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RG- running

in a mass-independent renormalisation scheme

we can define the RGE for the renormalised operator O(u) = Z,(1)O and
the coupling g(u)

00 L 03 i
H—— = Yo(&(1))O (1) p— = p(g(u))
/7 ou
with
70(2) o (1o + &>+ 18"+ 0(@")
B(8) o 2>(by + 013" + bg* + 0(8%))

RG-running



from which we obtain the RG-invariants

by

Nocp = //t[b()g’z(//i)] e 2b°g(” e

g(u) 1,1
—lo T A8 (Ggt b2 )

_2 B
gw 7.Yx(8) Y0
(//t)] 2boe o 48Cac—Bge)
41

O = O(p)|

We can factorise the running in many evolutions between two scales:

OkGL O (H1) O(ﬂn)

ORGI — _
O(uy) OGuy)  O(ipan)

O(ﬂhad)

from which we naturally define

O
oo(S, U) = -(IMZ) with 5 = ad

O(uy) H2

RG-running



while for the coupling

J S S L LSS S

J L S L LS

a4
J L L L S L LS

u = g-(u) o(s,u) = 2°(p/s)

Now, with s=2, from the RGE

Vow
2 = - d
o Jﬁ : p(g)

Vet) Yo(&)

op(U) = exp J'\/; dg ()

On the lattice, the renormalisation scale can be identifiedas u = 1/L and
u=g L) > X(ual/L)=g*2L)
o(u) = lim 2(u,alL) op(u) = lim 2,(u,alL)

a—() a—()

RG-running
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Tensor operator

Flavour non-singlet tensor current

- 1 . i
O - T[}Iﬁ(x) = 1y (X)Uﬂval//fz (x), with Oy = E[Yﬂa 7, ]

® phenomenological interest for effective Hamiltonian amplitudes (rare
heavy meson decays, neutron beta decays, BSM ...)

A= <flHyli>=Cyu) <flOW]i>

0 ™~ (iglm/e)(qdlm/u)a Gﬂy(éiqm/qj)

RG- tensor operator for Nf =3 QCD



Simulation details ——©

o Nf= 3 massless QCD, Wilson-clover fermions T
time

o0 ® ] o, ©® 0 \ /\
¢ Schrodinger Functional (SF) boundary conditions. d = (0.5 _

® Gauge configurations of arXiv:1802.05243, arXiv:2112.10606

space

e vSF valence fermions

SF boundary conditions

® Scheme switching at ;;,/ %FN 2 GeV. Same renormalisation conditions for O on both sides!

/41 ﬂol/ 2 ﬂf'ad
~ 64 GeV ~ 2GeV ~ 200 MeV
ke T TG T To/2) T4 T To )
— — — T - - oo had
T(ut) T(us®) — T(uol/2) T(ul") T(us™ Tl
® SF coupling ® Gradient Flow coupling

® plaquette gauge action ® Luscher-Weisz gauge
action
for Nf =3 QCD



T T
w=RSw  g=iRE)
vSF « - E SF

o
with R(a) = exp(15y513)

¢ Automatic O(a)-improvement for the
operators

e <T/,>=<T,>+0(a o <T/,>=<T,>+acg)) <©,V,—9,V,)>
after renormalisation and fora — (

[ =10 =k

RG- for Nf =3 QCD ina xSt setup



Renormalisation conditions
SF

|: I . SF
§=0, a/L#0 =0, a/L#0
i) () \ kp(T/2 k(TI2)
1. Z;fd(gg,L/a) 1. ZT(gg, Lia) r(172) . (172)
1 VA

gi‘d ( \/ &1 VA
d d kAT/2 e\
| , j (T/2) (zu (T/2) 2. 7,(a2 Lia) (172) :( 7( )>

g5=0, a/L#0
Vi

lud \%

g5=0, a/L#0

since
ud ud : :
3. Z'gs, Lla) T (.T/2) _ (ZU72) V is the conserved lattice vector

—igl! ( —igl! ) current

92=0, alL+0 and

l“d(T/Z) zud(m) ZJéfz — 1

LU
lV

4, Z”d(go ,L/a)

