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Introduction

Motivation:

>

>
>

Double parton scattering processes (DPS), e.g. Double Drell-Yan (DDY), are
important standard model contributions in LHC experiments, especially after
high-luminosity upgrade
Approximation via Pocket formula:
P 1 0sPs,ij1 OSPS, 2
DPS,iyiz,j12 C Ooft
More fundamental description by double parton distributions (DPDs) :

dopps, i)
5111250102 2 ’ ’
———222 2 [ d%y Fii,(x1, x2, ¥)Fjj, (X1, X0, ¥
XmdXQdX{dXé ’1’2( ) ) ) 1112( I I )

So far, DPDs unknown from experiments, non-perturbative objects, access via
lattice simulations
Lattice results for the pion [arXiv:1807.03073], [arXiv:2006.14826]

Two involved quarks = interferences which are in general considered to be
suppressed; possible interferences w.r.t. flavor, color, fermion number;

This talk: Mellin Moments of DPDs for the nucleon from Lattice QCD. Consider
flavor interference in order to get an estimate of their size
Flavor diagonal results published in [arXiv:2106.03451]
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> Light cone coordinates for a given 4-vector x*: x* = (x° + x*)/V/2, x = (x*, x?)

» Consider a proton rapidly moving in 3-direction, i.e. pt ~ Q> A~m, p=0,
p- ~N/Q
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> Light cone coordinates for a given 4-vector x*: x¥ = (x® + x*)/v/2, x = (x*, x?)

» Consider a proton rapidly moving in 3-direction, i.e. p" ~ @ > A~ m, p=0,
p~ ~N/Q

Definition of proton DPDs for quarks arxiv:1111.0910]

dz; ixipTz~

=1,2

X 3305 (P A Oy, 21 )06(0,2) P, M),

amplitude c.c.

Joint probability to find quark a with momentum x;p* and quark b with momentum
xop™ at transverse distance y (x| + x| < 1)
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> Light cone coordinates for a given 4-vector x*: x* = (x° + x*)/V/2, x = (x*, x?)

» Consider a proton rapidly moving in 3-direction, i.e. pt ~ Q> A~m, p=0,
p- ~N/Q

Definition of proton DPDs for quarks farxiv:1111.0910]

- dz;~ ixiptz~
Fab(X17X25y) = 2p+/dy |~/H/27Jre P % ] X

=1,2

X %ZA <P,)\‘ Oa(szf)Ob(O?Z;) |P7 )‘>|y+:0

Twist-2 components: Quark polarizations

operators twist-2 comp. polarization
Vi =gy'q V) =0, q:q" + g* (unpolarized)
A = gy vsq Al = Onq Aq:q" — g (longitudinal)

T = gic"vsq T;j =

5q 8¢’ : g — g* (transverse)
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Double Parton Distributions

Interference distributions

Foua(x1, %2, y) :=2p" /dy LH/ e ]

j=1,2

X 330 AP A Ouuly, 21 )0ua(0, 2,) ‘p’)‘>’y+:0

d u , d u
1
1
1
1
Flavor changing operators
Oualy,z7) =y = 5)ad(y + 3)|,_g o
Ouuly;z7) = dly = 5)Fatly + 5)|,_g v o
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Double Parton Distributions: Factorization

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz7 o+,
e for [ %577]:

=1,2

X 3200 (P A Os(y, 20)06(0,2) [P V).
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Double Parton Distributions: Factorization

Definition of proton DPDs for quarks jarxiv:1111.0910]

dz; ixipTz~

=1,2

X 3305 (P A Oaly, 2 )06(0,2,) [P, V)|

yt=0
Factorization assumption |

d2p/dp/+

(Pl Oa(y,21)05(0, 22) |p) = @y (Pl Os(y, z1) |p") ('] O6(0, 22) | p)

= Fa(xa,x,y) = /dzb fa(x1, b+ y) fo(x2, b)
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Double Parton Distributions: Factorization

Interference distributions

quud(Xl,XQ,y) :2p /dy LH/ IX]p z; ]

X 330 P A Oauly, 2 )0ua(0, 2, ) |p, )\)|y+:0

Factorization assumption | (interference)

d2p/dp/+

@y (P10 2) 7)) (] 0us(0.2) )

(Pl Oau(y; 21)0ua(0, 22) | P) &
= quud(X17X27y) ~ /de fdu(xh b +_y) fud(X27 b)

d u.d u u
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(*) into basis tensors and scalar functions o/t
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ifz— >0

(*) into basis tensors and scalar functions
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decomposition(*)

fab(xi, ¥?) -+
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f dX,'
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Lorentz symmetry
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) -+

