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Transversitypartondistributionfunction

Á Parton distribution functions(PDFs) [1] arecrucialinputsfor interpreting
experimental datacollectedat high-energycolliderssuch asthe EIC

Á TransversityPDF describescorrelationbetweenthe transversepolarizationof the
nucleonand its quarkconstituentsĄ important for describingthe spinstructureof
the nucleon[2]

Á Lessconstrainedfrom experimentscomparedto helicityor unpolarizedPDF becauseit ischiral oddĄ couplingto other
chiral-odd quantitiesto be measuredin experiments[3-5] (spin-asymmetriesin e.g. SIDIS or Drell-Yan [6,7])

Á Recent theoreticaldevelopments[8-13] madelattice QCD calculationofὼ-dependenceof transversityPDF [14-16] 
possible Ą severalcalculationsusingLaMET[9-10,17] or the pseudo-PDF [13] approach

Á Purpose of this work: reliable predictionfor isovectorquarktransversityPDF of the proton (usingLaMET) 
that usesproper renormalizationand isvalid in continuumand physicalmasslimit
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Á Transversitypartondistribution function

Á CLS ensembles

Á Extractionof quasi-LF correlationin LaMET

Á Renormalizationin hybrid scheme

Á Fourier-transformation to momentumspace

Á Perturbativematching

Á Continuum, chiral and infinite momentumextrapolation
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Ensemble ╪(fm) ╛ ╣ □Ⱬ(MeV) □Ⱬ╛ ╟◑(GeV)

X650 0.098 τψ τψ 338 8.1 0, 1.84, 2.37, 2.63

H102 0.085 σς ωφ 354 4.9 0, 1.82, 2.27, 2.73

H105 σς ωφ 281 3.9 0, 1.82

C101 τψ ωφ 222 4.6 0, 1.82

N203 0.064 τψ ρςψ 348 5.4 0, 1.62, 2.02, 2.43, 2.83, 3.24

N302 0.049 τψ ρςψ 348 4.2 0, 2.09, 2.62

Table1: Detailsof the simulationsetup, includinglattice spacingὥ, lattice sizeὒ Ὕ, and pion masses[19].
Protonmomentaὖusedin lattice determinationof quasi-transversityPDF.

Á Lüscher-Weisz gaugeactionwith tree-level coefficients

Áὔ ς ρ

Á Fermions: ὕὥ-improvedWilson Dirac operator

Á Ensembles with variouslattice spacingsand pion massesĄ continuumand chiral extrapolation

18: M. Bruno et al., 1411.3982
19: G. S. Bali et al., in preparation

CoordinatedLatticeSimulation ensembles[18]

Á Multiple nucleonmomentaὖon eachensembleĄ infinite momentumextrapolation
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‘ήὼȟ‏ ᷿
Ὠ‚

τ“
Ὡ ὖὛ ‪π‎‎‎ὡ πȟ‚ ‪‚ ὖὛ

ὡ πȟ‚ ȡgaugelink alongthe light-conedirection

ήὼȟὖȟρȾὥ‏ ὔ᷿ Ὡ ὬᾀȟὖȟρȾὥ

▐◑ȟ╟◑ȟȾ╪ ╟╢ ⱶ◑♬◄♬♬╦ ◑ȟ ⱶ ╟╢ : equal-time / quasi-light-front correlation

Leading-twist quark transversityPDF of the proton [2]:

ȿὖὛἃ: transverselypolarizedproton (polarization Ὓ) with momentumὖalongᾀdirection

ὼ: momentumfractioncarriedby the quark, ‘: renormalizationscalein the-3scheme

‚ ‚ ‚ Ⱦς: light-conecoordinates

Transversityquasi-PDF:

Ą flavorcombination‏όὼ Ὠὼ‏ to eliminatedisconnectedcontributions

Extractionof quasi-LF correlationin LaMET

2: R. L. Jaffeand X.-D. Ji, Phys. Rev. Lett. 67, 552 (1991)

‗ ᾀὖ: quasi light-conedistance



Figure1: Schematicfigure of three-point function.
ὸ : source-sinkseparation,ὸ: insertiontime.

