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Outline

• The Hadronic Vacuum Polarization contribution and Chiral Perturbation Theory

• New staggered results and the continuum limit

Ø NNLO ChPT works for              if (all) pion masses are light enough (less than approx. 250 MeV)
(This corrects statements in Golterman, Maltman & Peris, arXiv:1701.08686) 
It does not work for the “standard” (intermediate) window – no EFT method available

Ø Need smaller lattice spacings for staggered significantly smaller than 0.06 fm
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and ChPT (Aubin et al. 2020)
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FIG. 5. The upper diagrams from left to right show the leading-order (LO) quark-connected, LO
quark-disconnected, LO QED corrections, and an example of next-to-leading order (in ↵) HVP
diagrams. The lower diagrams show the leading quark-connected (left) and quark-disconnected
(right) contributions to the HLbL contribution. Subleading diagrams with up to four quark loops
in light-by-light scattering are not shown.

QED contribution calculated in Ref. [147]. Although the experimental uncertainty on ae

is presently much larger than the theory error, a reduction of uncertainties on a
EXP

e and ↵

by an order of magnitude may be feasible in the next few years [146]. Therefore, strategies
must be devised and methods developed to reduce the theoretical error on a

SM

e on this time
scale. We outline how the lattice-QCD community can contribute to this goal in Sec. III B 3.

1. Hadronic vacuum polarization

The HVP contribution arises from the magnetic parts of the upper diagrams shown in
Fig. 5. The HVP can be computed directly in lattice QCD or using a dispersion relation from
the total cross section of e

+
e
�

! hadrons (R ratio) or ⌧ decays into hadrons and a neutrino.
Lattice gauge theory here requires the inclusion of QED to achieve high precision but, as
usual, is systematically improvable. The dispersive method requires control of perturbative
QCD and an e↵ective description of radiative corrections, which is typically performed in
scalar QED. In the case of ⌧ decays, additional isospin-breaking corrections are needed. In
principle both methods can be improved beyond their current precision. At the moment, the
R-ratio method has the smallest uncertainty; however, in the presence of conflicting BaBar
and KLOE data sets [8, 9] the common choice of inflating local uncertainties in R(s) using
the PDG �

2 prescription is not unique. In order to reduce the dependence on this choice,
a combined lattice and R-ratio analysis which removes parts of the conflicting data sets, as
suggested in Ref. [10], is valuable. Such a combined analysis can now be performed with an
uncertainty of 2.7 ⇥ 10�10, which yields a result consistent with the currently most precise
pure R-ratio result of Ref. [9].

So far the lattice community has computed connected [10, 154–160], disconnected [10, 157,
161], and isospin breaking [10, 162, 163] contributions to the leading-order HVP. In addition,
a dedicated calculation of the next-to-leading order HVP has recently been published in
Ref. [164]. Figure 5 shows a diagrammatic classification of these contributions. In Fig. 6,
we list these recent results which currently approach a total uncertainty of approximately
15 ⇥ 10�10. USQCD members have played a pioneering role in many of these contributions,
such as the first calculation of strong isospin-breaking e↵ects at physical pion mass [162],
the first calculation of QED corrections at physical pion mass [10], as well as the first
calculation of a combined lattice and R-ratio calculation at physical pion mass in lattice

22

is a low-energy quantity   ⟶ EFT of pions, muons and photons

(Lautrup et al. 1972, Blum 2003)

with, in ChPT,                                         for large          at NkLO (modulo logs)

Hence,

• for   k ≤ 2, counter terms (LECs) are those of ChPT for pions

• for   k ≥ 3, need new counter terms, e.g., for k = 3,

• in NNLO ChPT – uncertainty from O(p6) LEC 
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4
f2
⇡tr(D↵⌃D↵⌃

†) + higher dim. operators
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and ChPT:   pion mass dependence and convergence   

Study pion-mass dependence:

blue band:   Colangelo et al. 2021
resums NNLO ChPT with IAM and Omnès relation

agrees well with experiment 

red curve:    NNLO ChPT

works well up to                                 !
(note:         drops out of differences) 