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

i 2
Y decomposition(*) ) 3
(Pl O:(y)O0s(0) [p) —————— Aw(py,y*)--- =Py =py

Lorentz symmetry

py < |B|lyl:
Have to extrapolate in py
> need data for large ||

(*) into basis tensors and scalar functions
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Double parton distributions on the lattice

Accessible quantities

decomposition(*)

fab(xi, ¥?) -+

trans. rot. symmetry

f dX,'

decomposition(*)

trans. rot. symmetry

3 decomposition(*)

<p|Oa(y)Ob(O)|p> — Aab(py7y2)"'

Lorentz symmetry

Results for these quantities

(*) into basis tensors and scalar functions o/t
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Two-current matrix elements on the lattice

In Euclidean spacetime:

Access via 4-point functions

1 (T, ¥Y)
LS A 0L ()OO [p.N) [y = 2v/m 2 )
A

C”()
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Two-current matrix elements on the lattice

In Euclidean spacetime:

Access via 4-point functions

1 (1, 7,Y)
32 (P05 (1)05(0)[p,) |0 = 2V /m? + 52 Gt m7)
A

CZ).( )

with 4-point / 2-point function (P4 = (1 +7s)):

CEl(t,ry) = e =D <tr {P+P5( £) OF%(0,7) OF%(7,7) P’ (7, 0)}>

X

)= e D <tr {P+735(Z/, 1) P(Z, o)}>

X
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Two-current matrix elements on the lattice

In Euclidean spacetime:
Access via 4-point functions

1 4
§Z<p7)‘|031(y)032(0)|p7 yU 0 =2Vym? + p? ICP ( )
A

2pt

with 4-point / 2-point function (P4 = (1 +7s)):
Chl(try) = 3 &P (w{PP(# 1) 0P 7(6,7) OP“(7.7) PP2.0)} )

X

) =Y e (w{pP(#.0 P20}

and Proton interpolators:

Pﬁ()?v t) = €abctis(x) [UZ—(X)C’}SC/C(X)} ’ b=t
P (R, 1) = €ape [0a(x)Crsdg (x)] Ge(x)] e
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Two-current matrix elements on the lattice

Wick contractions
o
K3

0{11112
7
ij _ ij
- = - N
O(]g:atm Oj
O Dij —

o = .
J
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Two-current matrix elements on the lattice

Wick contractions
onaz o3

7
ij ij
Cl 4194 m Sl,q
O(]g:a(m Oj
Q DW=

o = .
J

O;

:

Physical matrix elements
(Pl O (@O (7) Ip) = T f10aP) + STT@) + SLI(-7) + DVP(7)
(pl OF(0)05 () Ip) = CL8,, () + CLP@) + P (=9) + STE) + SUP(-9)
+ SIP(7) + DIR(y)
(pl OF(@)O(7) Ip) = CLE ) + CF(=9) + SIEF) + SUE(=9) + SIP(7) + DV (9)
(pl O (003 (7) |p) = CLh,g () + CLE) + L (=9) + S7P(7)
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Two-current matrix elements on the lattice

Wick contractions

aq
©9192 O;

7
ij iJ
% q1---q4 m Sl,q
O;g:a(m Oj
Q Dij —

" EE. g
J
e -— =V o0

O;

:

Physical matrix elements
(Pl O (@O (7) Ip) = O f14aP) + STT@) + SLI(-7) + DVP(7)
(Pl O (@01 (7) Ip) = 5, 9) + CLED) + LT (-9) + SLE) + 1P (-7)
+ $3P(y) + DPP(7)
(Pl OF(@)O () |p) = CLE) + G (-9) + SLEG) + SLI(=9) + STP(7) + DP(7)
(pl OF(©)03(7) Ip) = ﬁfuud(y)mg P + I 9) + S1P)
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Technical Details

S s

@®——— point source / propagator
®—— —» stochastic source / propagator / with HPE
-©——— sequential source / propagator with constituents

» APE smearing [Nucl. Phys. B251 (1985)]
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Technical Details

vVVvyyy

v

S s

@®——— point source / propagator
®—— —» stochastic source / propagator / with HPE
-©——— sequential source / propagator with constituents

APE smearing [Nucl. Phys. B251 (1985)]

Boosted sources (momentum smearing) [arXiv:1602.05525]

Sequential source technique [Nucl. Phys. B316 (1989)]

Stochastic wall sources: 7', = (+1 =+ i)/+/2 on requested time slice
Stochastic propagator: Dy = 1, Nstoch = 2 (G1), or Nstoch = 96 (C2)

Remove trivial terms from stoch. propagators by applying hopping parameter
expansion :

— 3 . .
Go: apply n(y) = >, min(|yi|, L — |yi|) hopping terms

9/15
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Lattice Setup

CLS ensemble H102 (ns = 2 4+ 1, Wilson fermions, order-a improved
[arXiv:1411.3982]), 990 configs used:

id B8 a[fm] B3xT Ki/s my k[MeV]  mzL conf.