ὸ

ὸ

source sink

Latticecalculationof two-point and three-point functions

Á momentumsmearing[22] to improvesignal-to-noiseratio of
calculationswith high-momentumnucleonstates

Á calculate ὅ ὖȟὸ and ὅ ὖȟὸȟὸ on the lattice to

extractgroundstatematrix element▐◑ȟ╟◑ȟȾ╪

ὴὖ ὴὖÁ LQCD calculationsperformedusingthe Chroma softwaresuite
[20] and IDFLS solver[21]
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20: R. G. Edwards et al., hep-lat/0409003
21: M. Lüscher, 0710.5417
22: G. S. Bali et al., 1602.05525

Extractionof quasi-LF correlationin LaMET
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Á Decompositionof correlation functions

ὅ ὖȟὸ ȿὃȿὩ ȿὃȿὩ Χ

ὅ ὖȟὸȟὸ ȿὃȿ ȿ╞ȿ Ὡ

ȿὃȿ ρὕ ρὩ

ὃὃᶻρὕ πὩ Ὡ

ὃὃᶻπὕ ρὩ Ὡ Χ

╞ ▐◑ȟ╟◑ȟȾ╪ : groundstate matrix element

Ensemble ╝ἫἷἶἮȢ ◄ἻἭἸ/ ╪ ╝ἵἭἩἻȢ/ ╝ἫἷἶἮȢ

X650 1000 7, 8, 9 1

H102 500 7, 8, 9 2

H105 500 7, 8, 9 2

C101 500 6, 7, 8, 9 2

N203 500 10, 11, 12,
13,

14, 15

4
8
16

N302 500 10, 12,
14,

16, 18

4
8
16

Table2: Detailsof the correlatorcalculation, includingnumberof
configurationsὔ Ȣ, source-sinkseparationὸ and numberof

measurementsὔ Ȣper configuration.

Á Calculationof multiple source-sink separationsfor eachensemble

Extractionof quasi-LF correlationin LaMET
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Extraction of groundstate matrix elementsfrom lattice-calculatedcorrelatorsby two-statecombinedfit: 

ὅ ὸ ὧὩ ρ ὧὩ

Ὑ ᾀȟὸȟὸ ḳ
ὅ ᾀȟὸȟὸ

ὅ ὸ

╬ ◑ ὧᾀ Ὡ Ὡ ὧ ᾀὩ

ρ ὧὩ

Á╬ ◑ ╞◔ ▐◑ȟ╟◑ȟȾ╪: groundstate matrix element

Á Resultsfrom fits with different setsofὸ indicatethat excited-statecontaminationisundercontrol

Á Neglectedcontributionsbeyondgroundstateand first excitedstate

Extractionof quasi-LF correlationin LaMET
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Figure2: Demonstrationof fitting the two-point correlationfunctionὅ ὸ andthe ratioὙ ᾀȟὸȟὸ for H102. Thedatain theὙ plot areslightlyshiftedin ὸ

directionfor clarity.Ὑ isonlyshownforπ ᾀ ωfor demonstration.

Á Goodagreementbetweendataand fitting

Extractionof quasi-LF correlationin LaMET

(ὥ 0.085 fm, ά орпMeV)



10/17Lisa Walter (Regensburg University)

-ᾀ ᾀ πȢσfm separates shortand longdistances

Ὤ ᾀȟὖ
ὬᾀȟὖȟρȾὥ

Ὤᾀȟὖ πȟρȾὥ
—ᾀ ᾀ –

ὬᾀȟὖȟρȾὥ

ὤ ᾀȟρȾὥ
— ᾀ ᾀ

Á Bare quasi-LF correlationcontainslinear and logarithmicUV divergencesĄ needto be removedby non-perturbative
renormalization

Á Variousapproachessuggestedand implementedin literature [23-28], but: renormalizationdistortsIR behaviour[29]

ĄHybrid scheme[29]: quasi-LF correlationsat short and longdistancesrenormalizedseparately

- shortdistances: dividingby matrixelementin rest frame (asin ratio scheme[26]) 

- longdistances: self-renormalization[30]: ὤ ᾀȟρȾὥ obtainedby fitting bare matrixelementsat 
multiple lattice spacingsto a perturbative-QCD-dictatedfunctionalform

-– ὤ ᾀȟρȾὥȾὬᾀȟὖ πȟρȾὥ: ensurescontinuityof renormalizedquasi-LF correlationat ᾀ ᾀ

23: J.-W. Chen et al., 1609.08102
24: T. Izubuchiet al., 1801.03917
25: C. Alexandrouet al., 1706.00265
26: A. Radyushkin, 1801.02427

27: V. M. Braun et al., 1810.00048
28: Z.-Y. Li et al., 1809.01836
29: X. Ji et al., 2008.03886
30: Y.-K. Huoet al., 2103.02965

Renormalizationin hybrid scheme
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Figure3: Real(top) andimaginary(bottom) partsof the renormalizedmatrixelementsacrossdifferent ensemblesasfunctionsof‗ ᾀὖat scale‘= 2 GeV.

