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‘We present a first-principles lattice QCD + QED calculation at physical pion mass of the leading-order
hadronic vacuum polarization contribution to the muon anomalous magnetic moment. The total

contribution of up, down, strange, and charm quarks including QED and strong isospin breaking effects
is By supplementing lattice data for very short and long distances with
R 5 ve the precision tog— This is the currently

most precise determination of a,l:wp Lo,

Pure lattice result and dispersive result with reduced w7 dependence (window method)
Aaron Meyer (BNL — LBNL) & Mattia Bruno (BNL — CERN — Milano) joined since this 2018 paper
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Lattice QCD — Time-Moment Representation

Starting from the vector current J,,(x) =i >, QrWs(x)7y,Wr(x) we may
write

HVP LO Z WtC(t

with

=33 U 940)

% j=0,1,2

and w; capturing the photon and muon part of the HVP diagrams
(Bernecker-Meyer 2011).

The correlator C(t) is computed in lattice QCD+QED at physical pion
mass with non-degenerate up and down quark masses including up,
down, strange, and charm quark contributions. The missing bottom
quark contributions are computed in pQCD.
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Window method (introduced in RBC/UKQCD 2018)

We also consider a window method. Following Meyer-Bernecker 2011
and smearing over t to define the continuum limit we write

a, = +a +a
with
= C(t)we[l - O(t, 10, A)],
t

ay =Y C(t)we[O(t, to, A) — O(t, ts,A)],

=> C(twO(t, 1, 4),
O(t,t',A) =[1+tanh[(t — t')/A]] /2.

All contributions are WeII—defined individually and can be computed from
lattice or R-ratio via C(t) = 12 [, d(v/5)R(s)se™ V"t with
R(s) = 22;0(s,ete™ — had).

Tra2¥
a)’ has small statistical and systematic errors on lattice!
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» In last few years, we reported on our progress for the complete
result (improved bounding method, (77);=1 phase shift study,
improvements for disconnected/QED/SIB diagrams), this talk
focuses entirely on progress on the Euclidean time window
(RBC/UKQCD 2018) in the isospin symmetric limit with to = 0.4
fm, t; = 1.0 fm, A = 0.15 fm.

» This quantity promises reduced systematic lattice uncertainties,
however, currently exhibits tensions between different lattice and
R-ratio results:

RBC/UKQCD 2018 |- —+— b
Aubin et al. 2019 |- = B

BMW 2020 v1 |- - B

LM 2020 - H—+H B

ETMC 2021 |- —— B

Aubin et al. 2022 - i R
ChiQCD 2022 OV/DWF |- —— .
ChiQCD 2022 OV/HISQ |- A B
Mainz 2022 [~ = B

ETMC 2022 |- H-HH B

KNT 2018/Lattice |- el ‘ ‘ s

195 200 205 210 215

10
Ay, ud, conn, isospin, W-0.4-1.0-0.15 X 10
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What will we calculate in our next update:

> a3 for tp = 0.1,0.2,0.3,...,2.5 fm
> a¥ for tp =0.1,0.2,0.3,...,2.5 fm and t; = to + 0.1 fm

> al‘fv for all combinations of ty = 0.3,0.4,0.5 fm and
t; =1.0,1.3,1.6,1.9,2.2,2.5 fm

» A = 0.15 fm for all of the above

Calculate in two definitions of the isospin symmetric world:

» World 1 (RBC/UKQCD 2018): m, = 0.135 GeV,
my = 0.4957 GeV, mq = 1.67225 GeV

» World 2 (BMW 2020): m, = 0.13497 GeV, mg, = 0.6898
GeV, wg = 0.17236 fm
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Our extended list of ensembles, all with