H102 3.4 0.0856 323x96 0.136865 355 4.9 2037
0.136549339 441

>t = 48a (point sources at random spatial position)
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Lattice Setup

CLS ensemble H102 (ns = 2 4+ 1, Wilson fermions, order-a improved
[arXiv:1411.3982]), 990 configs used:

id B8 a[fm] B3xT Ki/s my k[MeV]  mzL conf.
H102 3.4 0.0856 323x96 0.136865 355 4.9 2037
0.136549339 441

>t = 48a (point sources at random spatial position)

122 p=0

10a p#0

> Insertion time 7 € [tsc + 33, tsni — 3a] for G (fit), else fix 7 = tye + /2
> 6 Momenta up to |p| = v/123Z ~ 1.57 GeV

Renormalization for 3 = 3.4, including conversion to MS at p = 2GeV
[arXiv:2012.06284]

> t= tsnk — tsre = {

%4 A T
Z | 0.7128 0.7525 0.8335
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Results for A(py = 0, y?): Polarization dependence

Invariant functions A(py =

Y2 = ytyu):

Alfm=2]

channel comparison for ud, p-y =0

0,y?), connected graphs only (notation y =

channel comparison for uu, p-y =0

—0.02

ylal ylal
4 6 8 10 12 14 16 4 8 10 12 14 16
b A 0201} Aw
| A t Asuna
iy, my Asa i my Asw
iy, tomy Asa 0.15 M* Asus
ay t Asas _ th m? 1y1Bsu
i us 2 |y2|Bsue b
® o m? |y?|Bsusa E X
<

» Signal of good quality for most channels
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Invariant functions A(py

0,y?), connected graphs only (notation y

2 _ .
Y =y yu):
channel comparison for ud, p-y =0 channel comparison for uu, p-y =0
ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.08 t A 0201} t A
by  Asaa t t Asa
0.06 1 my Asa my Asu
H e, tomy A 0.159 w t Ans
_ i t Asas _ th b2 1Yo
i 004 " M 2 y2|8 ¥ iy
s ¥ m? |y*|Beus 0.10] H,
3 ) £ g
< 002 < Ty
0.05
* e ettt
”'"N 0.00+
-0.02 T T T T T T T T T T T T
0.4 0.6 0.8 1.0 1.2 1.4 0.4 0.6 0.8 1.0 1.2 1.4
ylfm] ylfm]

» Signal of good quality for most channels

» ud: Clear contributions from all polarized channels (large for dud, ddu)
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Results for A(py = 0, y?): Polarization dependence

Invariant functions A(py = 0,y?), connected graphs only (notation y = +/—y2,
2 _ .
Y =y yu):

channel comparison for ud, p-y =0 channel comparison for uu, p-y =0
ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
0.08 b 02014 boA
i  Asaa t t Asa
# my Asau my Asu

008 H e, tomy A 0.159 w t Ans
_ oy t Asas _ t b2 1Yo
& 004 4 g +om? 2B ] 4,
E Hrire ey y?|Beusa £ 0.10] 4,
£ Py, “% = @‘}0‘
< 002 L < LY

D hrri 0.05 iy
S
0. 1y et
T Rpulhapann 14 484 gliutt
s ouo]! §
-0.02
04 06 08 1’0 12 14 04 0’6 08 10 12 14
ylfm] ylfm]

» Signal of good quality for most channels
» ud: Clear contributions from all polarized channels (large for dud, ddu)

» uu: Polarization effects suppressed, but visible for juu
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Results for A(py = 0, y?): Flavor dependence

ylal
4 6 8 10 12 14 16
] t Ad
0.20 h .
t Auw
015 Ht} Acoa |
t
B m'“
010 i
< L i
005 LYY #etreg ﬁm
t Lo "‘"'&h
P"‘"Wﬂu\m,» o ShalSitpgan
o
04 06 08 10 12
ylfm]

0.020

0.015

4 6 8 10 12
!

14
!

