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Motivation

K → π`¯̀ decays via flavour-changing neutral current
→ Highly suppressed; sensitive to new physics

Long-distance dominated
→ Well-suited to lattice QCD techniques

NA62 results for K → π`¯̀ anticipated
→ Additional theoretical input is timely
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Background

Long-distance amplitude:

Aµ(q2) =

∫
d4x〈π(p)|T [Jµ(x)HW (0)] |K (k)〉

Re-expressed using EM gauge invariance1 2:

Aµ(q2) = −i GF

(4π)2

[
q2 (k + p)µ −

(
M2

K −M2
π

)
qµ
]

V (z)︸ ︷︷ ︸
non−pert.

V (z) = a + bz + V ππ(z) z = q2/M2
K

1
JHEP 08 (1998) 004 [arXiv:hep-ph/9808289]

2
Rev. Mod. Phys. 84, 399 (2012) [arXiv:1107.6001]
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Background

Minkowski and Euclidean spectral representations:

Aµ(k,p) = +i

∫ ∞
0

dE
ρ(E )

2E

〈π(p)|Jµ|E , k〉〈E , k|Hw |K (k)〉
EK (k)− E + iε

−i
∫ ∞

0
dE

ρS(E )

2E

〈π(p)|HW |E ,p〉〈E ,p|Jµ|K (k)〉
E − Eπ(p) + iε

Iµ(Ta,Tb, k,p) = −
∫ ∞

0
dE

ρ(E )

2E

〈π(p)|Jµ|E , k〉〈E , k|Hw |K (k)〉
EK (k)− E

(
1− e [EK (k)−E ]Ta

)
+

∫ ∞
0

dE
ρS(E )

2E

〈π(p)|HW |E ,p〉〈E ,p|Jµ|K (k)〉
E − Eπ(p)

(
1− e−[E−Eπ(p)]Tb

)
Ta,Tb come from integration of normalised 4pt function:

Iµ(Ta,Tb, k,p) = e−[Eπ(p)−EK (k)]tJ

∫ tJ+Tb

tJ−Ta

dtH Γ̃4pt
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Background

Iµ(Ta,Tb, k,p) = −
∫ ∞

0
dE

ρ(E )

2E

〈π(p)|Jµ|E , k〉〈E , k|Hw |K (k)〉
EK (k)− E

(
1− e [EK (k)−E ]Ta

)
+

∫ ∞
0

dE
ρS(E )

2E

〈π(p)|HW |E ,p〉〈E ,p|Jµ|K (k)〉
E − Eπ(p)

(
1− e−[E−Eπ(p)]Tb

)

Amplitude corresponds to limit Ta,Tb →∞
First line: π, ππ, and πππ on-shell intermediate states enter
the spectral density (for physical masses)
→ EK > Eπ, Eππ, Eπππ: Causes the Ta exponential to
diverge!

Lattice - can’t take Ta,Tb →∞
→ Must remove exponentially growing terms in Ta due to
intermediate states
→ Ta, Tb must be large enough for exponentials to
sufficiently decay
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Background
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Background
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Setup

Ensemble & Action properties1:

2 + 1 flavour, L3 × T = 483 × 96, a−1 = 1.73 GeV

Physical Pion and Kaon masses
→ Expensive calculation!
→ Energy budget allows π, ππ, πππ intermediate states

zMöbius Domain Wall Fermions
→ Significantly cheaper than Möbius DWF but requires a
bias-correction step
→ Allows statistics to be accumulated on a cheaper estimator
and then be shifted to the full Möbius action

1
[arXiv:2202.08795]
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Setup

Intermediate states:

π IS: Significant contribution, must be removed

ππ IS: Introduced by lattice artefacts, at practical values of
Ta expected to be percent-level effect1

πππ IS: Compare decay widths of KS → ππ to KS ,+ → πππ:
factor ∼ O(1/500) further suppressed, πππ completely
negligible for forseeable future with these values of Ta

1

1
Phys.Rev. D. 92 (2015) 094512 [arXiv:1507.03094]
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Setup

Two approaches for the removal of on-shell single-π intermediate
state:

Reconstruct the single-π contribution and explicitly subtract it
→ Stable state, can be constructed from lattice QCD
correlation functions

Shift the weak Hamiltonian with an s̄d scalar current,
H ′w (x) = Hw (x) + cs(k)s̄(x)d(x)
→ Cs(k) tuned to condition 〈π(k)|H ′W (0, k)|K (k)〉 = 0
→ Cancels the single-π intermediate state
→ Does not contribute to amplitude
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Results
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V (z) ≈ V (0) = a+ for our choice of kinematics

Form factor unfortunately unresolved, but let’s investigate
why...
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Results
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Exploratory Study Physical-Point

Plots show the GIM subtraction for the saucer diagram
constructed from the l and c quark correlators

GIM subtraction does not lead to a cancellation of errors with
physical light masses
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Results

0 10 20 30 40 50 60
0

10

20

30

40

50

60

Exploratory - l-c Correlation of S Diagram

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

→

0 20 40 60 80
0

20

40

60

80

Phys. Pt. - l-c Correlation of S Diagram

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

0 10 20 30 40 50 60
0

10

20

30

40

50

60

Exploratory - l-c Correlation of E Diagram

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

→

0 20 40 60 80
0

20

40

60

80

Phys. Pt. - l-c Correlation of E Diagram

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

Much reduced correlation between l and c loop quark
diagrams at physical point due to large mass difference
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Results

Statistical error cannot be overcome by square-root scaling of
additional statistics alone in near future.
→ Potential ways forward:

Improvement of estimators for up- and charm-loop
propagators
→ Similar to issues faced in disconnected diagrams

Forgo explicit charm contribution to GIM loop and handle via
different renormalisation procedure
→ Look to K → πνν̄ for lessons learned

→ Combination of algorithmic improvements and next-generation
computers makes a competitive lattice result appear feasible in the
coming years.
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Summary

Viability of calculation demonstrated at physical point

Next steps identified: gain control of GIM loop stochastic
estimators or sidestep the explicit simulation thereof

Challenging calculation with physical kinematics achieved.
Competitive errors in the next few years?

Related efforts: Rare Σ+ → p`+`−

→ Raoul Hodgson: Thursday 12:10 (Now!)
→ Felix Erben: Thursday 12:30
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