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Background
[ Jelele]e}

Outline of the problem

Generalised parton distributions are
® extensions of PDFs
® related to elastic FFs

Contain a staggering amount of physical
information:

® a solution to proton spin puzzle

® the spatial distributions of hadron constituents s

Repuisive
pressure

® mechanical properties "

Fiplr) (<102 GeV fmr)

0 02 04 06 08 10 12 14 16 18 20

Proton pressure distribution (Burkert et al., 2018)
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Background
[ Jelele]e}

Outline of the problem

Generalised parton distributions are
® extensions of PDFs
® related to elastic FFs

Contain a staggering amount of physical
information:

® a solution to proton spin puzzle

® the spatial distributions of hadron constituents
® mechanical properties
However...

Fiplr) (<102 GeV fmr)

e Difficult to measure experimentally

® and difficult to calculate on the lattice

In this talk: a new lattice method to calculate

GPDs (Feynman-Hellmann), with strong parallels p 415, pressure distribution (Burkert et al., 2018)
to experiment — electron-ion collider
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Background
[e] le]e]e}

What are generalised parton distributions?

Compton amplitude

P pr

Factorisation for large
2.

—q° or —q
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Background
[e] le]e]e}

What are generalised parton distributions?

Compton amplitude Formal definition

light-cone matrix elem

Z /Z,' /;j—;e"” (P'[bg(—An/2)fnpq(An/2)|P) = HI(x,&, t)u(P") fu(P)
+ B9 na(p) P = Pl )

Factorisation for large
2.

—q° or —q ® H9 and EY helicity-conserving and -flipping GPDs

e t = (P' — P)? is momentum transfer — how ‘off-forward’
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Background
[e] le]e]e}

What are generalised parton distributions?

Compton amplitude Formal definition

light-cone matrix elem

Z /Z,' /;j—;e"” (P'[bg(—An/2)fnpq(An/2)|P) = HI(x,&, t)u(P") fu(P)
+ B9 na(p) P = Pl )

Factorisation for large
2.

—q° or —q ® H9 and EY helicity-conserving and -flipping GPDs
e t = (P' — P)? is momentum transfer — how ‘off-forward’

Forward limit

H(x,¢&,t) =9 g(x), the regular parton distribution function
(PDF).
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Background
[e]e] le]e}

Measurement of GPDs

® Deeply virtual Compton scattering:
e +p—e +p+1.
® Measure the off-forward Compton amplitude

e Compton form factors at large —g?

1
CFF:/ dx( 1 — + 1 - )GPD
1 x—E&+ie  x+E+ie
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Background
[e]e] le]e}

Measurement of GPDs

Difficulties:

® deconvolution problem,

® spanning kinematics,

® |ack of theoretical constraints.
Lattice calculations:

® provide theoretical constraints,

® access unphysical kinematics

® Deeply virtual Compton scattering: (£=0),

e +tp—e +p+7. ® exclude models.
® Measure the off-forward Compton amplitude Our aim: calculate this OFCA with
e Compton form factors at large —q? lattice QCD for £ = 0.

CEF — /1 d 1 " 1 GPD Other lattice calculations: focus on
T/ X = E+ie x+E+4ie leading-order.
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Background
[e]e]e] o}

Why can't we calculate parton distributions directly?

On lattice, we need to Wick rotate to make
calculations feasible: t — —i7 .
Wick rotated separation: o

Time

x? = (—iT? - |x?= -~ |32 <0.

Separations are spacelike, but PDs require lightlike.
= Can't calculate parton distributions on the lattice
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Background
[e]e]e] o}

Why can't we calculate parton distributions directly?

On lattice, we need to Wick rotate to make
calculations feasible: t — —i7 .
Wick rotated separation: o

Time

x? = (—iT? - |x?= -~ |32 <0.

Separations are spacelike, but PDs require lightlike.
= Can't calculate parton distributions on the lattice

Related quantities we can calculate

@ moments from 3-pt functions—highest are n = 3
for GPDs

® quasi- and pseudo-distributions

© scattering amplitude in unphysical kinematic
region; more generally two-current matrix
elements
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Background
[e]e]e]e] }

Why the Compton amplitude?
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Background
[e]e]e]e] }

Why the Compton amplitude?