Ausd
Adsd
Auvsu
Adsu
Audsau)

0010 X a
So] ™ by
0.005 |
i W‘ %
0.0 L LIRS ?? ”m"""mm-
04 06 o' 1’0 12

Vifm]

» Clear flavor dependence visible, behavior of uu and dd different from du
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Results for A(py = 0, y?): Flavor dependence

ylal

ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
: : : : : : : : : :
00} boAw [ 0.020 b Aus
t tAw b Awsa
toAuw + t Auws
015 H*} Ao |- 0013 b A
A
f f (wasian
T oo '}h“ F0.010 X W
g0 t 3
£ iy £ talt
< R v < s M
PR T [ o054 ™
" by, . §W h.“ ) 1 ?TQ;&W
O, e 0.0 LLTRTS. S
o oty ey
04 06 08 10 12 04 06 o' 1’0 12
ylfm] ylfm]

» Clear flavor dependence visible, behavior of uu and dd different from du

» Size of interference effects comparable to dd, sign change possible
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Results for A(py = 0,y?): Comparison with SU(6)-model

SU(6)-symmetric proton wave-function:

Ip") [\uTuLdT) + et d"y = 2| uTdb) + [T d Tty 4 [utdTuT) -

=37
2| d* "y + |dT Tt + |dTut Ty = 2 |diuTuT)] .
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Results for A(py = 0,y?): Comparison with SU(6)-model

SU(6)-symmetric proton wave-function:

IpT) = — [\uTuLdT) + et d"y = 2| uTdb) + [T d Tty 4 [utdTuT) -
3v2
2| d* "y + |dT Tt + |dTut Ty = 2 |diuTuT)] .
Ratios
fduud 1 fduud 1 fud

= —— = — = - = 1

fud 2 ’ ﬂlu 2 ’ fuu + '
fadunud _ 5 fadunud _ +§ faund _
faund 4’ faunu 2’ fAunu '
faund _ 2 fAunu _ +1 fAdunud __5

fud 3 ’ fuu 3 ’ fduud 3 '
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Results for A(py = 0,y?): Comparison with SU(6)-model

Ratio of Aguua/Aud(y?)

Ratio of Aguua/Auuly?)
yial

ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
N ‘ ; ! ‘ ‘ N ‘ : ! ‘ ‘
i boa+e b oae
} boa toa
0s] ++ E 0.5]
iy
ES W“%M#h FE Nt b b
"W iy
305 T HHE HHR b W P AR TP | M
3-o. it W 3- 13 e L |
-1.0 r -1.0
-1. T T T T T -1, T T T T
0.4 0.6 0.8 1.0 1.2 0.4 0.6 0.8 1.0
yifm]

» (; data for unpolarized quarks roughly coincides with SU(6) prediction (orange
line)

» Large deviations in particular for small y when considering all leading contractions

13/15



Results for A(py = 0,y?): Comparison with SU(6)-model

Ratio of Aaauawa/Aud(y?) Ratio of Apuag/Aualy?)
ylal yla)
4 6 8 10 12 14 16 4 6 8 10 12 14 16
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» (; data for unpolarized quarks roughly coincides with SU(6) prediction (orange
line)
» Large deviations in particular for small y when considering all leading contractions

» No agreement for polarized channels
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Factorization tests

Factorization in terms of impact parameter distributions fq(x, b):

qur(xl.xz.y) ~ /d2b G(X1,b+y) fq/(XQ,b)
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Factorization tests

At the level of invariant functions A(py. y”) have expression in terms of nucleon form
factors Fi(t) and Fa(t) :

Aqq’(py / C C/2 /df r Jo(yr)><

e N
: Kl (2—4)2) Fi(t) Fi (t)+...]

= Obtain form factors Fi, F, from the lattice [T. Wurm, priv. comm.]
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Factorization tests

At the level of invariant functions A(py. y”) have expression in terms of nucleon form

factors Fi(t) and Fa(t) :

Agq (py =

/ a2 /drrJo(yr)x

« [(1 - —(2f<)2) Fo(t) Ff’(t)+...]

= Obtain form factors F1, F» from the lattice [T. Wurm, priv. comm.]

factorization of Ayq(py = 0, y?)

factorization of Ay,(py =0, y?)

ylal ylal
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Factorization tests

For interference distributions use isospin symmetry to replace "transition distributions"
fud,fdu :

Fr/(/{/r/(xl-xf-y) ~ /d2b fL/d(leb+y) fdu(X2,b)

- / @b [, b+ y) (e, b) — fu(sa, b+ y) fulre, b)

—fa(x1, b+ y) fu(x2, b) + fa(x1, b+ y) fa(x2, b)]
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Factorization tests

At the level of invariant functions A(py, y”) :

/ aclt=C/2r 4/2)2 / drrJo(yr)[(l—ﬁ)

