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Introduction
a(Mz) important input parameter for electroweak precision tests

«(0) a(Mz)
Running
+ H~ R ratio [DHMZ’20]
O(10°) loss in precision

— . EWP [MS20]
HEH EWP future
0.0072973525693 0.00775 0.00776
(50[(/\/’2)/&(/\42)
current precision ~ 1074
precision needed for future colliders ~5x107°

a(Mz) one of the least well determined SM input parameters
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The running of agep
The running QED coupling « is given by
a(0)

() = T pagy Aol = Baa(s) +Aaf)(5) + Daap(s)

O(a*) 0(e3)

“Aﬁ(:;)mzvx + A/&~<:)N~(:)n¢vv + AJ\(:)xA(::»\A(:)NAv + .
L'Tf;,v (1)

A(q)had = 47 al1(¢*)haa = 47 (N(g?) = N(0)),, .,

i (q) = (ie)? / d*xe ™ (0| T{J() W (O}0) = (quds — guvd?) M (4?)

Lorentz inv. and current conservation

with J#(X) = Zf:u,d,s,c,... qﬂ/_)f(X)’Yﬂwf(X)

Largest uncertainty comes from non-perturbative effects in hadronic

contribution in low energy region
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HVP: On the lattice

Study time evolution of Euclidean correlation function (Q? = —g?) with
Ju/e = Fivuu — 3dy.d — 357,54+ 3Ty, electromagnetic current

3
C(t) = %ZZ X)J(0)) = C'(1) + C*(1) + C(t) + C=(1)
i=1 x

X . .
very different systematic errors

o Define VQER [Bernecker et al '11]

A7(Q%) = Ny (Q%)-1%,(0) =

1
= el@_1 . t2
Q? 2

} Re Cry(t)
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HVP: On the lattice

Study time evolution of Euclidean correlation function (Q? = —g?) with
Juje= gL7'y“u - ld’yud — 357u5 + 5Tyuc electromagnetic current

C()="% ZZ X)4(0)) = C'(£) + C°() + C(t) + = (1)

very different systematic errors

o Define VQER [Bernecker et al '11]

M, 70.(0) — M, 7(Q)

3
. 3 1
A7 (Q%) = Ny (@)~ 17,(0) = 3 3 Z °E N, (0)
=1
T—a th_]_ t2
—a Re +— | Re Cry(t)
- Q 2
t=0
T
T
gives running: HHHHREFHH
it
— L — a
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HVP: On the lattice

Study time evolution of Euclidean correlation function (Q? = —g?) with
Juje= gL_I’}/HU - ld%d — 35745 + 3Cuc electromagnetic current

) =7 ZZ x)J;(0)) = C/(t) + + C(t) 4+ CU=e(1)

very different systematic errors

Adler function: single scale Q2

d”( t (Qt (Qt) — 1
2 212 2 sin cos
D(Q?) = 127%Q ) _ 24n Z[ -2 (e
k(t,Q%)

o3 T T T

e D5 GeV?) ——

= 11(5 Gev?) ——

g 15 i

L i

§ 0.5 i

? 0

7203 o o5 1 15 2 25 3 3 T

t [fm] » » 4/12



Logarithmically enhanced discretization errors

Discretization errors for on-shell staggered quantities behave as

M(a) = {1+a2ZCn (1/a) + O (a )}
D(Q?) receives logarithmically enhanced O(a?) artefacts [Cé et al '21]
D (Q?a) = D(Q?0) {1 + (aQ)? icnag G) + (aQ)?In(aQ)?ro + 0(34)}
n=0
These arise from small separations between the currents
(1) ‘=0 ?13 <a0+@1j§ +a2‘§ +)

D (Qz,a)|a2 ~ /dt Q*t*C(t) ~ a2Q2/$ ~ %azQzln a2
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Controlling the logarithmically enhanced term

D (Q?a) = D(Q?0) {1 + (aQ)? i cnal G) + (aQ)3In(aQ)?ro + O(a“)}

n=0

Numerical 1-loop lattice perturbation theory

175 T T T T T T T
Ag +To(aQ)* log((aQ)?) + A2(aQ)? + Ay(aQ)*
L7 additional lattice spacings +
= 1.65 = —~ 4 stout ensembles
~ \ continuum value