NNLO (staggered) ChPT useful for corrections
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Taste splittings (on “HISQ” staggered ensembles – courtesy MILC collaboration)

Aubin et al. 2022

Taste splittings as a function of        for
Heaviest pion has mass of                                                                                               (lightest pion physical)

• Serious lattice artifact, quite non-linear in        -- makes continuum extrapolation difficult!         
Can correct for taste splittings using NNLO SChPT, if they are small enough:  SChPT predicts 

behavior at leading order – not present in these fits (which include only                )!
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153, 212, 326, 418 MeV
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light-quark connected part with 2+1+1 HISQ staggered fermions
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use bounding method (RBC/UKQCD 2018, BMW 2018) with transition to bounds around tb ≈ 3 fm
and trapezoidal rule

label a (fm) L3
⇥ T m⇡ (MeV) mS (MeV) m⇡L #configs sep. #low modes

96 0.05684 963 ⇥ 192 134.3 153 3.71 77 60 8000

64 0.08787 643 ⇥ 96 129.5 212 3.69 78 100 8000

48I 0.12121 483 ⇥ 64 132.7 326 3.91 32 100 8000

32 0.15148 323 ⇥ 48 133.0 418 3.27 48 40 8000

48II 0.15099 483 ⇥ 64 134.3 418 4.93 40 100 8000

TABLE 1: Parameters defining the lattice ensembles. Columns contain a label to refer to the
ensemble, the lattice spacing a, the spatial volume L3 times the temporal direction T (in lattice
units), the Nambu–Goldstone pion mass m⇡, the maximum pion mass mS in the pion taste mul-
tiplet (cf. Sec. III C), m⇡L, the number of configurations in the ensemble, the separation between
measurements (“sep.”), and the number of low-mode eigenvectors.

data set in several directions. We employed more configurations and low-mode eigenvectors
for the first three ensembles shown in the table, and we added two ensembles at a coarser
lattice spacing, with di↵erent volumes. We summarize our methodology in Sec. IIA, and
we present the results in Sec. II B.

A. Methodology

The lattice computation here is an extension of the previous simulations of Ref. [11].
First, as can be seen in Table 1, we have run on more configurations of the finest two
ensembles (96 and 64) and we have increased the number of low modes used (from 4000
to 8000 low modes on 96 and from 6000 to 8000 on the 48 and 64 ensembles) in order to
improve the statistics. We increased the number of trajectories separating measurements
significantly on all three ensembles, in particular on the 64 ensemble. Additionally we have
included two coarse ensembles with a ⇡ 0.15 fm at two volumes, 323 and 483 (where the
coarse 483 ensemble is labeled as 48II to distinguish it from the a ⇡ 0.12 fm 483 ensemble,
labeled as 48I), both to include an additional lattice spacing and to examine finite volume
e↵ects explicitly. All ensembles are near the physical pion mass.

We continued using the noise-reduction techniques combining full-volume low-mode av-
eraging [28–31] and all-mode averaging developed by the RBC and UKQCD collaborations
[10, 32, 33]. We omit the specific details as they are the same as in Ref. [11].

Finally, as in our previous work, we implement the bounding method of Refs. [10, 34] to
further reduce statistical errors on the extraction of aHVP,lqc

µ
. Here we use that the correlator

of Eq. (1.2) has a lower bound of 0 for t > tb and an upper bound of C(tb)e�E0(t�tb), where

E0 = 2
q
m2

⇡
+ (2⇡/L)2 is the lowest (two-pion) energy state in the vector channel. For

su�ciently large tb, the two bounds overlap to give a more precise result for a
HVP,lqc
µ

than
we would obtain by summing over the long-distance tail.