(F1(t)F1(t) 2F{(t) Fl()"'Fl(t)Fl(t)) ]

A
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Factorization tests

At the level of invariant functions A(py, y”) :

Ao (py = / aclt=C/2r 4/2 / drrJo(yr)[(l—(

@0y

(F1(t)F1(t) 2F{(t) Fl()"'Fl(t)Fl(t)) ]

factorization of Aa)(du(y?)

ylal
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Factorization tests

At the level of invariant functions A(py, y”) :

Agr (py = / C C/2 /df r Jo(yr) [(1 - (2524)2>

(F1(t)F1(t) 2F{(t) Fl()+F1(t)F1(f)) ]

factorization of Aa)(du(y?)

yla)
4 6 8 10 12 14 16
0.084 3ptall fits [
t  apt

Awdyianlfm=2]
o
o
N
==
——

$h
m ”MWW #'”W’”WWML

T T T T T
0.4 0.6 0.8 1.0 12
ylfm]

Deviations larger for interference contributions
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Summary and Outlook

Achieved/Observed:
» Calculated two-current matrix elements on the lattice

> Extracted Lorentz invariant functions for specific quark polarizations / flavors;
these can be related to the first DPD Mellin moment (results for Mellin moments
available, not discussed here)

Polarization effects visible for ud, suppressed for uu

Size of interference effects comparable to dd, sign change possible

Observed clear flavor dependence

SU(6) prediction: approximately valid for unpolarized quarks, fails completely for
polarized quarks

Factorization in terms of form factors yields correct order of magnitude,
deviations visible

vVVvyyvyy
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» Calculated two-current matrix elements on the lattice
> Extracted Lorentz invariant functions for specific quark polarizations / flavors;
these can be related to the first DPD Mellin moment (results for Mellin moments
available, not discussed here)
Polarization effects visible for ud, suppressed for uu
Size of interference effects comparable to dd, sign change possible
Observed clear flavor dependence
SU(6) prediction: approximately valid for unpolarized quarks, fails completely for
polarized quarks
» Factorization in terms of form factors yields correct order of magnitude,
deviations visible

vVVvyyvyy

Future work / currently in progress:
> Repeat analysis for further ensembles (= physical limit)
» Consider derivatives (higher Mellin moments)
» Consider other baryons of the octet
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Summary and Outlook
Achieved/Observed:

>
>

vVVvyyvyy

>

Calculated two-current matrix elements on the lattice

Extracted Lorentz invariant functions for specific quark polarizations / flavors;
these can be related to the first DPD Mellin moment (results for Mellin moments
available, not discussed here)

Polarization effects visible for ud, suppressed for uu

Size of interference effects comparable to dd, sign change possible

Observed clear flavor dependence

SU(6) prediction: approximately valid for unpolarized quarks, fails completely for
polarized quarks

Factorization in terms of form factors yields correct order of magnitude,
deviations visible

Future work / currently in progress:

>
>
»

Repeat analysis for further ensembles (= physical limit)
Consider derivatives (higher Mellin moments)
Consider other baryons of the octet

Thank you for your attention!
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Parameterization of DPDs

Decomposition in terms of rotational invariant functions f(xi, x2, y?):

Faq (x1,

FAqu(
qAn

mm’

/(

(
Fagsq (x1

/

/

OW

qu X1

X1,

X1,

X2,

1, X2,

X2,

1, X2,

, X2,

X2,

s X2,

y) = qq/(X17X27y2)
= quAq (X17X2ay )
y FAW (X1 X2, ) = O

EI m fq(;q/(Xl,Xg,y2)

(IAG (X1 X2, y) = 0

6} y m f:iqq (Xl’X27y )
féqéq (X17X2,y )+ (2yly 6jky2) mzfzitqéq’(xlaxbyz)
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Parameterization of DPDs
Decomposition in terms of rotational invariant functions /(y?):
Mg () = lag (¥*)
= Inqaq (¥%)
= Magq(y) =0

MAqu

(¥)
(¥)
(¥)
Magsq' (¥) = Msqag (y) =0
(¥)
(¥)



Parameterization of two-current matrix elements

Decomposition in terms of Lorentz invariant functions A(py, y2), B(py,y?), ..., blue: twist-2
contributions:

