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4

Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

What were the goals of  this calculation? 

This is part of  a large effort to understand two (and more) hadron interactions from QCD 

NN, N𝜋, YN, YY, …, N𝜋𝜋, NNN? 

N𝜋 scattering is important to include in single-nucleon structure/form-factor calculations 
to test our understanding of  excited states 

N𝜋 scattering is essential to study the N→ N𝜋, Δ transition matrix elements 

We are utilizing a variational basis of  interpolating operators to have positive-definite two-
hadron correlators 

To mitigate the growth in contraction cost of  the distillation method 
    the number of  eigenvectors of  the 3D Laplacian grows with V3 for fixed smearing profile 
we are using the stochastic Laplacian Heaviside (sLapH) method 

use a noise basis between the Laplacian eigenvectors and solutions of  D-1

Peardon et al. 0907.1913,  
Morningstar et al. 1104.3870
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

What were the goals of  this calculation? 

Is the sLapH method capable — with reasonable statistics/resources — in achieving 
precise estimates of  the interaction energies/scattering amplitudes at light pion masses? 

It seems the answer is yes, fortunately 

To carry out the study, we used

Figure 1: Relative error of the zero-momentum nucleon (left) and pion (right) correlators,
denoted RNbin(t), for several bin sizes Nbin. All points are normalized by the Nbin = 5

value with errors estimated using the bootstrap procedure with NB = 1000 resamples. All
subsequent analysis, which does not employ any correlation functions with t/a . 8 � 10,
ignores autocorrelation and uses Nbin = 20.

ND (⇢, n⇢) Nev N
fix
R N

rel
R Noise dilution Nt0

2560 (0.1,36) 448 6 2 (TF,SF,LI16)fix(TI8,SF,LI16)rel 4

Table 3: Parameters of the stochastic LapH implementation used to compute temporal
correlators in this work. ND is the number of Dirac matrix inversions required per configu-
ration and (⇢, n⇢) the stout smearing parameters for the spatial links in the gauge-covariant
Laplace operator. Nev denotes the dimension of the LapH subspace. N

fix
R and N

rel
R are the

number of stochastic sources for fixed and relative quark lines, respectively. Next follows
‘dilution’, which specifies the dilution scheme for each line type, and the number of source
times on each configuration Nt0 .

Our operator construction is described in Ref. [73] and our method of evaluating the
temporal correlators is detailed in Ref. [49]. Well-designed multi-hadron interpolators are
comprised of individual constituent hadrons each having definite momenta. Evaluating
the temporal correlations of such operators requires all-to-all quark propagators, where all
elements of the Dirac matrix inverse are computed. The stochastic-LapH approach [49]
enables the efficient treatment of this inverse, provided at least one of the quark fields is
LapH smeared [48]. This smearing procedure is effected by a projection onto the space
spanned by the Nev lowest eigenmodes of the gauge-covariant three-dimensional Laplace
operator, which is first stout smeared [74] with parameters (⇢, n⇢). Although the Nev re-
quired to maintain a constant smearing radius grows with the spatial volume, the growth
of the number of Dirac matrix inversions ND can be significantly reduced with the intro-
duction of stochastic estimators in the LapH subspace. Such estimators are specified by the
number of dilution projectors in the time (‘T’), spin (‘S’), and Laplacian eigenvector (‘L’)

– 8 –
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Nfix
R
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N rel
R

Dirac inversions per config

No. of  eigenvectors of  3D Laplacian

No. of  noise sources for fixed lines

No. of  noise sources for relative lines

2176

35 64 92t=0
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Results 

We explored multi-exponential fits 
 as well as a “geometric series” fit 
 
 

This GS fit does quite well 
Our interest is quantifying 
uncertainty on ground state 

We also tried a multi-state version 
of  the GS ansatze

<latexit sha1_base64="70072+JWa2Gn76bodKoBYm3kvtc="></latexit>
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Parity Odd Results - S-wave N𝜋
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Various irreps used to determine the spectrum

G1u(0) G1(1) G(2) G(3) G1(4)

5.0

5.5

6.0

6.5

E
cm

/m
º

Nº

Nºº

G1u(0) Hg(0) G1(1) G2(1) G(2) F1(3) F2(3) G(3) G1(4) G2(4)G1g(0) Hu(0)