® 3-pt moments and quasi leading-order

® In DVCS expt., hard scale isn't huge:
Q2 < 12 GeV? = corrections

® Unknown subtraction function, S;
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Background
[e]e]e]e] }

Why the Compton amplitude?

® 3-pt moments and quasi leading-order

® In DVCS expt., hard scale isn't huge:
Q2 < 12 GeV? = corrections

® Unknown subtraction function, $;

Calculate OFCA on lattice more parallels
to experiment

e 2 dependence
® higher-order terms

® subtraction function
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Background
[e]e]e]e] }

Why the Compton amplitude?

® 3-pt moments and quasi leading-order For the forward (P = P') Compton
e In DVCS expt., hard scale isn't huge: amplitude, we have calculated these
Q? <12 GeVz.’ﬁ corrections ' properties with Feynman-Hellmann.
® Unknown subtraction function, S;
u—d b M @)
Calculate OFCA on lattice more parallels 06 P2
~ | 1 F M0 Q)
to experiment Coa } }
® Q2 dependence [Latt. 2021 PoS 324] Sea T }
® higher-order terms [Latt. 2019 PoS 278] 00
® sybtraction function [Latt. 2021 PoS 028 ’ ’ 52 [Gevg] ’ ’
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The Feynman-Hellmann method
@000

Why Feynman-Hellmann?

Lattice OFCA: T(7) T
T = Sl AP T2 O P > U
T'>7
Requires 4-pt function: ® New inversion for each (,7’)

® Large T: Teink > 7/, Toree < T

(x(24)ju(23)j (22)x " (21)) _
® Expensive!
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The Feynman-Hellmann method
@000

Why Feynman-Hellmann?
Lattice OFCA:

uu—zez(‘”q (P'IT{ju(2)iv(0)}P).

Requires 4-pt function: ® New inversion for each (7,7’)
® Large T: 7gink > o Tsrce K T

(x(24)ju(23)j (22)x " (21)) _
® Expensive!

Instead, Feynman-Hellmann: Calculate perturbed quark propagator:

L Lo -1
Stan) (Xn = xm) = [M — Ay cos(Gy - X)v3 — A2 cos( - x)73]n’m.

Two couplings, A1, A2; two momenta, g; and g; choose 73, which gives T33 component.
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The Feynman-Hellmann method
@000

Why Feynman-Hellmann?
Lattice OFCA:

uu—zez(‘”q (P'IT{ju(2)iv(0)}P).

Requires 4-pt function: ® New inversion for each (7,7’)
® Large T: 7gink > o Tsrce K T

(x(24)ju(23)j (22)x " (21)) _
® Expensive!

Instead, Feynman-Hellmann: Calculate perturbed quark propagator:

S()\l,)\Q)(Xn ) [M )\1 COS( )’73 — /\2 COS(Qw X)’y3]

Two couplings, A1, A2; two momenta, ¢; and ¢»; choose 3, which gives T33 component.
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The Feynman-Hellmann method
@000

Why Feynman-Hellmann?
Lattice OFCA:

uu—zez(‘”q (P'IT{ju(2)iv(0)}P).

Requires 4-pt function: ® New inversion for each (7,7’)
® Large T: 7gink > o Tsrce K T

(x(24)ju(23)j (22)x " (21)) _
® Expensive!

Instead, Feynman-Hellmann: Calculate perturbed quark propagator:

= R = R —1
Stan) (Xn = xm) = [M — Ay cos(Gy - X)v3 — A2 cos( - x)73]n’m.
Two couplings, A1, A2; two momenta, g; and g; choose 73, which gives T33 component.

Sy= S D NSTH(@)S+ ) NN ST(G)ST(F)S +O(N)

unperturbed i ij

three-point four-point
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The Feynman-Hellmann method
[e] lee)

Nucleon propagator

Put into nucleon propagator: G2 ~ (§“5“SY), or G4 ~ (545459).

o8~ @D + E15

The (A1)? and ()\2)? terms give forward Compton amplitudes. The A1)\, term gives OFCA.