(Pl VA" (0)V2) (v) Ip) =
= (20P" — g ) Agq(py,y?) + (2p1Hy") — B g )ym? By o (py. v?)
+(20yY — £ g™ m* Cyro(py. v?) + 8" Dyrg(py.v°)
(pl AS(0)A7) (v) Ip) =
= (2p“p — ) Anging(py, v?) + (211} — g ) mP Ba g ag(py, v?)
+ 21y — 2" )m* Cagrng(pYsv?) + 8" Dag ag(py.v?)
(pI T4 (O)V],(¥) Ip) + 2g508"" (] T”J/\(O)V”/ W) lp) =
— (aylp"pr 4 422 grliny V] _ 42w goliplym A5 (py, y?)
+ (ayleply? + ﬂg”[“y”] — 2 Pl 3B, (py. v?)
3 (P TGO T (V) Ip) + 3 (Pl TE7(O) TS (v) Ip) =
= —8plglle 7 As 54 (py, y?) — (16y1Hprlylepe) — 8y plv gl peym2 Bs 5o (py, y?)
— (aplghlloyl 4 ayl ghllopolym? Cs s (py, v?) — 8y g ey o Im® Dy 5o (py, v?)
+2g"1P g7V m?Es 54 (py. v°)



More

on SU(6) comparison

Ratio of Apuau/Auuly?)

Ratio of AsusalAua(y?)
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

27
i=1,2

. — dz” . )
Fab(x1,52,C,y) i= 2p™ / dy~e Py lH e"] (Pl O(y, 21)05(0, 22) |p)



Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

. - dz
Fab(x1,52,G,y) i= 2p*/dy‘e"<"+y [H Z;Fe'XfP*Zf] (pl Oaly, 21)05(0,22) |p)
i=1,2

Symmetries and support region:

F(X17X27<7y):F(X17X27_<7y) |X1i</2|§1 IC‘ <1



Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

27
i=1,2

. _ dz .
Fab(x1,x2,C,y) := 2P+/dy_e_'<p+y [H ,e:x,erz,-] (p| Oaly, z1)O5(0, 22) |p)

Symmetries and support region:
F(xi,%,¢y) = F(xi,x, —Cy)  IxE¢/2/<1 [¢[<1
Ansatz:

1y oY MO —¢?) = Alpy,y®) = A(0,¥%) Y an(y*)ha(py)

n

hn(x) = %/ d¢e™C¢?M = sin(x)sn(x) + cos(x)cn(x)

1

(2n)!(—1)m @m)!(=1)"
snlx) = Z (2n —2m)Ix1t2m Z (2n —2m — 1)Ix2F2m




Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

ity — er o .
Fab(x1,%2,C,y) = 2p+/dy e P T 55" | (Pl Oaly, 21)05(0, 22) |p)
2w
i=1,2
Symmetries and support region:
F(X1$X2a<7y):F(X17X27_<’y) |Xl:|:</2| <1 IC‘ <1
Ansatz:
Gy oY "0 =) = Alpy,y?) = A0,y2) D an(y*)ha(py)
n n

local fit on Ay at y = 10a, K= 0 local fit on Aysq at y = 10a, K=0

14 o fitN =2 f o fitN =2
124 fitN =3 L fitN =3
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

Fab(x1,%2,C, y) i= 2P+/dy_e_i<p+y7 H %eixierZi (Pl Oa(y, 21)Op(0, 22) |P)
i=1,2
Symmetries and support region:
F(x1,x2,C,y) = F(xa,x2,—C,y)  a£¢/2[<1 [¢[<1
y?-dependence:

A(0,y?) = Z Ai(niy) e =)

i=1,2
double-exponential fit on Ayq(py = 0, y?)(log) double-exponential fit on Ay, (py = 0, y?)(log)
yla] ylal
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+ 4ptdata 104 t 4ptdata Lo
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

— icpty— dz; o+,
Fap(x1,x2,C,y) i= 2p+/dy e~iCPY H ?G’X’p “| (p| Oaly, z1)Ob(0, 22) |p)
i=1,2

Symmetries and support region:

F(x1,%2,¢,y) = F(x1, %2, —¢, y)

Ansatz am(y?):

k
am(y) = /=2 (T )= cuk
k

(Z2) for Iyg, N=2

Ixi £¢/2| <1

9" Apy, y?)
d(py)*"

Py

(Z?) for luga, N=2

Kl <1

= A(O,yz) Z Cnk\/ _y2k
—0 P

ylal ylal
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= global fit: constant = global fit: constant
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Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

. _ dz .
Fab(x1,x2,C,y) := 2P+/dy_e_'<p+y [H ,e:x,erz,-] (p| Oaly, z1)O5(0, 22) |p)

27
i=1,2

Symmetries and support region:
F(X17X27C7y):F(X17X27_<7y) |Xl:t<—/2|§1 |C‘ Sl

Total ansatz (red: fit parameters)