B. Results

The simulations on the ensembles listed in Table 1 provide us with measurements of
the correlator C(t) defined in Eq. (1.2), where we used conserved currents. We then use

6

• more configs
• better separation
• more low modes
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light-quark connected part with 2+1+1 HISQ staggered fermions
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Results for              light-quark connected 
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check differences:      (BMW 2020)
SRHO model:  NLO ChPT +           (HPQCD 2016)

Need smaller lattice spacing 
and better statistics
Discard 0.12 and 0.15 fm lattice spacings? 

aµ(96)� aµ(64) aµ(96)� aµ(48I) aµ(96)� aµ(32) aµ(96)� aµ(48II)

lattice 10(16) 59(16) 103(15) 86(15)

NLO SChPT 11 28 38 37

NNLO SChPT 28 75 114 111

SRHO 35 89 129 128

TABLE 5: Di↵erences of aHVP,lqc
µ values between di↵erent ensembles. All number in units of 10�10;

aµ ⌘ aHVP,lqc
µ .

central values above by not more than the fit errors in Eq. (4.1). We note, however, that
the values with and without taste-breaking corrections become much closer.

As our best value, we take the average of the first two fits in Eq. (4.1), adding a systematic
error equal to half the distance. This procedure is motivated by the fact that the two fits
should agree in the continuum limit, since they di↵er only in the treatment of taste-breaking
e↵ects. Our best value for aHVP,lqc

µ
is then

a
HVP,lqc
µ

= (645.9± 11.4± 7.2± 3.0± 0.4)⇥ 10�10 = 646(14)⇥ 10�10
. (4.2)

The four errors are the statistical error from the fit, half the distance between the first two
fits in Eq. (4.1), and the errors on the NNLO FV and retuning corrections for the 96 ensemble
shown in Table 3, taking for the latter two error estimates those for the ensemble closest to
the continuum limit. The error in the second equality in Eq. (4.2) is obtained by adding
these four errors in quadrature. Applying the same procedure to the two SRHO-based values
in Eq. (4.1) yields 638(14)⇥ 10�10, which is consistent with Eq. (4.2).20

Comparing this value with the value we obtained in Ref. [11], aHVP,lqc
µ

= 659(22), we
make the following observations. Our new central value is lower, but consistent within
errors. Our total error has been reduced by a factor 1.6. The main reason for this reduction
is the reduction in statistical errors, as can be seen by comparing Table 2 with Table II of
Ref. [11], especially for the 963 ensemble. Our scale setting error is now folded into the fit
error, as we took the scale-setting errors of Table 2 into account in our fits, assuming them
to be 100% correlated. While the error in Eq. (4.2) is 2.2%, and thus still large relative to
the sub-percent goal, we note that its central value is lower than the corresponding value
obtained in Ref. [5].21

There is good reason to believe that with these ensembles scaling violations are not linear
in a

2, because already the taste splittings themselves are not linear in a
2, as we showed in

Sec. III C. A linear extrapolation of the two smallest-a central values of aHVP,lqc
µ

leads to a
lower value of aHVP,lqc

µ
in the continuum limit, 631⇥ 10�10, at the very low end of the range

in Eq. (4.2). Clearly, all these values are consistent with each other because of the relatively
large fit errors. Because of this, it is interesting to look at window quantities.

Before we do so, we consider the sum of FV, pion-mass mistuning and taste-breaking

20 No systematic errors associated with FV or retuning corrections can be obtained in this case.
21 We estimate the value of Ref. [5] by taking their value in finite volume, 633.7(2.1)(4.2)⇥10�10, and adding

10/9 (for the light-quark connected part) times their finite-volume correction 18.7(2.5)⇥ 10�10 (which we

ascribe to the light-quark part), which yields 654.5(5.5)⇥ 10�10.
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An intermediate, more precise quantity:   the “window”

Introduce the “window” quantity

(RBC/UKQCD 2018)

• advantages:

- cuts out short distance (lattice spacing artifacts)
- cuts out long distance  (large-time tail, finite-volume effects)

- can be computed very precisely on the lattice – lattice computations have to agree!