+ D A Y,

n,m >7'>0

+ ON?)
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The Feynman-Hellmann method

[e] lee)

Nucleon propagator

Put into nucleon propagator: G2 ~ (§“5“SY), or G4 ~ (545459).

Goy TG r-0—9 N — G-y = N2

The (A1)? and ()\2)? terms give forward Compton amplitudes. The A1)\, term gives OFCA.
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The Feynman-Hellmann method

[e] lee)

Nucleon propagator

Put into nucleon propagator: G2 ~ (§“5“SY), or G4 ~ (545459).

Goy TG r-0—9 N — G-y = N2

The (A1)? and ()\2)? terms give forward Compton amplitudes. The A1)\, term gives OFCA.

Feynman-Hellmann relation

+Gxa-xn) — Y- - — T
_ G T9r-n = 9=an — 90n-n) ~ )2, 3

R
A Go En
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The Feynman-Hellmann method

[e] lee)

Nucleon propagator

Put into nucleon propagator: G2 ~ (§“5“SY), or G4 ~ (545459).

Goy TG r-0—9 N — G-y = N2

The (A1)? and ()\2)? terms give forward Compton amplitudes. The A1)\, term gives OFCA.

Feynman-Hellmann relation

_ 900 T9a-n) — 90 — 9000

R T—=.
A Go En

® T33is OFCA for u =v =3.

® Llinear in 7, Euclidean time; quadratic in A.
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The Feynman-Hellmann method
[e]e] o)

Fits and signal quality

Alec Hannaford Gunn

GPDs from lattice QCD



The Feynman-Hellmann method

[e]e] o)

Fits and signal quality

T33
R\(T) ~ 2X37 =
En
x10~2 x10~3
N 4]
T A=0.0125 & = N
A =0.025 -
3 2 o 3
o xF =
Lo AT 2
< F £
~ <F
| Eo= 4
1 T M T '
o -
0o ¢ : : . ; 01 | I I I I
2 4 6 8 10 0.000 0.005 0.010 0.015 0.020 0.025
T/a A

Extract T33 for a given sink momentum, p.
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The Feynman-Hellmann method

[e]e] o)

Fits and signal quality

T33
R\(T) ~ 2X37 =
En
x10~2 x10~3
N 4]
T A=0.0125 & = N
A =0.025 -
3 2 o 3
o xF =
Lo AT 2
< F £
~ <F
| Eo= 4
1 T M T '
o -
0o ¢ : : . ; 01 | I I I I
2 4 6 8 10 0.000 0.005 0.010 0.015 0.020 0.025
T/a A

Extract T33 for a given sink momentum, p. Now, what do we do with it?
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The Feynman-Hellmann method
[e]e]e] )

Lattice Compton amplitude

OFCA parameterised in terms of Compton form factors:
1

_ _ 1 _ —\5 E 5
Tuu:ﬁ{—(h'tﬂ'h+e~q51>g;w+m(h-qﬂz+e~q€2) HPV—"_Hah{MPV} + ...
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The Feynman-Hellmann method
[e]e]e] )

Lattice Compton amplitude

OFCA parameterised in terms of Compton form factors:
1 1 R -
_ {— <h~¢‘7’H1 te- ?751>g,“, T —'(h GHo + e~¢'7€2) > +H3h{MPV}] ..

T, = —— —
Y- P-g

In unphysical lattice kinematics, |©&| <1

CFF(@, 8, @) =2  &"Mq(t, Q)

® uses £ = 0 kinematics,

® power series in

2(P+P)-(g+4)
(g+4q)?