Alpy,y?) =Y A=) Z Z e V= ® hn(py)

i=1,2 n,m=0 k=0

I(y _WZAe ni(y—yo) Zfow/*y

i=1,2



Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

ity dz;” o+,
Fab(x1,%2, ¢, y) == 2p+/dy e Py | I ——e"P % (p| Oaly, 21)05(0, 22) |p)
27
i=1,2
Symmetries and support region:

F(X17X27C7y):F(X17X27_<7y) |Xl:t<—/2|§1 |C‘ <1

Total ansatz (red: fit parameters)

A(py,y?) ZAe nily= mzzck \/—y ® hn(py)

i=1,2 n,m=0 k=0
I(y _WZAe ni(y—yo) Zfow/*y
i=1,2

> C,/,k = T,;,}ka
> Notice: cgo = 1 and cg1 = 0 (only influence A(0, y?))
» In this work: (N, K) = (2,0),(2,1),(3,0)



Fit ansatz for invariant functions

Skewed DPDs (additional phase with skewness ():

ity dz;” o+,
Fan(x1,%2,C,y) = 2p* / dy=e P | TT 52 | {pl Osly, 21)05(0, 22) Ip)
i=1,2
Symmetries and support region:

F(X17X27C7y):F(X17X27_<7y) |Xl:|:C/2|S1 |C‘ <1

Total ansatz (red: fit parameters)

Alpy,y?) =Y A=) Z Z e V= ® hn(py)

i=1,2 n,m=0 k=0
I(y _ﬂer ni(y—yo) ZCOM/*Y
i=1,2

Caution: Preliminary ansatz! We are currently exploring more sophisticated models based
on parton splitting at small y



Mellin moments: Fit ansatz dependence

Mellin Moment Fit Comparison /,4(y?, = 0)

ylal
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Mellin Moment Fit Comparison If,s4(y?, { =0)

ylal
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Mellin Moment Fit Comparison /,(y?,{ = 0)

Mellin Moment Fit Comparison lsuu(y?, { = 0)
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Results for /(y?): Polarization dependence

DPD moments /(y?) (notation y = |y|):

Mellin Moment I(y?,{=0) forud, N=2,K=0 Mellin Moment /(y?,{=0) foruu, N=2,K=0

ylal ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
n n n
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0.6 my lsdu
05 oyl |
W Isusg
04 = m s |

04 06 08 10 12 14

» Moments: Similar conclusions as for invariant functions



Results for /(y?): Flavor dependence

Mellin Moment Igq(y?,{=0), N=2,K=0

Mellin Moment m y lsgq(y2,{=0), N=2,K=0

ylal ylal
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» Clear flavor dependence observable



Results for /(y?): Flavor dependence

Mellin Moment Igq(y?,{=0), N=2,K=0 Mellin Moment m y lsgq(y2,{=0), N=2,K=0
ylal yla)
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y v T T T 4 v T
0.4 0.6 0.8 1.0 1.2 1.4 0.4 0.6 0.8 1.0 1.2 1.4
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» Clear flavor dependence observable

» Reminder: Assumption for the pocket formula:
Far(x1,2,¥) = H(a)fe(e) T(y) = ls(y?) = Cr T(y?)

with unique T (y)



Results for /(y?): Flavor dependence

Mellin Moment Igq(y?,{=0), N=2,K=0 Mellin Moment m y Isqq(y?,{=0), N=2,K=0
yial vial
4 6 8 10 12 14 16 4 6 8 10 12 14 16
) ! \ N N " i ) ! ! n N " i

m Y lsqq [fM=2]

04 06 08 10 12 14 04 06 o8 10 12 14
ylfm] ylfm]

» Clear flavor dependence observable

» Reminder: Assumption for the pocket formula:

Fap(x1,%,¥) = () () T(y) = lbs(y’) = CbT(y%)

with unique T (y)
» Clearly not fulfilled



DPD number sum rule
For x1 > 0 (otherwise Fyq/(x1,...) = —Fgq/(—x1,...))

The number sum rule [Gaunt, Stirling '10; Diehl, PI&BI, Schifer '19]
1
/ dXQ/ dzquq/ (X17 X2, Y, M) =
-1 b/
= (Ng + 0qzr — dag)fy(x1; 1) + O(es(1)) + O((bo /1))

with bp = 2e™” and = 2 GeV (v ~ 0.577, splitting singularity ~ as/y?)



DPD number sum rule
For x1 > 0 (otherwise Fyq/(x1,...) = —Fgq/(—x1,...))