• caveat:  systematic effects much smaller, but not negligible!    

intermediate distance (0.4-1.0 fm) not accessible to ChPT to correct for finite-volume etc. effects 
need to resort to models (at least at present)  -- see next slide    (Aubin et al. 2022, also BMW’20)
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Results for window W1:  0.4-1 fm (𝛥 = 0.15 fm), light-quark connected
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W1(96)�W1(64) W1(96)�W1(48I) W1(96)�W1(32) W1(96)�W1(48II)

lattice 0.94(46) 4.49(66) 5.43(79) 5.44(58)

NLO SChPT 2.28 6.47 9.98 9.89

NNLO SChPT 6.67 21.08 35.88 35.87

SRHO 2.15 6.49 10.65 10.91

TABLE 7: Di↵erences of aW1,lqc
µ values between di↵erent ensembles. All number in units of 10�10;

W1 ⌘ aW1,lqc
µ .

the right-hand panel in Fig. 7 with Fig. 4 of Ref. [5], one notices the similarity between
these two figures.26 Data points without corrections for taste breaking span about the same
range of values for aW1,lqc

µ
, and this is also true for the taste-breaking corrected points. In

this comparison, we compare the lattice spacings of Ref. [5] directly to ours, even though
Ref. [5] used a di↵erent, but also highly improved, staggered action. This appears to be
justified by the observation that taste-breaking e↵ects, as modeled by the SRHO model, are
of approximately the same size at the same lattice spacing in both Ref. [5] and this work.
This suggests that also with the action of Ref. [5], it would be desirable to see what happens
at a smaller lattice spacing.

A similar comparison can be made between Fig. 6 and the Extended Data Fig. 3 of Ref. [5],
for the data without corrections for taste breaking (the green triangles in Ref. [5]). As for
a
W1,lqc
µ

, they span about the same range, confirming that lattice spacings can be directly
compared between Ref. [5] and this paper, and taste-breaking e↵ects are comparable in size.

B. Window 1.5 � 1.9 fm

We now consider our new window, W2. Since 1.5 fm⇡ (130 MeV)�1 is a rather large
distance, it is reasonable to expect that ChPT can be used to describe a

W2,lqc
µ

. In Table 8
we show the FV, pion-mass mistuning and taste-breaking corrections computed in SChPT
and in the SHRO model, in the same format as in Table 6. We note that the convergence of
SChPT for window W2 is much better in general than for window W1, even though taste-
breaking corrections at NNLO are still more than 100% larger than at NLO for the 48I, 32
and 48II ensembles.

In Fig. 8 we show the lattice spacing dependence of aW2,lqc
µ

. The gray points again show
the data of Table 2, with the nearby colored points the same data, but now corrected for
FV or pion-mass mistuning using NNLO SChPT (left panel) and the SRHO model (right
panel). All fits shown in the figure have excellent p-values, which reflects the fact that
the statistical errors on the W2 values are relatively large. We note that the NNLO taste-
breaking corrections appear to capture a large fraction of the lattice spacing e↵ects for
window W2, witness the relatively small slope of the blue solid and dot-dashed curves in

26 The comparison should be made between the data points shown in red in Fig. 7 and the data points in

Fig. 4 of Ref. [5], because the “no improvement” data points in that figure have already been extrapolated

to infinite volume. We note that Ref. [5] and we both used conserved currents.

24

SRHO model

NLO SChPT
NNLO SChPT

Compatible with BMW;   NNLO SChPT no good
SRHO model and NLO SChPT about the same
but different values in continuum limit
Need smaller lattice spacing
Issue:  no reliable calc. of corrections!
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Results for window W1:  0.4-1 fm (𝛥 = 0.15 fm), light-quark connected
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W1(96)�W1(64) W1(96)�W1(48I) W1(96)�W1(32) W1(96)�W1(48II)

lattice 0.94(46) 4.49(66) 5.43(79) 5.44(58)

NLO SChPT 2.28 6.47 9.98 9.89

NNLO SChPT 6.67 21.08 35.88 35.87

SRHO 2.15 6.49 10.65 10.91

TABLE 7: Di↵erences of aW1,lqc
µ values between di↵erent ensembles. All number in units of 10�10;

W1 ⌘ aW1,lqc
µ .

the right-hand panel in Fig. 7 with Fig. 4 of Ref. [5], one notices the similarity between
these two figures.26 Data points without corrections for taste breaking span about the same
range of values for aW1,lqc

µ
, and this is also true for the taste-breaking corrected points. In

this comparison, we compare the lattice spacings of Ref. [5] directly to ours, even though
Ref. [5] used a di↵erent, but also highly improved, staggered action. This appears to be
justified by the observation that taste-breaking e↵ects, as modeled by the SRHO model, are
of approximately the same size at the same lattice spacing in both Ref. [5] and this work.
This suggests that also with the action of Ref. [5], it would be desirable to see what happens
at a smaller lattice spacing.