S S
Q145 N
14
1.35 | | | | | | | | |

0 02 04 06 0.8 1.2 1.4 1.6 1.8 2

(aQ)®

Confirms leading coefficient of In((aQ)?) that we computed analytically in
lattice perturbation theory: o = —1/30
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Removal of LO discretization effects

W}

D*(Q?)x random in window [0...t; fm]

fine (0.064 fm) - coarse (0.119 fm)

o

D(Q? a) — D(@?,a) =

T T T T T
Daindow(Q? L) *“Zg 0

k(t,Q*)C

ty in [fm]

(@%.2) = D(@%.0) {1 (202> anaf (3) + (20F ke To + O(a“asu/a))}
n=1

Q2 =0.25 GeV?
Q% =1Gev?
Q2 =5 CeV?
Q2% =10 GeV?
LO LPT

— 1-loop lattice perturbation
theory reproduces well discretization
errors observed in simulations at

high Q2

= reduce discretization errors of simulation results via

D(sz a) + D(O)(szo) — D(O)

(@% )
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: Removal of LO discretization effects
b(@%.2) =D (Q%0) {1 (202> anaf (3) + (20F ke To + O(a“asu/a))}
n=1

1.85
18 F -

g 8 - -

= * R -

S 1.7 -

= ~

xXor b -

<

% 165 | ey -

BT RS -

0w -

= B -

Q155 | +—— D(Q%a) - h

—— D(Q?,a) -

1.5 | | | | | | |

0 0002 0004 0006_ 0008 001 0012 0014
a® [fm?

= reduce~discretization errors of simulation results via
D(Q?,a) — D(Q? a) = D(Q?,a) + D©(Q?,0) — DO(Q?, a)
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II: Removal of a higher order discretization effect

D(Q%3) = {Do (%) + D1 (@) a5 (Q2) + O (03)} - {1 +To(2Q@)In (2—0) +o <<ao>2>}

o and D; (Q?) [A.O G. Kallen, A. Sabry '55] are known
Define additionally subtracted D (027 a)

D (Q%3) = B(@%a) - (501 (32 ) a1 (@) as (@7

which has no longer any log enhanced discretization errors

D@, 0) = D@, 0)(1 + Au(aQ) + To(aQ)?Iog (52)” + 44(a@)")

1.9 T
o To=—0.0339 ——
318 | o= —0.0036 ——
'g To=-0.0012 ——
S17 b .
% From 1-loop lattice
16 perturbation theory:
> _
(i';v 15 rO7ana = _1/30
0, F—+— no correction )
S [ D@0 - (@Q)In (52) 1o Do(@?) §

—+—D(Q%,a) - (aQ)*In (42) Lo(Do Q%)+ D (cgl)‘ as (Q%))
13

0 0.5 1 1.5 2

2
(a@) 8/12



n

I1l: Taking the continuum limit using @

A bosonic propagator on the lattice takes momentum Q = 2/asin (aQ/2).
Equally well justified to replace

R ~, 0N (2 o0 R
D (Qz) = 2 8(5; ) _ 2/0 dt k(Q,t)C(t)

Now, also k(Q, t) receives O(a?) corrections:

p® (62,3) .= 2/dt (Q(z)m)

Computing the relevant integral analytically gives

AN\ 2
20 v 2021 [ 29 Lot
2 w0 Nedr@ '”(%) ( 2 20t

k(. Q) k(£ Q)

. + Cf(t)(o)

»)

a a

op (@)
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n

Taking the continuum limit using Q

»

Numerical 1-loop lattice perturbation theory

1.75 ‘

1.7 |-

—~1.65 1 continuum value o
< \

16 . y
[} \

O 1.55

T T T T T T
Q —_—
Q _—

2 o5t \ \\ :
S . \ o
S L e _
Q 145 N e
14 | \ |
135 | | | | | | | | |
0 02 04 06 08 1,12 L4 16 1§ 2
(aQ)
ZCE]

2 mo0” T o |12

Log coefficients for
Q and Q have dif-
ferent signs!