(:}:

® t determines how off-forward
® 2 - o isolates LO GPDs
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The Feynman-Hellmann method
[e]e]e] )

Lattice Compton amplitude

OFCA parameterised in terms of Compton form factors:

1 _ _ 1 _ Co\= = -
Tuw = ﬁ{— <h~q’H1+e~q81>gw,+—P'(_7(h-q7-l2+e~q€2) HPl,-i—"th{MPV}] +...
In unphysical lattice kinematics, |©&| <1 Perform OPE to match each of these CFF
to their GPD contributions (see AHG et
CFF(@,1,Q%) =2) @"Ma(t, Q%) al. PRD, 2022)
n What we determine then are Mellin
® uses & = 0 kinematics, moments:
® power series in Ma(t Qz) _Zigo /1 dxx""1GPD
n b
L _2AP+P)-(g+q) N
N (g+q')? For us, this is just a guide. Like experiment,
' we are at finite @2, so can match
® t determines how off-forward measurements and predict scaling

e Q2 — oo isolates LO GPDs
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Results
®00000

Recap previous results

AHG et al. PRD, 2022: OFCA from Fit in @ to extract GPD moments:
Feynman-Hellmann 0.6
§ n=2
— 04 § n=4
084 — t=0 =
— t=-11GeV’ = ool }
Lo, 2 :
X 6] t=-22GeV {
S 0.0 05 10 15 2.0
*+ 044 2
5 —t [GeV?]
= R
I~ 0.21 ® n=2
02 ) 4
001 , , , , =
0.0 0.2 0.4 0.6 08 0.17
00- T T T T T
0.0 0.5 1.0 15 2.0
—t [GeVZ]
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Results
O@0000

New results

Set | t [GeV2] O2 [Gevz] Nieas

0 4.86 10000
#1 | —0.29 4.79 1000
#2 | —0.57 4.86 1000

#3 | —1.14 4.86 1000

o Lattice size: 13 x T =483 x 96
® Pion mass m, = 410 MeV.

® For each set, calculate two couplings:
A = 0.0125,0.025
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Results
O@0000

New results

T~ 2
Set | t [G(‘;V ] 02‘}22\/ ] {\(l)rz)e(;(s) Improvements in new calculation:

: ® Previously extracted linear combination
#1 | —0.29 4.79 1000 of Compton form factors:
#2 | —0.57 4.86 1000
#3 | —-1.14 4.86 1000 t

—£.
H+ 8m?

o Lattice size: L3 x T =483 x 96

® Pi » = 410 MeV. : :
'on mass m 0 Me ® More t values (variable of interest for
® For each set, calculate two couplings: GPDs)

A =0.0125,0.025

Now calculate H and £ separately

® More @ values (fit parameter)

® Improved moment fitting method (see
later slide)
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Results
00@000

Applying Feynman-Hellmann

joN
joN
60 -
~
P
=
240
5
=
& 90
0
2 4 6 8 10
T/a
x10~%

0.000 0.005 0.010 0.015 0.020 0.025

A

Alec Hannaford Gunn

GPDs from lattice QCD

Recall:

G0 TG0 = G=an) — 90 -n)
R)\ =

Go
T33
~ 2\%r =
En(P)
Fits
@®f(r)=ar+b
@ g(\)=cN\

Final result is T33(©).




Results
00@000

Applying Feynman-Hellmann

Recall:

Gy TG =x -2 = 9(=an) — Gr,-n)
Go

R)\E

T33

~ 2\%r =
En(p)

Fits
@®f(r)=ar+b
@ g(\) = c¥?

Final result is T33(©).

By varying the sink momentum, g, we vary
scaling variable:

o= 4p - (g1 + G2)
0.000 0.005 0.010 0.015 0.020 0.025 - (‘_7'1 + (_7'2)2
A
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Results
00@000

Applying Feynman-Hellmann

joN
joN
60 =
; g 0.6 1
240 !
5 % =
& o 3044
[=}
=%
o Z 3
2 1 6 3 10 I8~ 0.21 X
T/a x
x107 0.0 > >
0.0 0.2 0.4 0.6 0.8
w

By varying the sink momentum, g, we vary
scaling variable:

o= 4p - (g1 + G2)
0.000 0.005 0.010 0.015 0.020 0.025 (‘_7'1 + (_7'2)2
A
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Results
000e00

Compton form factors

® Can calculate unpolarised Compton 1.61 T orerl
amplitude (T4 + T,)/2 or polarised 144 ;33 1 {
(Ty = Ty)/2 . $ wamT {
® Each is a different linear combination of '
Hq and &5. 1.0 NHJFEE }
0.8
0.6 5
0.4 ° 3
o3
0.21 2 %§ k3 ~H
o o
00{o2BE = =X
00 02 04 06 08
w
Isovector results for t = —0.57 GeV?.
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Results
000e00

