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• Build quantitative connection between 
QCD & nuclear physics                                          


• requires interplay between LQCD 
& many-body approaches


• NN scattering should be a 
benchmark


• Phase shifts required for infinite 
volume matching of NN MEs


EFT estimates:

E. Epelbaum, 

Ulf-G. Meißner, 
W. Glöckle (2002)

NN scattering from LQCD
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• Build quantitative connection between 
QCD & nuclear physics                                          


• requires interplay between LQCD 
& many-body approaches


• NN scattering should be a 
benchmark


• Phase shifts required for infinite 
volume matching of NN MEs


• Must have full control over 2-body 
systems


• How do we project onto 
desired states?


• How do we disentangle signals 
from closely spaced energy 
levels?

NN scattering from LQCD
EFT estimates:

E. Epelbaum, 

Ulf-G. Meißner, 
W. Glöckle (2002)
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Lüscher Method Potential Method

Two methods for 
computing phase shifts
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U(r, r0) = VC(r)�(r� r0) +O(⇥2
r/�

2)

Schrodinger Eq:

R(r, t) =
CNN(r, t)

(CN(r, t))2

In practice:

(same input as Luscher)
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History: are there bound 
states at  m𝜋 ~ 800 MeV?
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Lüscher Method Potential Method

History: are there bound 
states at  m𝜋 ~ 800 MeV?

U(r, r0) = VC(r)�(r� r0) +O(⇥2
r/�

2)

Uncontrolled systematics



Lüscher Method Potential Method

History: are there bound 
states at  m𝜋 ~ 800 MeV?
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Lüscher Method Potential Method

History: are there bound 
states at  m𝜋 ~ 800 MeV?

Older calculations used off-diagonal 
correlators having local, hexaquark 

ops ➡ momentum space ops



More recent Lüscher calculations
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hexaquark

Mainz

(variational)

HALQCD

H-dibaryon

Francis, Green, 
Junnarkar, Miao, Rae, 

Wittig (2018)

sLapHnn (2021)

NN: Deuteron

NPLQCD hexaquark
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NPLQCD variational (2022)
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NPLQCD variational (2022)
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More recent Lüscher calculations
NPLQCD


hexaquark

Mainz

(variational)

HALQCD

H-dibaryon

Francis, Green, Junnarkar, 
Miao, Rae, Wittig (2018)

sLapHnn (2021)

NN: Deuteron

NPLQCD hexaquark

sLapHnn


(variational)

Groups use different actions, different lattice spacings….


We should test all methods on a single ensemble


CLS C103 m𝜋 ~ 714 MeV, a ~ 0.09 fm, L ~ 4.1 fm



Do we need the hexaquark operator in 
our variational basis?

Ground state does not 
change when hexaquark is 

removed, or more/less 
momentum states used

NPLQCD variational: arXiv:2108.10835sLapHnn 

Preliminary Blue: w/hexaquark

Green: without



hexaquark has very 
poor overlap with 
lowest-lying states

Do we need the hexaquark operator in 
our variational basis?



ZA = (ϵ, 1 − ϵ2, 0) ZB = (ϵ, 0, 1 − ϵ2)

Off-diagonal correlators: NPLQCD Toy Model

arXiv:2108.10835, arXiv:2202.01105

Three closely spaced energy levels. Two operators 
used to create off-diagonal correlator with overlaps:



ZA = (ϵ, 1 − ϵ2, 0) ZB = (ϵ, 0, 1 − ϵ2)

C(t) = ϵ2e−E0t
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ZA = (ϵ, 1 − ϵ2, 0) ZB = (ϵ, 0, 1 − ϵ2)

C(t) = ϵ2e−E0t

Zero overlap: (essentially) impossible

Off-diagonal correlators: NPLQCD Toy Model

arXiv:2108.10835, arXiv:2202.01105

Three closely spaced energy levels. Two operators 
used to create off-diagonal correlator with overlaps:



More realistic:

ZA = (ϵ1, 1 − ϵ2
1 − ϵ2

2 , ϵ2) ZB = (ϵ1, ϵ2, 1 − ϵ2
1 − ϵ2

2 )

Off-diagonal correlators: NPLQCD Toy Model

Three closely spaced energy levels. Two operators 
used to create off-diagonal correlator with overlaps:



More realistic:

C(t) = ϵ2e−E1t + ϵ2e−E2t + ϵ2
1e−E0t + ⋯

ZA = (ϵ1, 1 − ϵ2
1 − ϵ2

2 , ϵ2) ZB = (ϵ1, ϵ2, 1 − ϵ2
1 − ϵ2

2 )

Off-diagonal correlators: NPLQCD Toy Model

Three closely spaced energy levels. Two operators 
used to create off-diagonal correlator with overlaps:



More realistic:

C(t) = ϵ2e−E1t + ϵ2e−E2t + ϵ2
1e−E0t + ⋯

ZA = (ϵ1, 1 − ϵ2
1 − ϵ2

2 , ϵ2) ZB = (ϵ1, ϵ2, 1 − ϵ2
1 − ϵ2

2 )

Off-diagonal correlators dominated by higher 
states at intermediate times

Off-diagonal correlators: NPLQCD Toy Model

Three closely spaced energy levels. Two operators 
used to create off-diagonal correlator with overlaps:



We see no difference 
in g.s. energy using off-

diagonal correlator

Do we need the hexaquark operator in 
our variational basis?