207 12)
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Systematic error of continuum extrapolation

Set the scale using the Q-mass: a2 = ((aMq-)/[Mq-]+)?

C% Cuts in the lattice spacing (no cut, 0.111 fm, 0.095 fm)

Different choices of corrections (always correct with
L D©®(Q?) — D©®(Q?,a), subtract/do not subtract addi-
e tional discretization effect and twice this correction), using

Q and Q etc.

Different choices of fit functions for continuum extrapola-
\ tion (fix/do not fix g = 0, switch between n € [0, 3] for
al(1/a) etc.)

Estimate uncertainty using AlIC weights
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D'(5 GeV?): Preliminary global fit + a — 0 syst.
Strong 1B and QED corrections included to O(6m, e?) as in [BMWc '20]

D(Q? a) = D(Q?,0) + Azlaaf(1/a)]? + Azja® log(a®)(+As[a*al(1/a)]?)

D(5 GeV?, a)xrandom

1.8

1.7

1.6

1.5

14

1.3

continuum
extrapolation

@, no correction

. @, no correction ——
statistical +——
with @ — 0 syst. ——+—
| | | | | | |
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
a? [fm?
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D'(5 GeV?): Preliminary global fit + a — 0 syst.
Strong 1B and QED corrections included to O(6m, e?) as in [BMWc '20]

D(Q? a) = D(Q?,0) + A(a) + (Bo + B2a?)X; + (Co + C2a%)Xs

1.8

1.7

1.6

1.5

D(5 GeV?, a)xrandom

1.4

1.3

~—~

cont.

extrap.

interpolation to
physical point

@, no correction

| @, no correction
statistical +——
with a — 0 syst.
| | | | | | |
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
a? [fm?
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D'(5 GeV?): Preliminary global fit + a — 0 syst.
Strong 1B and QED corrections included to O(6m, e?) as in [BMWc '20]

D(Q?,a) = D(Q?,0) + A(a) + B(a)X; + C(a)Xs + D(a)Xsm + EXw + F(a)Xus + G(a)Xss

D(5 GeV?, a)xrandom

1.8

1.7

1.6

1.5

14

1.3

~—~

cont.
extrap

interpolation to
. physical point

determination of
O(8m,e?) corrections

@, no correction
@, no correction

statistical +——
with @ — 0 syst. ——+—
| | | | | | |
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
a? [fm?
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D'(5 GeV?): Preliminary global fit + a — 0 syst.
Strong 1B and QED corrections included to O(6m, e?) as in [BMWc '20]

D(Q?,a) = D(Q?,0) + f\ffl + B(a)X; 4+ C(a)Xs + D(a)Xsm + EXuv + F(a)Xus + G(a)Xss

1.86

determination of

0 0.002

cont. interpolation to
extrap. physical point O(8m,e?) corrections
T T T T T N I T
, D(Q%a
D(Q%a) = (aQ)’In (£2) " ToDs (Q%) as (Q%) -----
2
)20 (B)* D, (%) s (@)

statistical
with a — 0 syst.
1 1

PRELIMINARY |

0.004

0.006

0.008
a? [fm?]

0.01 0.012 0.014
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Conclusion

Aim: compute Adler function on the lattice to yield Aa>) (M2) with uncertainty

had
< —4
S 1.5x10 o Complete analysis for all flavours (light,

, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

« Remove finite volume effects

o Perform analytic taste improvement
(important for small values of Q2)

o Assess systematic error by: performing
cuts in the lattice spacing, varying choice
of fit function, varying choice of
improvements, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.
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Conclusion

Aim: compute Adler function on the lattice to yield Aaf]?d(l\/@) with uncertainty

< —4
S 1510 « Complete analysis for all flavours (light,

107526m LT , charm, disconnected) with QED

6272fm and strong isospin breaking corrections
and various values of Q2

« Remove finite volume effects

LJ ‘!XTN . .
o o Perform analytic taste improvement
g & (important for small values of Q?)
T g g . ,
5684 3k « Assess systematic error by: performing

96*

/
]
/

T cuts in the lattice spacing, varying choice
of fit function, varying choice of
improvements, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