Compton form factors

® Can calculate unpolarised Compton 1.61 T orerl
amplitude (T4 + T,)/2 or polarised 144 ;33 1 {
(Ty = Ty)/2 . $ wamT {
® Each is a different linear combination of '
Hq and &5. 1.0 NHJFEE
Then, just need to solve linear equations: 0.81
( sz;;Pol ) B ( anpol anpd ) ( Hi > 0.6 1 5
~ | - h
T N Mo )\ &) L3
T
0.21 2 %§§ ~H
o o
00]{o 2B =20
00 02 04 06 08
w
Isovector results for t = —0.57 GeV?.
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Results
000e00

Compton form factors

® Can calculate unpolarised Compton

§ s u—d
amplitude (T4 + T,)/2 or polarised 1.04 Hy ,
(Ty = Ty)/2 [
0.8

® Each is a different linear combination of
7‘[1 and 51.

Then, just need to solve linear equations:

Re Tunpol Nb Ne ey 0.4+ §
( 33 of ) — ( ur;1po| ur;pol ) < 1 > {
Jm T§3 Npo| pol (‘:1 |

Isovector results for t = —0.57 GeV?.
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Results

000e00

Compton form factors

® Can calculate unpolarised Compton
amplitude (T4 + T,)/2 or polarised
(T = TL)/2.

® Each is a different linear combination of
7‘[1 and 51.

Then, just need to solve linear equations:

( sz;;Pm ) _ ( N:'npol NSnpoI ) < Hl >
Tm TR Npo N &

Isovector results for t = —0.57 GeV?.
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Results
0000e0

GPD moments

Recall
> 2.00
- A2 —npgH(: A2 001
Hi(@,t,Q7) =2 E O"M(t, Q%) == -0\
n=2,4,6 L7571 B t = —0.6 GeV?
| Bt =114 GeV?
As Q%2 —

Mrl‘j(t) = An,O(t)7 MnE(t) = Bn,O(t)
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Results
0000e0

GPD moments

Recall
oo { L n=2
Mi(@,6,Q%) =2 > @"MJ(t, @) o4 I on=4
n=2,4,6 = } }\jl‘
_ <02
As Q%2 — 1 ﬁ
M,’;—I(t) - An,O(t)7 MnE(t) = Bn,O(t) }

Fit our data to

0.2
i (@) = Mo? + Ma* + ... + Moy, @2 = }
~50.1]
Use MCMC with model-independent GPD %
constraints: 0.01
A < Ano(0), |B < 2™ Ao(0 000 025 050 075 100
Ano()] < AnsO), - |Bnol8)] £ 55 n0l0) oot
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Results
0000e0

GPD moments

Recall
oo { L n=2
Mi(@,6,Q%) =2 > @"MJ(t, @) o4 I on=4
n=2,4,6 = } }\jl‘
_ <02
As Q%2 — 1 ﬁ
M,’;—I(t) - An,O(t)7 MnE(t) = Bn,O(t) }

Fit our data to

0.2
i (@) = Mo? + Ma* + ... + Moy, @2 = }
~50.1]
Use MCMC with model-independent GPD %
constraints: 0.01
A < Ano(0), |B < 2™ Ao(0 000 025 050 075 100
Ano()] < AnsO), - |Bnol8)] £ 55 n0l0) oot
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Results
[e]e]e]e]e] }

Comparison to other moments

GPD moments also calculated with quasi [Lin = 420 MeV and Q2 ~ 5 GeV>
‘22] and three-point methods [ETMC 20, and i

many others] o Different systematics between all three

Note: not a rigorous comparison; just ® Still consistent, especially for smaller —t
demonstrating we're in the ball-park values.
0.30 ] X This work ETMC 20 2f
% Lin 21 (quasi fit) ETMC 20 2+1f
0.25

0.0 0.2 0.4 0.6 0.8 1.0
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Results
[e]e]e]e]e] }