The number sum rule [Gaunt, Stirling '10; Diehl, PI&BI, Schifer '19]
1
/ dXQ/ dzquq/ (X17 X2, Y, M) =
-1 b/
= (Ng + 0qzr — dag)fy(x1; 1) + O(es(1)) + O((bo /1))

with bp = 2e™” and = 2 GeV (v ~ 0.577, splitting singularity ~ as/y?)
Implies for /,4

/ Py la(y?) = 2 + O(a2(1)) + O(boh/ 1))
bo/p



DPD number sum rule
For x1 > 0 (otherwise Fuy(x1,...) = —Fgq/(—x1,...))

The number sum rule [Gaunt, Stirling '10; Diehl, PI&BI, Schifer '19]

/ dxz/ APy Foq (31, %2, i 1) =
bo/

(No + daq7 — Sqqr Va1 1) + Olas() + O((bo/1)?)

with bp = 2e™” and = 2 GeV (v ~ 0.577, splitting singularity ~ as/y?)

Implies for /,4

/ Py la(y?) = 2 + O(a2(1)) + O(boh/ 1))
bo/p

From our data:

x> /dof | integral
0.47 1.93(23)
0.46 | 2.07(51)
0.46 | 1.98(24)

N oW N =
= o olX




Results for

the pion

Comparison of A, and [, for ud:

proton (p)

channel comparison for ud, p-y =0
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Mellin Moment /(y2,{ = 0) for ud, N=2, K=0
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Mellin Moment /,(y2, ¢ =0) for ud, N=1,M=1
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Non-forward DPDs

» Introduce difference of the momentum fractions of the emitted /absorbed quarks:

Fab(x1, %2, ¢, / —e=iPTy” |_/H/ %P7 ] X

=1,2

X 3205 (P A Oa(y, 20 )0u(0.22 ) 1PN s g

X2+ 3 X1*%X1+ X — 3

L]



Non-forward DPDs

» Introduce difference of the momentum fractions of the emitted/absorbed quarks:

> Parton content
( Ty -1<¢<0 £
A A
(361-40 P (10
2 2
X %o
: \d\\, : O
ud|du d|duu ud|du ud|du aud|d ud|du
(1-3¢50 ‘ (1+3¢-50)
,,,,, T . b
add|u dd|ut udd|u ulddu auldd | u|ddu
ad|du d|dut ud|du adldi | audld | ud|du




Non-forward DPDs

» Introduce difference of the momentum fractions of the emitted/absorbed quarks:
» Parton content

» Factorization

1 d2 —iry
Faop(x1,x2,C, y) = m (27r)2(e Z )

AN

x £ (%(x1,€), —€(€), 0, =)™ (R (3, ), £(¢), =1, 0)



Non-forward DPDs

» Introduce difference of the momentum fractions of the emitted/absorbed quarks:
» Parton content
» Factorization

» Support mismatch

___1 x 1
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Factorization tests for Mellin moments
Factorization in terms of impact parameter distributions fq(x, b):

Fog (x1,x2,y) = /dzb fo(x1,b+y) fy(x2, b)



Factorization tests for Mellin moments

For the Mellin moments

dr / f'2 ’
o) [ G ehlon) | FICPIR () P (1)



Factorization tests for Mellin moments

For the Mellin moments

dr / f'2 ’
o) [ G ehlon) | FICPIR () P (1)

= Obtain form factors F1, F, from the lattice [T. Wurm, priv. comm.]



Factorization tests for Mellin moments

For the Mellin moments
()~ [ 9r rdo(ry) Fq(—rZ)Fq’(—r2)+’—QF"(—#)FC"(—R)
99 o 1 1 4m? 2 2

= Obtain form factors F1, F, from the lattice [T. Wurm, priv. comm.]
Results for /.4 and /,,:

factorization of I,4(py = 0, y?) factorization of I,,(py = 0, y?)
yial ylal
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Factorization tests for Mellin moments

For the Mellin moments
Lo (y) ~ dr rdo(ry) Fq(—rQ)Fq’(—r2)+’—QFQ(—#)FC"(—#)
qaq o 1 1 am? 2 2

= Obtain form factors F1, F, from the lattice [T. Wurm, priv. comm.]
Results for /.4 and /,,:

factorization of I,4(py = 0, y?) factorization of I,,(py = 0, y?)
yial ylal
4 6 8 10 12 14 16 4 6 8 10 12 14 16
m—apt 2.0 —apt L
3pt all fits - 3pt all fits

[ 3pt best x2
[ FYFY (best x2) [

mm 3pt best x2
[ FYFS (best x2) |

0.6
T
0.4 F 5 107 [
0.2 L 0.5 L
0 0
04 06 08 10 12 04 06 08 10 12
yifm] ylfm]

Comparable size but deviations are visible
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