5000

D(Q?)(Lbig, Toig) — D(Q?)(Lrefs Tret)]anEx
= [D(Qz)(l—big7 Tbig) - D(QZ)(Lref’ Tref)]4HEX

+ [D(Qz)(oo7 OO) — D(Qz)(l-biga Tbig)]xPT 12/12



Conclusion

Aim: compute Adler function on the lattice to yield Aa>) (M2) with uncertainty

had
< —4
S 1.5x10 o Complete analysis for all flavours (light,

, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

[D(Q@%)'o(L, a) = [D(Q3)Yo(L, a) o Remove finite volume effects
+ % [Arno-srroD(Q? 1) o Perform analytic taste improvement
+L [ 11D Q2)RHO] (important for small values of Q2)

o Assess systematic error by: performing
cuts in the lattice spacing, varying choice
of fit function, varying choice of
improvements, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.
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Conclusion
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and strong isospin breaking corrections
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of fit function, varying choice of
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values of hadron masses etc.
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Conclusion

Aim: compute Adler function on the lattice to yield Aaf]?d(l\/l%) with uncertainty

<15x 1074

%@

1H f*fL

P0G

o Complete analysis for all flavours (light,

, charm, disconnected) with QED
and strong isospin breaking corrections
and various values of Q2

« Remove finite volume effects

o Perform analytic taste improvement
(important for small values of Q?)

o Assess systematic error by: performing
cuts in the lattice spacing, varying choice
of fit function, varying choice of
improvements, variation of fit ranges for
hadron masses, varying experimental
values of hadron masses etc.

Particularly interesting in light of a, [BMWoc '20], low energy running of o might

be enhanced as seen in [Mainz '22]
Stay tuned for results on agep(Mz)!
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Backup



[1(—g?) accessible in Lattice QCD

Complementary to data driven approach
I1(-q%) Im TI(q?)

S[EGV]

Run to Mz using Euclidean split method

AO‘E’L (M2) =Aa had (= QO)LQCD [Aoaf;)d (—=M2) - AO‘h a (= QO)}

+ [Bal, (M2) - A2, (~m2)]

pQCD/ R-ratio

pQCD
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Removal of yet another discretization effect

D(Q%3) = {Do (%) + D1 (@) a5 (Q2) + O (03)} - {1 +To(2Q@)In (2—0) +o <<ao>2>}

which can be rewritten as
D (Qz,a) = Do(Q?, a%) x {l+ % (Qz) as (QZ) I } {14— Mo ( ) (aQ)?In (;Q) + -
o

with Do(Q?2, a®) our result from LO LPT — define additionally subtracted D (Qz, a)

an

B (@2 a) = B (@2 a) — (aQ)%In (;) FoDs (@2) as (Q?)

D(Q )+|'1D0(Q2)a5< )(aQ)2 (23)2+-~

D(@Q 2){1+A(02)a5( )(ao) (;S):}

A@) =2 &) i {1 s (@) 2 (@%) + 0l (@)}

so that the Q2-dependence of A (QZ) only appears as a higher order in as in the expansion

ofD(Qz,a).

with
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Removal of yet another discretization effect

Now

«(3) = e

with 8o = 11 — 2/3n¢ at 1-loop. Hence,

Bo In(1/an)? T as (@) fo

2
4r{In @2/ —1n (%)*} 1
1 A [e} 4
as <7> In(aQ)? ~ 2 = (3) il
a
and there are no longer any log enhanced discretization errors, except for as suppressed

terms, such as
~ (aQ)*In(aQ)* {To D2 (@) of (Q%)}

and higher orders, that should be small.
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Isospin breaking effects

e Include e? effects and ém = my — m,, difference by expanding on isospin symmetric
configurations [DeDivitiis et al. '13], distinguish between sea and valence charges

detsg S detsg

[1dU][dAle=SIV-A detso (1 yedem | odes ) (oo +8m0, +¢,0] + eZO”)