6.0

6.5

7.0

7.5

E
cm

/m
º

Nº

Nºº

d ⇤ dim. contributing (2J, `)
nocc for `max = 2

(0, 0, 0) G1u 2 (1, 0)

G1g 2 (1, 1)

Hg 4 (3, 1), (5, 2)

Hu 4 (3, 2), 5, 2)

G2g 2 (5, 2)

(0, 0, n) G1 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)

G2 2 (3, 1), (3, 2), (5, 2)
2

(0, n, n) G 2 (1, 0), (1, 1), (3, 1)
2, (3, 2)

2, (5, 2)
3

(n, n, n) G 2 (1, 0), (1, 1), (3, 1), (3, 2), (5, 2)
2

F1 1 (3, 1), (3, 2), (5, 2)

F2 1 (3, 1), (3, 2), (5, 2)

Table 1: A list of the lowest contributing partial waves for each irrep of the finite-volume
little group ⇤ in momentum class d employed in this work. All partial waves with `  `max

for `max = 2 are shown and each partial wave is denoted by (2J, `). The superscript nocc

denotes the number of multiple occurrences (subductions) of the partial wave in the irrep.
The pattern of partial wave mixing is evidently more complicated for irreps with non-zero
total momentum.

The box matrix B
P

(Ecm) encodes the reduced symmetries of the periodic spatial vol-
ume, and is in general dense in all indices. The finite-volume energies used to constrain
K from Eq. (2.1) possess the quantum numbers associated with symmetries of the box,
namely a particular irreducible representation of the finite-volume little group for the to-
tal spatial momentum P =

2⇡
L d, with d 2 Z3. The matrices in Eq. (2.1) are therefore

block-diagonalized in the basis of finite-volume irreps, with each energy analyzed using a
single (infinite-dimensional) block. Since the subduction from infinite-volume partial waves
to finite-volume irreps is not in general one-to-one, an additional occurrence index n is
required to specify the matrix elements in each block. A particular block is denoted by the
finite-volume irrep ⇤(d2

) and a row of this irrep �. Since the spectrum is independent of
the row �, this index is henceforth omitted. For a particular block, the block-diagonalized
box-matrix is denoted B

⇤(d2)
J`n,J 0`0n0 . The block diagonalization has no effect on K̃, apart from

introducing the additional occurrence index, in which it is diagonal.
In practical applications the matrices in Eq. (2.1) are truncated to some maximum

orbital angular momentum `max. Threshold-barrier arguments ensure that at fixed Ecm

higher partial waves are suppressed by powers of qcm, but systematic errors due to finite
`max must be assessed. The expressions for all elements of B

⇤
(d

2
) relevant for this work are

given in Ref. [55], although some are present already in Ref. [63]. The occurrence pattern
of lowest-lying partial waves in the finite-volume irreps is given in Tab. 1.

Employing this formalism for nucleon-pion scattering presents additional difficulties
compared to simpler scattering processes. First, due to the non-zero nucleon spin, two
partial waves contribute for each non-zero `, one with J = ` + 1/2 and the other with

– 5 –

I=1/2

I=3/2
Note: the gray bands and 
green energy levels are 
correlated, which is not 
reflected visually in the plots
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes [Lüscher, … many others] 
 
 

     proportional to the K-matrix 

                  is the “Box Matrix” that encodes information about the finite-volume and BCs

2 Finite-volume formalism

The Euclidean metric with which lattice QCD simulations are necessarily performed com-
plicates the determination of scattering amplitudes. It was shown long ago by Maiani and
Testa [57] that the direct application of an asymptotic formalism to Euclidean correlation
functions does not yield on-shell scattering amplitudes away from threshold. Instead, lattice
QCD computations exploit the finite spatial volume to relate scattering amplitudes to the
shift of multi-hadron energies from their non-interacting values [58]. See Ref. [59] for a more
complete investigation of the Maiani-Testa theorem, and Refs. [60, 61] for an alternative
approach to computing scattering amplitudes from Euclidean correlation functions based
on Ref. [62].

This section summarizes the relationship between finite-volume spectra and elastic
nucleon-pion scattering amplitudes. Due to the reduced symmetry of the periodic spatial
volume, this relationship is not one-to-one and generally involves a parametrization of the
lowest partial wave amplitudes with parameters constrained by a fit to the entire finite-
volume spectrum. Symmetry breaking due to the finite lattice spacing is also present, but
ignored. At fixed physical volume and quark masses, the continuum limit of the finite
volume spectrum exists and is assumed for this discussion.