Á Renormalized quasi-LF correlationfor ensembleswith nearlysame ά στπσυπ-Å6

Á Forall ensembles: Goodconvergenceasὖ increases

Renormalizationin hybrid scheme
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Á Renormalized quasi-LF correlationson ensembleswith
same lattice spacing(ὥ лΦлурfm), but different pion
masses

Figure 4: Real (top) and imaginary (bottom) parts of the
renormalizedmatrix elementsacrossdifferent ensembleswith
ὥ=0.085fm andὖ=1.82GeV.

Á Dependence on ά onlyverymild

Renormalizationin hybrid scheme
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Ą Physics-basedextrapolation form [29] at large 
quasi-LF distance

Ὄ ᾀȟὖ
ὧ

Ὥ‗
Ὡ

ὧ

Ὥ‗
Ὡ Ⱦ

-Ὡ Ⱦ : correlationfunctionhasfinite correlationlength‗ at 
finite momentum

Á Quasi-PDF definedasFourier transformof the quasi-LF correlation

29: X. Ji et al., 2008.03886
17: X. Ji et al., 2004.03543

Á FT to momentumspacerequiresquasi-LF correlationat all distancesᾀ, but uncertaintygrowsat large ᾀ

Á Brute-forcetruncationand FT would leadto unphysicaloscillationsin momentumspacedistribution

- ȣ : power-law behaviourof transversityPDF in endpointregion

Fourier-transformation to momentumspace

Á Details of extrapolationmainlyaffect final resultsin regionwhere
LaMETexpansionbreaksdown [17] Figure5: Renormalizedmatrix elementsὬ ‗ȟὖ for N203 for

one small(left) and large(right) momentumwith extrapolation
to large‗. Theextrapolationreproducesthe datain moderate‗
regionandyieldssmoothcorrelationsin large‗region.
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Á Extractionof transversityPDF by perturbativematching(similarcalculationsin [31, 32])

ήὼȟὖ‏
Ὠώ
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Á Factorizationformula in momentumspace:

Á One-loop matchingkernelin momentumspacein hybrid scheme

ὅ ὼȟ
‘

ὴ
ȟ‗ ὅ ὼȟ

‘

ὴ
ὅὼȟ‏

‘

ὴ
ȟ‗ ὅ ὼȟ

‘

ὴ

‌ὅ

“

ρ

ρ ὼ

ς3Éρ ὼ‗

“ρ ὼ

Á Matchingkernelin ratio scheme:

ὅ ὼȟ
‘

ὴ
ρ‏ ὼ

‌ὅ

ς“

ÌÎ ὼ ρ

ÌÎ ς π ὼ ρ

ὼ π

Perturbativematching

31: V. M. Braun et al., 2108.03065 
32: C.-Y. Chou and J.-W. Chen, 2204.08343
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ήὼȟὖȟὥȟά‏ ή‏ ὼ ὥὪὼ
Ὣὼȟὥ

ὖ
ρ ά Ὧὼ

ή‏ήὼḳ‏- ὼ ρ ά ȟ Ὧὼ : desiredtransversityPDF

-ά -extrapolation followsfrom the form usedin [33]

33: G. S. Bali et al., 1903.12590

Á ExtractedtransversityPDF still containslattice artifacts

Á Calculationsnot doneat infinite momentum

Á Calculations not doneat ά ά ȟ

simultanousextrapolationto
continuum, infinite momentum
and physicalpoint

ÁFunctional form including╪ȟ╟◑and □Ⱬ:

-ὥὪὼ term: leadingdiscretizationerror (coefficientof termslike ὥὖ closeto zero)

-
ȟ

term: leadinghigher-twist contribution

Continuum, chiral and infinite momentumextrapolation
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Á Final result for isovectorquarktransversityPDF 
(normalizedtoὫ ) lies betweenglobal analyses
JAM20 [34] and JAM22 [7]

34: J. Cammarotaet al., 2002.08384
7:   L. Gamberget al., 2205.00999

Á Error band includesstatisticand 
systematicuncertainties

Continuum, chiral and infinite momentumextrapolation

Figure 6: Final proton isovector transversity PDFat renormalization scale‘= 2 GeV,
extrapolatedto continuum, physicaland infinite momentum limit, comparedwith JAM20
[34] andJAM22[7] globalfits.