[[dU]e=5U1 [[dA]e=SvIAl detsq (1 te dets), +e2 dets 7 >

detsg detsg

8. OO
+(Omo @ ‘OO
#(00), OIS, OO0 OO0

+(ojgas ) @ é O

= (Oo)o

\/\
\/ N\

[0 — (Oo)o] et &
+< (0} 0/)ol g >0 Q Q OO QQ

where dets[U, A; {m¢}, {qr}, e] = [, det M [VyerA m¢] 1/4 (M fermionic matrix),
0o = Ol(9,0)» O = MiI5mOl(g,0) > Of = De,Ol(g 0y and Of = ;agvo|(o 0
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Connection to a,
o first exploration of connectlon aLo HVP o, A(S)doz(/\/@) [Passera et al '08]
e In [Crivellin et al '20]: BMW results suggest a 4.20 overshoot in Ahadcx( 2)

compared to result of fit to EWPO

o They assume 2.8% relative deviation in R-ratio for all s (~ excess BMW found in
aLO»HVP)

o
o Hypothesis is not consistent with [BMWoc '17] nor new result

0 | KNT18+rhad ===
lattice incl. bottom —&—
+ 60} 1
x
s 40 1
4
20 1
0 T T T T T
S 20 - +
e B ARREEEEPER
% |
c 1.5 + [Crivellin:2020zul]
F1ofp i"_ proj() -+
<i 0.5 proj(1.94 GeV) - ¥-
% 0.0
-0.5
0..1 1..10 10...100 100...1000 1000...M§
[Gev?]

e values of abo-HVP even as large as needed to explain aj,® do not necessarily imply

Ag)da M2) in conflict withs EWPO [Malaescu et al ‘20, de Rafael 20 & Colangelo
et al '20]
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Simulations and global fit
31 high-statistics simulations, N;=2+1-+1 flavors of 4-stout staggered quarks

D(Q*) = D(@?,0) + Az[aaf(1/a)]* + Az a® log(a®) + As[a*af(1/a)]?

6 a's: 0.134 — 0.064 fm

B a [fm] T x L F£conf
3.7000 0.1315 64 x 48 904
3.7500 0.1191 96 x 56 2072
3.7753 0.1116 84 x 56 1907
3.8400 0.0952 96 x 64 3139
3.9200 0.0787 128 x 80 4296
4.0126 0.0640 144 x 96 6980

continuum
extrapolation

1.06 T

H B =3.7000 (1)

104 8 = 3.8400 (3)

B8 = 3.9200 (4)
B = 4.0126 (1)
1.02

1.00

0.98

0.96

0.97 0.98 0.99

1.00 1.01 1.02 1.03

bk

Over 25,000 gauge configurations, 10's of millions of measurements
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Simulations and global fit
31 high-statistics simulations, N;=2+1-+1 flavors of 4-stout staggered quarks

A + (Bo + Baa®)X; + (Co + C2a*) Xs

D(Q*) =

X =

Over 25,000 gauge configurations, 10's of millions of measurements

continuum
extrapolation

M2, [Mgo]

MG MG
Mg, Mg,
M| M3

interpolation to
physical point

1.06

H
+
Loal o

B = 3.9200 (4)
B = 4.0126 (1)

1.02 F

1.00

0.98

0.96

0.97 0.98 0.99

1.00
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Simulations and global fit
31 high-statistics simulations, N;=2+1-+1 flavors of 4-stout staggered quarks

@)= A

+ BXi+ CX; + DXsm + EXw + FXus + GXss

continuum
extrapolation

2
Xw = e,
Xvs = €v6&s
2
Xss = €5
M2y — M2,
Xom ="M
Q

For sea-quark QED corrections

a [fm] TxL F#£conf
3.7000 0.1315 48 x 24 716
64 x 48 300
3.7753 0.1116 56 X 28 887
3.8400 0.0952 64 x 32 4253

Over 25,000 gauge configurations,

interpolation to
physical point

extrapolation to
physical dm,e?

1.06 - -
B8 = 3.7000 (1)

i

104 8 = 3.8400 (3) 1

B8 = 3.9200 (4)
B = 4.0126 (1)
1.02 1

1.00 (] 1
¥

0.98 ¥ 1

0.96 L >
0.97 0.98 0.99

1.00 1.01 1.02 1.03
M2/f2

10’s of millions of measurements
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