For a particular total momentum P , the relationship between the finite-volume center-
of-mass energies Ecm determined in lattice QCD and elastic nucleon-pion scattering ampli-
tudes specified in the well-known K-matrix is given by the determinantal equation

det[K̃
�1

(Ecm) � B
P

(Ecm)] + O(e
�ML

) = 0 , (2.1)

where K̃ is proportional to the K-matrix and B
P

(Ecm) is the so-called box matrix. This
relationship holds below the nucleon-pion-pion threshold, up to corrections which vanish
exponentially for asymptotically large ML, where L is the side length of the cubic box
of volume L

3 and M the smallest relevant energy scale. The determinant is taken over
all scattering channels specified by total angular momentum J , the projection of J along
the z-axis mJ , and the orbital angular momentum `. For elastic nucleon-pion scattering
the total spin S = 1/2 is fixed, and therefore not indicated explicitly. The K-matrix is
diagonal in J and mJ , and, for elastic nucleon-pion scattering, additionally diagonal in `.
The K̃-matrix in Eq. (2.1) explicitly includes threshold-barrier factors which are integral
powers of qcm =

p
q2cm, with

q2cm =
E

2
cm

4
� m

2
⇡ + m

2
N

2
+

(m
2
⇡ � m

2
N)

2

4E2
cm

, (2.2)

so that K̃
�1 is smooth near the nucleon-pion threshold. Each diagonal element of K̃

is associated with a particular partial wave specified by J
P , where P is the parity, or

equivalently (2J, `), so that

K̃
�1
J`,J 0`0 = �JJ 0�``0q

2`+1
cm cot �J`(Ecm) , (2.3)

where �J`(Ecm) is the scattering phase shift.

– 4 –
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BP(Ecm)
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes [Lüscher, … many others] 
 

We try 2 strategies to fit the results: 

Spectrum Method 
Use model parameters of  interaction to predict energies (effective range expansion) 

Vary parameters to minimize discrepancy with numerically determined spectrum 

Determinant Residual Method 
Use energies and model parameters to evaluate the determinant (above) 

 Vary parameters to minimize the determinant 

Both methods give consistent results 
spectrum method is more precise, and more able to constrain higher partial waves 
net-residual method is noisier and typically has smaller 𝜒2

2 Finite-volume formalism

The Euclidean metric with which lattice QCD simulations are necessarily performed com-
plicates the determination of scattering amplitudes. It was shown long ago by Maiani and
Testa [57] that the direct application of an asymptotic formalism to Euclidean correlation
functions does not yield on-shell scattering amplitudes away from threshold. Instead, lattice
QCD computations exploit the finite spatial volume to relate scattering amplitudes to the
shift of multi-hadron energies from their non-interacting values [58]. See Ref. [59] for a more
complete investigation of the Maiani-Testa theorem, and Refs. [60, 61] for an alternative
approach to computing scattering amplitudes from Euclidean correlation functions based
on Ref. [62].

This section summarizes the relationship between finite-volume spectra and elastic
nucleon-pion scattering amplitudes. Due to the reduced symmetry of the periodic spatial
volume, this relationship is not one-to-one and generally involves a parametrization of the
lowest partial wave amplitudes with parameters constrained by a fit to the entire finite-
volume spectrum. Symmetry breaking due to the finite lattice spacing is also present, but
ignored. At fixed physical volume and quark masses, the continuum limit of the finite
volume spectrum exists and is assumed for this discussion.

For a particular total momentum P , the relationship between the finite-volume center-
of-mass energies Ecm determined in lattice QCD and elastic nucleon-pion scattering ampli-
tudes specified in the well-known K-matrix is given by the determinantal equation

det[K̃
�1

(Ecm) � B
P

(Ecm)] + O(e
�ML

) = 0 , (2.1)

where K̃ is proportional to the K-matrix and B
P

(Ecm) is the so-called box matrix. This
relationship holds below the nucleon-pion-pion threshold, up to corrections which vanish
exponentially for asymptotically large ML, where L is the side length of the cubic box
of volume L