A similar comparison can be made between Fig. 6 and the Extended Data Fig. 3 of Ref. [5],
for the data without corrections for taste breaking (the green triangles in Ref. [5]). As for
a
W1,lqc
µ

, they span about the same range, confirming that lattice spacings can be directly
compared between Ref. [5] and this paper, and taste-breaking e↵ects are comparable in size.

B. Window 1.5 � 1.9 fm

We now consider our new window, W2. Since 1.5 fm⇡ (130 MeV)�1 is a rather large
distance, it is reasonable to expect that ChPT can be used to describe a

W2,lqc
µ

. In Table 8
we show the FV, pion-mass mistuning and taste-breaking corrections computed in SChPT
and in the SHRO model, in the same format as in Table 6. We note that the convergence of
SChPT for window W2 is much better in general than for window W1, even though taste-
breaking corrections at NNLO are still more than 100% larger than at NLO for the 48I, 32
and 48II ensembles.

In Fig. 8 we show the lattice spacing dependence of aW2,lqc
µ

. The gray points again show
the data of Table 2, with the nearby colored points the same data, but now corrected for
FV or pion-mass mistuning using NNLO SChPT (left panel) and the SRHO model (right
panel). All fits shown in the figure have excellent p-values, which reflects the fact that
the statistical errors on the W2 values are relatively large. We note that the NNLO taste-
breaking corrections appear to capture a large fraction of the lattice spacing e↵ects for
window W2, witness the relatively small slope of the blue solid and dot-dashed curves in

26 The comparison should be made between the data points shown in red in Fig. 7 and the data points in

Fig. 4 of Ref. [5], because the “no improvement” data points in that figure have already been extrapolated

to infinite volume. We note that Ref. [5] and we both used conserved currents.
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NLO SChPT
NNLO SChPT

Compatible with BMW;   NNLO SChPT no good
SRHO model and NLO SChPT about the same
but different values in continuum limit
Need smaller lattice spacing
Issue:  no reliable calc. of corrections!
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𝑎𝜇𝑊1,lqc = 206.8(2.2) × 10-10



Window with staggered fermions – continuum limit

Taste-breaking effect as a 
function of        (BMW 2020)
computed with “SRHO” model
(NLO ChPT plus          )

Superimposed arrows:
Taste splittings for Aubin et al. ‘22

Ø Very similar taste-breaking
effects, despite different
lattice actions!   

Ø Continuum extrapolation
very non-linear (in      ) 
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Figure 4: Continuum extrapolation of the isospin-symmetric, light, connected component of the window
observable aµ,win, denoted by [alight

µ,win]iso. The data points are extrapolated to the infinite-volume limit.
Errorbars are s.e.m. Two di↵erent ways to perform the continuum extrapolations are shown: one without
improvement, and another with corrections from a model involving the ⇢-meson (SRHO). In both cases
the lines show linear, quadratic and cubic fits in a2 with varying number of lattice spacings in the fit.
The continuum extrapolated result is shown with the results from other lattice groups, RBC’18 [19] and
Aubin’19 [20]. Also plotted is our R-ratio-based determination, obtained using the experimental data
compiled by the authors of [4] and our lattice results for the non light connected contributions. This
plot is convenient for comparing di↵erent lattice results with each other. Regarding the total aµ,win, for
which we also have to include the contributions of other-than-light flavors and isospin-breaking e↵ects, we
obtain 236.7[1.4] on the lattice and 229.7[1.3] from the R-ratio, the latter is 3.7� or 3.1% smaller than
the lattice result.
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Results for a new window W2:  1.5-1.9 fm (𝛥 = 0.15 fm), light-quark connected
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FIG. 8: The 1.5-1.9 fm window, aW2,lqc
µ , in units of 10�10. Left panel: Fits using NNLO SChPT