7

6.5 |

6

5.5

5 5
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4
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m; = 135+ 5 MeV:

lwasaki N, 2+1

Iwasaki+DSDR N; 2+1 X

96l
+

RBC/UKQCD 2018

641

+

48l
+

48D x |

32D x |

24D x

0.005 0.01

0.015 0.02 0.025 0.03 0.035 0.04

a2/ fm?
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New Mobius ensembles tuned to precision HVP (including
Nf =241+ 1 ensembles):

id [ a7/ GeV my;/GeV mg /GeV mp, /GeV m.L L
1 1.73 0.210 0.530 38 24
3 1.73 0.210 0.600 - 3.8 24
4 1.73 0.280 0.530 - 38 24
2 1.73 0.280 0.530 - 3.8 32
A 1.73 0.280 0.530 - 38 8
5 1.73 0.280 0.530 1.9 3.8 24
7 1.73 0.280 0.530 1.3 38 24
8 2.359 0.280 0.530 1.9 38 12
B 1.73 0.140 0.500 - 25 24
C 1.73 0.140 0.500 - 50 24
D 1.73 0.280 0.500 - 50 24
E 35 0.280 0.530 - 38 12
48| 1.73 0.140 0.500 - 3.8 24
641 2.359 0.140 0.500 - 38 12
96l 2.7 0.135 0.500 - 48 12

New ensembles and HVP running on Booster (Germany), Summit & Perlmutter (US); Just now data complete for
next update
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Overview of improvements:

» 4x statistics on 48| and 64l

» Add third, finer lattice spacing (a—! = 2.7 GeV) at physical
pion mass; fourth at a~* = 3.5 GeV is in progress

» Add local-conserved correlators in addition to local-local
correlators (check for consistent continuum limit)

» Explicit calculation of parametric derivatives at physical point
(master field)

» Concluding study of missing charm determinant (24+1 —
2+4+141) and mys effects from first principles

» 5d (space-time+Markov) master-field statistical error analysis
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Ratio of local-local to local-conserved correlators (here 961):

1 T T T
LC/LL —+—
0.8 | |
R + + + +
+
+
0.6 - - |
0.4 —
0.2 —
0 | | |
0 5 10 15

Separate local-local (LL) and Local-conserved (LC) continuum limits

20
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The Nfp =2+ 1 and Nf =2+ 1+ 1 ensembles are matched to the same
pion and kaon masses and the Wilson-Flowed energy density at
long-dinstance. Clear signal of charm effects in energy density at shorter

distances.
0.3
‘ tE(M), N=2+1 ——
LE(), N=2+1+1, mp =1.9 Gev
0.28 | A tE(), N=2+1+1, mp*=1.3 GeV i

0.26

0.24

0.22

0.2

0.18

0.16

Then measure the sea charm effects to the HVP (in particular for
short-distance windows)

10 / 22



Blinding
» 2 analysis groups for ensemble parameters (not blinded)

» 5 analysis groups for vector-vector correlators (blinded, to
avoid bias towards other lattice/R-ratio results)

» Blinded vector correlator Cp(t) relates to true correlator Co(t)
by

Cb(t) = (bo + b182 + b2a4)C0(t) (1)

with appropriate random bg, b1, by, different for each analysis
group. This prevents complete unblinding based on previously
shared data on coarser ensembles.

Still blinded, following is result of my analysis groups for
ensemble+vector-vector correlators, still preliminary
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Ensemble parameters:
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Lattice cutoff a=1/GeV in isospin symmetric worlds:

2.8 ‘ ‘ 0.008 ‘ \ , \
Fit of relative difference
+ +
26 | +0.006
24 -0.004
+ +
22 -0.002
oL 1 o0
1.8 <-0.002 - N
1 1 1 1 T +
‘96} ‘%‘, 6\7, 6‘7, ‘{9} 7&, -0.004 L L L L L L L
Ty My My o o o o o o
Py oy Py oy P s Y N b B * % %
T S T Sy T Sy < 7 © ¢ < ¥
vy Y a? / fm?

Isospin limit 1: m; = 0.135 GeV, my = 0.4957 GeV, mq = 1.67225 GeV
Isospin limit 2: m; = 0.13497 GeV, mgsy = 0.6898 GeV, wy = 0.17236 fm
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Improved continuum extrapolation:

T T
phat Il =———
phatlc ——<—
pll
plc

T T
phat Il =——i
phatlc ——<—
pll
plc

0 0.002 0.004 0.006 0.008 0.01
a2/ fm?

. .
0.012 0.014 0

0.002 0.004 0.006 0.008 O.
a?/fm?