3 and M the smallest relevant energy scale. The determinant is taken over
all scattering channels specified by total angular momentum J , the projection of J along
the z-axis mJ , and the orbital angular momentum `. For elastic nucleon-pion scattering
the total spin S = 1/2 is fixed, and therefore not indicated explicitly. The K-matrix is
diagonal in J and mJ , and, for elastic nucleon-pion scattering, additionally diagonal in `.
The K̃-matrix in Eq. (2.1) explicitly includes threshold-barrier factors which are integral
powers of qcm =

p
q2cm, with

q2cm =
E

2
cm

4
� m

2
⇡ + m

2
N

2
+

(m
2
⇡ � m

2
N)

2

4E2
cm

, (2.2)

so that K̃
�1 is smooth near the nucleon-pion threshold. Each diagonal element of K̃

is associated with a particular partial wave specified by J
P , where P is the parity, or

equivalently (2J, `), so that

K̃
�1
J`,J 0`0 = �JJ 0�``0q

2`+1
cm cot �J`(Ecm) , (2.3)

where �J`(Ecm) is the scattering phase shift.
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes - spectrum method comparison
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

FV Spectrum to Scattering Amplitudes - spectrum method comparison - resulting amplitude
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Elastic nucleon-pion scattering at M𝜋 ≈ 200 MeV from lattice QCD

Results for scattering lengths and effective Delta-resonance parameters 
 
 
 
 
 
 
 

Delta-resonance parameterized in amplitude as  
 
 

Fit Npw A1/2� g
2

M�/M⇡ A1/2+ A3/2� A5/2� �
2 dofs

SP 2 -1.56(4) 13.8(6) 6.281(16) — — — 44.38 23 � 3

DR 2 -1.57(5) 14.4(5) 6.257(36) — — — 14.91 23 � 3

SP 5 -1.53(4) 14.7(7) 6.290(18) -0.19(6) -0.46(12) 0.37(10) 30.17 25 � 6

Table 4: Results for the fits in the I = 3/2 channel. Npw is the number of partial waves
included in the fit. Two different fit forms are included, the one denoted Npw = 2 includes
only the desired partial waves, namely J

P
= 1/2

� and 3/2
+, while the one with Npw = 5

includes all s-, p-, and d-waves. For the Npw = 2 fit, results from the determinant-residual
method, denoted ‘DR’, are shown in addition to the spectrum method, denoted ‘SP’.

Fit Npw A1/2� �
2 dofs

SP 1 0.82(12) 1.68 5 � 1

DR 1 0.92(22) 1.72 5 � 1

SP 1 0.82(13) 0.79 4 � 1

Table 5: Results for fits to the I = 1/2 spectrum in Fig. 4a. Npw is the number of partial
waves included in the fit. Due to the small number of levels, all fits include only the desired
J
P

= 1/2
� partial wave. Nonetheless, the effect of the omitted p-waves is estimated by

removing the G1(4) level, which evidently has little influence on the result. ‘SP’ refers to
the spectrum method, and ‘DR’ refers to the determinant-residual method.

Fig. 4a. Full exploration of the elastic I = 1/2 spectrum likely requires additional operators
beyond the scope of this work, due to the strongly-interacting J

P
= 1/2

+ wave containing
the N(1440) Roper resonance.

The spectrum method enables an additional visualization of the quality of fits to the
finite-volume spectra. The residual is constructed using model values of q

2,QC
cm /m

2
⇡ which

depend on the parameters and can be compared with the input data from the spectrum.
Such comparisons are shown in Fig. 7 for both the I = 1/2 and I = 3/2 spectra. Although
not shown explicitly on the plot, the ground states in G1(1), G(2), G(3), and G1(4) with
I = 3/2 are sensitive to the J

P
= 3/2

+ partial wave. The `max = 0 approximation signifi-
cantly increases the �

2 for these levels. Conversely, these levels therefore place significant
constraints on the near-threshold behaviour of the 3/2

+ wave, in contrast to the higher-
lying levels in the Hg(0), G2(1), F1(3), F2(3), and G2(4) irreps. The ground states in the
G1g(0) and Hu(0) irreps are not shown on the plot, and only included in the Npw = 5 fit
in Table 4.