for FV corrections and pion mass retuning; without taste breaking (quadratic, blue dashed line) and
with taste breaking (quadratic, blue solid curve; linear, dot-dashed line). Right panel: Fits using
the SRHO model for FV corrections and pion mass retuning; without taste breaking (quadratic, red
dashed line) and with taste breaking (linear, red solid curve). The data points for each fit are shown
in the same color; continuum limits are shown in black. The grey points in both panels (slightly
horizontally o↵set for clarity) show the uncorrected values reported in Table 2. Some data points
and continuum-limit extrapolations are slightly o↵set for clarity.

W2(96)�W2(64) W2(96)�W2(48I) W2(96)�W2(32) W2(96)�W2(48II)

lattice 6.6(2.7) 17.8(2.8) 23.9(2.6) 23.2(2.7)

NLO SChPT 2.1 5.0 6.7 6.4

NNLO SChPT 4.7 12.0 16.7 16.3

SRHO 7.8 20.5 30.0 29.9

TABLE 9: Di↵erences of aW2,lqc
µ values between di↵erent ensembles. All number in units of 10�10;

W2 ⌘ aW2,lqc
µ .

better than NLO SChPT. The change from NLO to NNLO SChPT is large, but, as remarked
before, this does not necessarily mean that ChPT does not converge. We also observe that
the agreement between the lattice and NNLO-SChPT numbers is better for ensembles with
a smaller lattice spacing: within errors, the lattice di↵erence in column 2 agree with NNLO
SChPT, with the tension gradually increasing in columns 3 and 4, i.e., with increasing taste
masses. As for aHVP

µ
, it is possible that some of the staggered pion masses on the 48I and 32

ensembles are too large, cf. Sec. III B. All this makes it di�cult to estimate the systematic
error from truncating SChPT at NNLO, and it is thus not straightforward to assess the
agreement with the lattice values for these di↵erences. The SRHO model also describes the
lattice di↵erences reasonably well, but, of course, it is not possible to assess the systematic
error at all. Smaller errors on the lattice di↵erences would help discriminate between NNLO
SChPT and the SRHO model. A reduction of the errors on a

W2,lqc
µ

shown in Table 2 and/or
smaller lattice spacings will be needed to obtain a more precise estimate for aW2,lqc

µ
.
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Conclusions

• is accessible to ChPT – if pion masses (including taste partners) are small enough

ChPT (EFT-like methods) do not work for short/intermediate windows – only models (at present)! 

• Staggered computations need lattice spacings significantly smaller than 0.06 fm

to control the continuum limit;  appear to be far from the linear       regime

• Taste splittings need to be understood better (don’t see       regime?!) 

• Consider longer-distance windows?   Larger statistical errors (for now), but can use ChPT

• Improve scale setting – significant part of error
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BACK-UP SLIDES
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and ChPT:   why it works     
<latexit sha1_base64="AgJ57YxNy/DMSXd/HfmKRi0GAxw=">AAAB+HicdVDLSgMxFM3UV62Pjgpu3ISK4KpMirTTXcFNlxXsAzq1ZNK0DU1mhiQj1KFf4kZQEbd+gB/hzo07/8NMq6CiBy4czrmXe+/xI86UdpxXK7O0vLK6ll3PbWxubeftnd2WCmNJaJOEPJQdHyvKWUCbmmlOO5GkWPictv3Jaeq3L6lULAzO9TSiPYFHARsygrWR+nYe9z0RXySeFLDeasz69qFTdBwHIQRTgiplx5Bq1S0hF6LUMjisFW6fC+9v+42+/eINQhILGmjCsVJd5ES6l2CpGeF0lvNiRSNMJnhEu4YGWFDVS+aHz+CRUQZwGEpTgYZz9ftEgoVSU+GbToH1WP32UvEvrxvrodtLWBDFmgZksWgYc6hDmKYAB0xSovnUEEwkM7dCMsYSE22yypkQvj6F/5NWqYjKxZMzk4YLFsiCA1AAxwCBCqiBOmiAJiAgBtfgDtxbV9aN9WA9Lloz1ufMHvgB6+kDrBaWzQ==</latexit>

aHVP

µ

0.00 0.01 0.02 0.03 0.04 0.05
0.000

0.002

0.004

0.006

0.008

Q2 (GeV2)

a μ
in
te
gr
an
d

Compare integrand for              from NNLO ChPT with                from R-ratio (KNT data)