I
01

0.012 0.014

Statistical error in continuum 0.3% (2018 paper had 0.7%)

Left side: mr = 0.135 GeV, my = 0.4957 GeV, mq = 1.67225 GeV
Right side: m; = 0.13497 GeV, mgs, = 0.6898 GeV, wy = 0.17236 fm

II: local-local vector correlator
lc: local-conserved vector correlator

p: use continuum momentum in construction of wy
phat: use lattice momentum p = 2sin(p/2) in construction of w;
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Relative unblinding in progress, here for standard window:

1.01 T T T T
tg=0.4fm, t; =1.0 fm, A=0.15fm —e—
1.008 |- —
1.006 |- _ -
1.004 T R
1.002 |- B
1t 1 |
0.998 |- —

0.996 f

0.994 | - 1 .
0.992 | .

0.99 - L |
0.988 | | | | |

Inner error bar is statistical, outer error bar is statistical and systematic added in quadrature.
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Short-distance windows (1/2)
Short-distance correlator is insensitive to quark mass

T T

C(t my.= 140 MeV) IS ——
C(tmp =280 MeV) & +——
AC(t, tmy = 140 MeV) - C(t,m,; = 280 MeV)) t

#*
+
o4

P

=

Therefore we generate pairs of ensembles with m,; and 2m, to
compute

au(mz) = 3,(my) — 3,(2mz) +a,(2m5). (2)

LEM

This allows the costly term da, to be calculated at coarser lattice

spacings compared to a,(2m;). We proposed this in Snowmass
2021 LOI.
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https://www.snowmass21.org/docs/files/summaries/RF/SNOWMASS21-RF3_RF0-TF5_TF6-CompF2_CompF0_Christoph_Lehner-038.pdf
https://www.snowmass21.org/docs/files/summaries/RF/SNOWMASS21-RF3_RF0-TF5_TF6-CompF2_CompF0_Christoph_Lehner-038.pdf

Short-distance windows (2/2)

SD windows can also be computed in perturbative QCD at 5 loops

(O(c?), Chetyrkin-Maier 2010).

Stability plot of

ahP(to = 0.4fm) = a)° PP (19 = t,) + &) (to = t,, 11 = 0.4fm) (3)

T T T
0o(a*) QCD PT ——
Lattice ——<—
Sum

-0.1

-0.05

0.05

0.1 0.15 0.2 0.25
to / fm
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Conclusions and Outlook

>

Still blinded, current target for unblinding is end of August

> 4x statistics on 48| and 64l

» Add third, finer lattice spacing (a~! = 2.7 GeV) at physical pion

mass

Add local-conserved correlators in addition to local-local correlators
(check for consistent continuum limit)

Explicit calculation of parametric derivatives at physical point
(master field)

Concluding study of missing charm determinant (241 — 24+1+1)
and my..s effects from first principles

5d (space-time+Markov) master-field statistical error analysis

For complete HVP analysis data set almost complete as well (still
finishing distillation data on 96l, a lot of new data also on
QCD+QED, see Mattia Bruno's talk)
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Backup
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Master-field calculation of gradients

For a local observable

we can define the truncated master-field covariance

COVR(O,A) = % Z (<OxAx+y>B - (OX>,3<AX+)’>/3)

x,y,lyI<R

such that, e.g., the S-derivative of O is given by

(O)p+e —(O)s =6 lim Covg(0,A).
c R—o0

In practice use exponential approach to plateau for R — oo.
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We isolate the dependence on sea-quark mass m of an observable
O by studying

_ [ det(D(m))OP (7)
"7 [det(D(m))P

(0)

with Dirac matrix D(m) and residual weight P. Can show that

<O>m+e - <O>

- ™ = Cov(0, Tr[D, }(m)]) + O(e). (8)

Finally, for DWF an additional flavor enters as
det(D(m)D~*(1)) (9)

such that for m = 1 the factor is trivial and we can view adding an
additional flavor as changing the sea-quark mass down from m =1
to the target value.
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Example for wilson-flowed energy density (96l, ty ~ 2)

}‘ ' B derivati\)e of wilson‘-flowed enérgy densit)‘/ ——
ziii{££} {¥{{}{ +

+
Cov of Tr[P(O.8)‘14d] ‘and wilson‘—flowed energy densit¥ —+—

0 5 10 15 20 25 300 5 10 15 20 25 30
Ria R/a

Computed in similar way also derivatives of, e.g., VV and PP
correlators.
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