Pionless EFT: elastic excited states

Endres, Kaplan, Lee, 
Nicholson (2011)



Pionless EFT: elastic excited states

• Two point-like nucleons interact via contact 
interactions

• Valid for energies << m𝜋 (same 
requirement as Luscher)

Endres, Kaplan, Lee, 
Nicholson (2011)
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Pionless EFT: elastic excited states

• Two point-like nucleons interact via contact 
interactions

• Valid for energies << m𝜋 (same 
requirement as Luscher)

• Inelastic excited states appear to essentially 
cancel in ratio: difference between operator 
methods dominated by elastic excited state 
overlaps

Endres, Kaplan, Lee, 
Nicholson (2011)

• Can tune interaction to test what 
we should expect to see for a system 
with and without a deeply bound 
state

• Consider smoothly varying phase 
shifts which obey an ERE within the 
relevant energy regime 



Local (hexaquark) source 
➡ momentum space sink
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Local (hexaquark) source 
➡ momentum space sink
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Even if the system has a deeply 
bound state the hexaquark 

correlator approaches the ground 
state very slowly and can be 

deceptive when noise is added
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Momentum space source ➡ 
momentum space sink

Variational: 10 ops, no 
hexaquark
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Momentum space source ➡ 
momentum space sink

Variational: 10 ops, no 
hexaquark
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with momentum ops only works well

Bound State



CLS ensemble: mπ ~ 714 MeV, a ≈ 0.086 fm, L = 48
Preliminary

HALQCD Potential Method



Preliminary
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To Bind or not to Bind: A tale of which method is right, and which is wrong

<latexit sha1_base64="o+RJmjZ2LeJ3jvC81GcUZRdhbiA="></latexit>

bound state : lim
q!0

q cot � < 0
<latexit sha1_base64="E5iddROSp19CpgFy9ITsj/PW7kc="></latexit>

no bound state : lim
q!0

q cot � > 0

The spectrum does not depend upon the creation/annihilation operators 
at least one method must be wrong!

<latexit sha1_base64="W6+rv56qXICWpM8I8uJUpDxbgzA=">AAACGnicbZC7TsMwFIadcg+3AiOLRQVigCpBCBgRLIwg0YvURJXjOMXCiV37BKmK+gY8Ak/BChMbYmVh4F1wLwO0/JKlT+c/R8fnj5TgBjzvyynNzM7NLywuucsrq2vr5Y3NupG5pqxGpZC6GRHDBM9YDTgI1lSakTQSrBHdXw78xgPThsvsFnqKhSnpZDzhlIAttct7tzhQWiqQbpBoQgu/X3RxQCXgIGYCCD7kuNtvlyte1RsKT4M/hgoa67pd/g5iSfOUZUAFMablewrCgmjgVLC+G+SGKULvSYe1LGYkZeYgfuDKDDEshqf18a41Y5xIbV8GeFj9PVyQ1JheGtnOlMCdmfQGxf+8Vg7JWVjwTOXAMjpalOQCg8SDnHDMNaMgehYI1dx+G9M7YhMCm6Zr8/Anr5+G+lHVP6ke3xxXzi/GySyibbSD9pGPTtE5ukLXqIYoekTP6AW9Ok/Om/PufIxaS854Zgv9kfP5AwM+oG8=</latexit>
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⇡
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m⇡ ⇡ 715� 800 MeV
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co
t
�/
m

⇡

<latexit sha1_base64="dstmC/TpK1kjglxs2xREtU/WM1w=">AAACF3icbVC7SgNBFJ31bXxFLW0Gg2ChYVeiSRm0sREUzAOyIcxObnRwZneYuSsJSz7AT/ArbLWyE1tLC//FSUzh68DA4ZxzuXNPpKWw6Pvv3tT0zOzc/MJibml5ZXUtv75Rt0lqONR4IhPTjJgFKWKooUAJTW2AqUhCI7o5GfmNWzBWJPElDjS0FbuKRU9whk7q5AuqE2pBQ6a1Sfq0HBzuV3yfhgh9NCqjZ1AfupRf9Megf0kwIQUywXkn/xF2E54qiJFLZm0r8DW2M2ZQcAnDXJha0IzfsCtoORozBXaveyu0HdN2Nr5rSHec2aW9xLgXIx2r34czpqwdqMglFcNr+9sbif95rRR7lXYmYp0ixPxrUS+VFBM6Kol2hQGOcuAI40a4b1N+zQzj6KrMuT6C39f/JfWDYnBULF2UCtXjSTMLZItsk10SkDKpklNyTmqEkzvyQB7Jk3fvPXsv3utXdMqbzGySH/DePgGl/Z6T</latexit>

m⇡ ⇡ 715� 800 MeV

Discrepancy at higher q2: 
excited states? gradient cutoff?



H dibaryon: a ! 0 universality (PRELIMINARY)

BaSc: Baryon Sca�ering collaboration — combined e�ort of “Mainz” and sLapHnn

0.0000 0.0025 0.0050 0.0075 0.0100 0.0125
a2 (fm2)

0

10

20

30

40

B H
(M

eV
)

CLS
OpenLat

Three exp-clover
ensembles with L ⇡ 3 fm.

Second action at SU(3) point: exponentiated clover (OpenLat).
Smaller la�ice artifacts than standard clover (CLS).
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• Controversy between methods: working to 
benchmark at m𝜋 ~ 800 MeV

• Preponderance of evidence now shows that there 
is no bound state at heavy pion mass

• Hexaquark and off-diagonal correlators are not 
necessary, and can be misleading

• Preliminary results show that the HALQCD 
potential method agrees well with Lüscher at low 
momenta

• Possible systematics at higher q2

NN scattering with sLapH
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