At NNLO 3 LECs:

O(p4)
O(p6)   poorly known

Anticipates why short-distance
windows are not accessible to ChPT!
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NNLO ChPT

R-ratio
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in Staggered ChPT (BMW 2020,  Aubin et al. 2022)
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!

NLO

NNLO

• label staggered pion tastes (16 tastes with partial degeneracies: P, A, T, V, S)

• used to compute finite-volume, taste-breaking and pion-mass-mistuning corrections

• contact terms, including        , drop out; at NNLO        dominates 
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(Bernecker et al. 2011)
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Results for              total

• Our value for light-quark connected:           (645.9 ± 11.4 ± 7.2 ± 3.0 ± 0.4) x 10-10 = 646(14) x 10-10

errors:    (1) statistical+latt.spacing,  (2) different continuum extrap., (3,4) higher orders in ChPT

• Add data-driven strange plus light-quark disconnected from Boito et al. 2022:      39.4(2.1) x 10-10

• Add charm from RBC/UKQCD 2018, Mainz 2019, ETM 2018 (agree with BMW):    14.6(0.7) x 10-10

• Add QED and SIB corrections from BMW 2020, James et al. 2021 (SIB only)              1.4(1.4) x 10-10

(avoid using staggered results, except for QED corrections, with BMW 2020 only complete comp.)

Ø Total HVP contribution:    701(14) x 10-10 agrees with BMW 2020 and data-driven
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Staggered fermions & taste breaking

• Lattice fermions with exact chiral symmetry have “species doublers”                             
(Karsten&Smit, Nielsen&Ninomiya, 1981):  “naïve fermions” have 16 doublers

• Staggered fermions minimize the number of doublers by “spreading out spin” over the lattice:      
1-component fermion ⟹ 16 components in continuum = (4 spin) x (4 “tastes” = flavors),                         
16 components on corners of hypercube:  hence all symmetries broken like rotational symmetry

• only discrete subgroup of                                                 remains

⇒ 16 charged pions made of 4 up and 4 down quarks split into 8 non-degenerate multiplets;                 

only one exact Nambu—Goldstone (NG) pion (one exact U(1) axial symmetry)
• Even if the NG pion is physical, the other 15 pions are heavier   ⟹ “taste splittings”;                                                      

lattice spacing artifact: disappears in the continuum limit
• To reduce number of quarks on loops:  take 4th root of determinant – another talk!
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Data-driven strange-connected plus disconnected part                          (Boito et al. 2022)

• Estimate strange-connected plus disconnected part:

In isospin symmetric world, equals 

• Most exclusive modes:   identify isospin from G-parity 
(perturbation theory used above 1.937 GeV (KNT 2019) or 1.8 GeV (DHMZ), error includes DVs)

• :  use                         and CVC;               I = 0/1 split from BaBar 2007 Dalitz-plot analysis
• Remaining G-parity-ambiguous modes:  use conservative split (50%±50%)

• QED “un”correction in I=0-(1/9)(I=1) small, with strong cancellation (confirmed by BMW-based estimate)

• Mixed-isospin “un”correction: 𝜌, 𝜔-region 2pi, 3pi (SIB+EM) from data: 2pi (Colangelo et al. 2019),

3pi (BaBar 2021)
• All QED+SIB corrections small, of order 1% or less  (despite 𝜌-𝜔 interference)

Ø Analysis carried out for KNT and DHMZ, good agreement

Ø Good agreement with lattice (RBC/UKQCD 2018, BMW 2020), except Mainz 2019
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