2 b! m)!
! ! ! (1 + a

2 b! m)
<latexit sha1_base64="mCkJS6k69v87JSkD9slzFYlaqZ8="></latexit>



Tree-level calculation

12

m ! m(1 +
1
2

am)
<latexit sha1_base64="/CrdArY6QPSs/A+Y2HBM2rnX4hI="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

e! p2 ( t + s)
!

1 +
a2p4

12

"
! i "p + m + 1

2 am2 + 1
2 ap2

p2 + m2 (1 ! am) + á á á
<latexit sha1_base64="4MrWoGNqd5IdM41TLBawzZupyg8="></latexit>

! !
µ ! µ ! ! !

µ ! µ

!
1 "

a2

12
! !

µ ! µ

"

<latexit sha1_base64="8DUfVuXBe3g4d2lS7UKHVxnFqhk="></latexit>

b(0)
! = 1

<latexit sha1_base64="DEvRQqeV5oAlKq39Cy55AH60kek="></latexit>

!SW (p; t, s) !
e! p2 ( t + s)

p2 + m2 +
1
2

ae! p2 ( t + s) + á á á
<latexit sha1_base64="HIJBmI6M+fbL4/jyxgfZ5qsBwg0="></latexit>

K   K ! c(0)
ß =

1
2

<latexit sha1_base64="Kk4cMhCOSS6NczWE6HxNIjURCvc="></latexit>

Battelli, Sint: 2022

Lüscher: 2013

!
! ! (1 + a

2 b! m)!
! ! ! (1 + a

2 b! m)
<latexit sha1_base64="mCkJS6k69v87JSkD9slzFYlaqZ8="></latexit>



Tree-level calculation

13

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>



Tree-level calculation

13

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>



Tree-level calculation

13

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

!SI (p; t, s) = e ! öp2
( t + s)

"
1 +

1
2

ac(0)
! i ! µ ûpµ +

1
2

ac(0)
m m

#
! i ! µ ûpµ + M (p)

ûp2 + M 2(p)

"
1 +

1
2

ac(0)
! i ! µ ûpµ +

1
2

ac(0)
m m

#

<latexit sha1_base64="jHFM8N3FLnJ2fyuZmmdPrZjodmk="></latexit>



Tree-level calculation

13

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

!SW (p; t, s) = e ! öp2
( t + s) ! i ! µ ûpµ + M (p)

ûp2 + M 2(p)
<latexit sha1_base64="TZ3wVILe7XnfRBbiZaR7aoIP0DY="></latexit>

!SI (p; t, s) = e ! p2 ( t + s) ! i ! µ pµ + m
p2 + m2 + O(a2)

<latexit sha1_base64="CVEoTsWJM86dbJAi0zEQCnaJ1k0="></latexit>

!SI (p; t, s) = e ! öp2
( t + s)

"
1 +

1
2

ac(0)
! i ! µ ûpµ +

1
2

ac(0)
m m

#
! i ! µ ûpµ + M (p)

ûp2 + M 2(p)

"
1 +

1
2

ac(0)
! i ! µ ûpµ +

1
2

ac(0)
m m

#

<latexit sha1_base64="jHFM8N3FLnJ2fyuZmmdPrZjodmk="></latexit>

c(0)
! = !

1
2

<latexit sha1_base64="P5Kke5oCxQLseeAXEbJ8Z65t73E="></latexit>

c(0)
m =

1
2

<latexit sha1_base64="1lNe8h/dRo1qf9jReph+WyIuE/s="></latexit>



O(a) improved gradient flow for fermions

14

! (x, t = 0) = " (x)
!

1 ! a
1
2

c! #µ
"!
D µ +

1
2

acm m
"

<latexit sha1_base64="2LTrSr+j/sA7OXJpPNOR0clN20w="></latexit>

! (x, t = 0) =
!

1 + a
1
2

c! " µ Dµ +
1
2

acm m
"

# (x)
<latexit sha1_base64="2xKhiBSm3BydQ1er3dEL1LMg/hM="></latexit>

! t " (x, t ) = !
!

1 !
a2

12
!

"
" (x, t ) ! t ø" (x, t ) = ø" (x, t )

!
1 !

a2

12
"!
!

"
"!
!

<latexit sha1_base64="Fit1zyYk/A4pYCJY3WB1RuasyNg="></latexit>