RG- ina ySF setup



4 renormalisation schemes

] (0,a/L)

Z24(g2, Lla) 1“(T/2) - [z;fd(T/z)

(gidye (L) (L' (gidye (L (L'

requiring(a+/+05y+056)=1 and
5 = 20@0 — 7=y D 4 20

max

71 =1, extractedfrom 7! ~ 2 (7, +s, log( )]( %

0.0062755(11) a-scheme
0.0057956(11)  f-scheme
—0.0007746(11)

0.0032320(11) o-scheme




Running of the 4 schemes at high energies

The analysis is in progress!!

27 u=2.012
( J [ ]
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SF results: in progress

or tends to have smaller errors for 0-scheme

U or Gg Gg

1.11 1.0206(13) 1.0187(11) 1.0148(09) | 1.0164(07)
11844 1.0249(13) 1.0221(11) 1.0166(10) | 1.0173(08)
1.2656 1.0243(15) 1.0220(14) 1.0190(12) 1.0177(09)
1.3627 1.0310(19) 1.0270(16) 1.0209(13) | 1.0199(10)
1.4808 1.0345(16) 1.0298(13) 1.0226(10) | 1.0226(08)
1.6173 1.0348(23) 1.0297(19) 1.0252(15) | 1.0250(12)
1.7943 1.0434(24) 1.0371(21) 1.0297(16) 1.0274(12)
2.012 1.0540(20) 1.0448(17) 1.0311(13) 1.0345(10)

2t u=1.4808
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SF results: in progress ,

/36 \
fit o,(u): polynomial in u
or(U) = <1+p1u+pzu2+...+pnsu”s) o
i -=—=- 2-loop pt a | «
with 1059 ——- 2loopptg | B
~—~ 2-loop pty LY ,I
P1 = Y0 log(2), ~—- 2-loop pt & 0 527

P, =y log(2) + (O.Syg —- boyo)log(2)2 |

1.03 -

* good agreement with PT at high energies

® data of /-scheme, 0-scheme tend to agree
with 2-loop also at the lowest energies of SF 10!
range




k k
T(z //tO) —1
Ho n=0
T(2%q) Ty TQ )’
u T(uy/2) T(uo/2) T(uy/2)
2.012 0.9493(17) | 0.9575(14) | 0.9692(11) | 0.9671(08)
1.7126 0.9116(22) | 0.9249(18) |0.9439(14)| 0.9417(11)
1.4939 0.8820(24) | 0.8988(21) |0.9229(16) | 0.9209(13)
1.3264 0.8581(26) | 0.8772(23) | 0.9051(18) |0.9033(14)
11936 0.8381(28) | 0.8588(24) [0.8898(20)| 0.8881(16)
1.0856 0.8211(30) | 0.8430(26) | 0.8764(22)| 0.8747(17)

smaller errors for O-scheme
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SF results: in progress

fito(u):

Vet) Y7(X)

or(u) = exp Jﬁ dx 500

&
with 7.(x) = — x° Z y, x°"
n=0

® good agreement with PT at high energies

® data of /-scheme, 0-scheme tend to agree

with 2-loop also at the lowest energies of SF _, .

range

yr(u)

—0.01 -

—0.02 -
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—0.05 -

- 2-loop pt a | «
~—- 2-loop pt B | B
~—=~ 2-loop pty I %
-—=- 2-loop pt & |0
..... 1-loop pt
0.'4 0j6 0j8 er 1.'2




Summary and conclusions

® Testing 4 different renormalisation schemes with y$F valence fermions is useful
® From u by u fits: 0-scheme is promising.
* less noisy X9, easily extrapolated to ¢,. Smaller error for T(2"11,)/T(uy/2) too

[/-scheme, 0-scheme

Next (always in the 4 schemes):
® Complete the analysis at SF scales

® Complete the analysis at GF scales

e Compute the hadronic matching at i, , where, , ~ 0.2 MeV Thanks for the
attention!
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Just a quick glance to low energies
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Just a quick glance to low energies
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