Comparison to other moments

GPD moments also calculated with quasi [Lin = 420 MeV and Q2 ~ 5 GeV>
‘22] and three-point methods [ETMC 20, and i

many others] o Different systematics between all three

Note: not a rigorous comparison; just ® Still consistent, especially for smaller —t
demonstrating we're in the ball-park values.
0.30 ] X This work ETMC 20 2f
% Lin 21 (quasi fit) ETMC 20 2+1f
0.25

0.0 0.2 0.4 0.6 0.8 1.0
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Results
[e]e]e]e]e] }

Comparison to other moments

GPD moments also calculated with quasi [Lin = 420 MeV and Q2 ~ 5 GeV>
‘22] and three-point methods [ETMC 20, and i

many others] o Different systematics between all three

Note: not a rigorous comparison; just ® Still consistent, especially for smaller —t
demonstrating we're in the ball-park values.
0.30 %
0.251 —
— 0204 ’ ] : }
S
=
1.,0159 Peob i
3
0.104— , [ =114 4
0.05 1 R L Q*~5GeV? 48 x 96 ETMC 20 2f
. J o\
7)\)\,:\1\‘\\\\1 ¥ Lin 21 (quasi fit) ETMC 20 24+141f
0.00 £ , , i , i
0.0 0.2 0.4 0.6 0.8 1.0
—t [GeV?
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Conclusions and Outlook
@0000

Conclusion
® New method to calculate OFCA — GPDs

® Allows strong parallels with experiment Tl E=m r—0Ge?
LT57 B ¢ = —0.6 GeV?
E= (=-114GeV?

® Calculation of leading moments of H; and
&1 demonstrates viability 1.50

0.0 0.2 0.4 0.6 0.8
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Conclusions and Outlook
@0000

Conclusion
® New method to calculate OFCA — GPDs
® Allows strong parallels with experiment 0 == (—0C?
e Calculation of leading moments of #; and LToy Bt =06 GeV?
T E= (=-114GeV?
&1 demonstrates viability 1.50
Outlook—connection to experiment 1.25
e vary Q2 to get scaling—see Utku's talk glm
this morning §O )
NE)
® Off-forward analogue of F;
0.50
® Subtraction function
. 0.25
® Beyond leading moments: GPD model fits,
inversion methods 000
0.0 0.2 0.4 0.6 0.8
w
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Conclusions and Outlook
[¢] le]e]e}

Thank you for listening—questions?
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Conclusions and Outlook
[e]e] le]e}

Markov chain Monte Carlo fits

Compare fits:

® Jis number of moments. I
e Uniform priors are [0, 100] £ 4] J=3
- 2 J =4
® For 323 x 64 dataset—few @ values. S ;s
S 2 T=
® Yet to repeat with new data set or new -
priors. 04 : . .
000 025 050 50
4,
4,
g
3
2, 21
E 2

04 T T 0= T T
0.00 0.25 0.50 0.00 0.25 0.50
My My
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Subtraction Term

Conclusions and Outlook
[e]o]e] lo}

0.00 i I 32% x 64,a = 0.074
T 48 % 96,a = 0.068
- } 48% % 96, = 0.058
—0.50 1
g ~0.75 KI I
‘% —1.00 4
Py z
~1.25 4 T
HE
—1.50 1 ?
1.75 4
—2.00 T T T T T T T -
0 2 4 6 8 10 12 14 16
Q? [GeVz]

OPE predicts $;(Q%) — 0 with Q? — oo.
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Subtraction Term

Conclusions and Outlook
[e]o]e] lo}

0.00 4

—0.25 1

—0.50 1

— —0.75

Q2

5 -1004
~1.25
—1.50 1

1.75 1

—2.00

T 323 x64,a=0.074
T 48 % 96,a = 0.068
48% x 96, = 0.058

T T T
8 10 12 14 16

Q* [GeV?)

OPE predicts $;(Q%) — 0 with Q? — oo.

Alec Hannaford Gunn
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=
~1.001
~1.25]
o~ X
> —1.504
=
s~ —1.751
~2.001
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