Á Grey bands: endpointregions(ὼ πȢρȟὼ πȢω) 
whereLaMETpredictionsarenot reliable

- Renormalization scaledependence
- Choice ofᾀ
- Extrapolation to large ‗
- Combinedextrapolation

Á Result consistentwith zeroat negative ὼ

Á Forpreviouslattice QCD calculationsof
transversityPDF see[14-16]

16:   C. Egerer et al., 2111.0180814: C. Alexandrouet al., 1807.00232
15: Y.-S. Liu et al., 1810.05043
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Á Calculation of isovectorquarktransversityPDF with LaMETat variousὥȟά ȟὖwith extrapolationto
continuum, physicalmassand infinite momentumlimit

Á Multi-stateanalysiswith multiple source-sink separationsto removeexcited-statecontamination

Á State-of-the-art renormalization(hybrid scheme) and matching

Á Reliable lattice predictionof the isovectorquarktransversityPDF in the protonĄwill offer guidanceto
relevant measurementsat JLaband EIC

Á Large proton momentaὖveryimportant for calculationswith LaMETĄ fine latticescrucial

Á Possiblyanalyzeevenfiner lattices, e.g. J501 (ὥ πȢπσωfm)

Summary and Outlook

Summary:

Outlook:
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Backup slides: Dispersion relation

Figure7: The dispersionrelation of CLSensemblesat four different lattice
spacingsusedin this work. In the uppersubfigurewe compareensembleswith
different lattice spacingbut roughlythe same“mass:ά στπMeV,while
in the lower subfigurewe compareensembleswith the samelattice spacing
ὥ πȢπψυfm but differentά .ὖ [GeV]

Á Effectivemassextractedby fitting the two-point 
correlationfunction

Á Fit effectivemassto

Ὁὖ ά ὖ ὧὥὖ

- quadratic term in ὥincludedto
parametrizethe discretizationerror

Á Extracted effectivemassesareconsistentwith
dispersionrelationwithin 3„error

B1
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Backup slides: Renormalization

Figure 8: Bare matrix elements in the rest frame. Their imaginary part is
consistentwith zero.

Short distances: ◑ ◑▼

Ὤ ᾀȟὖ
ὬᾀȟὖȟρȾὥ

Ὤᾀȟὖ πȟρȾὥ

Á Renormalizationfactor: inverse of the
nucleonmatrixelementin the rest frame

B2
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Backup slides: Renormalization

Long distances: ◑ ◑▼

Á– ὤ ᾀȟρȾὥȾὬᾀȟὖ πȟρȾὥ: similarto a schemeconversionfactor, guaranteescontinuityof the
renormalizedmatrixelementat ᾀ ᾀ

Ὤ ᾀȟὖ –
ὬᾀȟὖȟρȾὥ

ὤ ᾀȟρȾὥ

Á Self-renormalizationfactorὤ ᾀȟρȾὥ is obtained by fitting the bare matrixelementsin the rest frame to
the followingperturbative-QCD-dictatedfunctionalform [30]

ÌÎὬᾀȟρȾὥ
Ὧᾀ

ὥÌÎὥɤ
▌◑ Ὢᾀὥ

σὅ

ρρ ςὔȾσ
ÌÎ
ÌÎρȾὥɤ

ÌÎ‘Ⱦɤ
ÌÎρ

Ὠ

ÌÎὥɤ

30: Y.-K. Huoet al., 2103.02965

- : linear divergence

-Ὣᾀ ▌ ◑ ά ᾀ: nonperturbativephysicsὫ ᾀwe are interestedin + renormalonambiguityterm

-Ὢᾀὥ: discretizationeffects

- Last two termscomefrom resummationof leadingan sub-leadinglogarithmicdivergences

(B1)

- TreatὨand ɤ asfitting parametersto partiallyaccountfor higher-order pert. effectsand remaininglattice artifacts

B3
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Backup slides: Renormalization

Figure9: Fit of the bare nucleon transversitymatrix elements in the rest
frame. Colorful points represent the bare matrix elements from lattice
calculationand blue bandsare fitted valuesusingeq. (B1). TheparamtersὯ
and‗ arefitted to beὯ τȢσυφ'Å6ÆÍ and‗ πȢρ'Å6Ȣ

B4