The final results for the scattering lengths in this work are taken from the determinant
residual method fit in Table 4 with Npw = 2 for I = 3/2 and the spectrum method fit for
I = 1/2 including all five levels

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22), (4.5)

which are already given in Eq. (1). The results from this work for the Breit-Wigner param-
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Figure 3: Example determination of the spectrum in the I = 1/2 G(3) irrep. Left:
tmin-plot for the second level including single- and two-exponential fits to Dn(t) as well
as single-exponential fits to the ratio Rn(t) in Eq. (3.4). All fits employ the GEVP of
Eq. (3.3) with Nop = 4 and (t0, td) = (8a, 16a). The horizontal band represents the chosen
tmin from the ratio fit. Right: stability under variation of the GEVP parameters for the
entire spectrum in this irrep. For each level tmin is fixed while (Nop, t0, td) are varied as
shown in the legend. The elastic and inelastic thresholds are represented by dotted lines.

restrict our attention to center-of-mass energies below or within one standard deviation of
the threshold Ecm = 2m⇡ + mN.

The goal of this analysis is a parametrization of the J
P

= 1/2
� partial wave for both

isospins, and the 3/2
+ wave with I = 3/2. As discussed in Sec. 2, energies from irreps with

zero total momentum directly provide points for these partial waves up to corrections from
` � 3 contributions. However, mixing among the desired waves, as well as with others,
generally occurs for energies in irreps with non-zero total momentum. The zero-momentum
points are therefore a useful guide when plotted together with the partial wave fits.

Each partial wave is parametrized using the effective range expansion. For the I = 3/2,
J
P

= 3/2
+ wave, the next-to-leading order is included

q
3
cm

m3
⇡

cot �3/2+ =
6⇡

p
s

m3
⇡g

2
�N⇡

(m
2
� � s), (4.1)

where
p

s = Ecm =
p

m2
⇡ + q2cm +

q
m

2
N + q2cm, and the effective range fit parameters are

reorganized to form the conventional Breit-Wigner properties of the �(1232) resonance, de-
noted g

2
�N⇡ and m�. For the other waves, the leading term in the effective range expansion

is sufficient
q
2`+1
cm

m
2`+1
⇡

cot �
I
JP =

p
s

m⇡A
I
JP

, (4.2)

where the overall
p

s factors are adopted from standard continuum analysis [78], and the
single fit parameter AJP is trivially related to the scattering length

m
2`+1
⇡ a

I
JP =

m⇡

m⇡ + mN
A

I
JP . (4.3)
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are due in part to stochastic algorithms employing Laplacian-Heaviside (LapH) smearing to
efficiently compute timeslice-to-timeslice quark propagators [48, 49] which enable definite
momentum projections of the constituent hadrons in multi-hadron interpolators and the
evaluation of all needed Wick contraction topologies. Recently, these algorithms have been
successfully applied to meson-baryon scattering amplitudes [39, 45]. Alternatively, Ref. [40]
employs sequential sources while the scattering channels in Refs. [46, 47] are chosen to avoid
same-time valence quark propagation and can be straightforwardly implemented with point-
to-all. The LapH approach has also been employed to three-meson [32, 34–38, 50–52] and
two-baryon [53, 54] amplitudes.

This work is part of an ongoing long-term project to obtain N⇡ scattering amplitudes
from lattice QCD, which requires computations using several Monte Carlo ensembles to
reach the physical pion mass and extrapolate to the continuum limit. Nucleon-pion correla-
tion functions in lattice QCD suffer from an exponential degradation in the signal-to-noise
ratio with increasing time separation, which hampers the determination of nucleon-pion
energies from the large-time asymptotics. This difficulty worsens as the quark mass is de-
creased to its physical value. One important objective of this work is to determine if the
stochastic-LapH approach of Ref. [49] is viable for computing nucleon-pion scattering am-
plitudes close to the physical values of the quark masses. Another objective is to compare
two different methods [55] of extracting the K-matrix from finite-volume energies. The
results presented here extend those of Ref. [39]. An update with increased statistics on
the same m⇡ = 280 MeV ensemble used in Ref. [39] is not included in this work due to
instabilities discovered in the gauge generation of that ensemble, as detailed in Ref. [56].

Both the total isospin I = 1/2 and I = 3/2 scattering lengths at light quark masses
corresponding to m⇡ = 200 MeV are computed in this work. The results are

m⇡a
3/2
0 = �0.2735(81) , m⇡a

1/2
0 = 0.142(22),

where the errors are statistical only. The Breit-Wigner parameters for the �(1232)-resonance
are also determined from the I = 3/2, J

P
= 3/2

+ partial wave
m�

m⇡
= 6.257(35), g�N⇡ = 14.41(53). (1.1)

Since only a single ensemble of gauge field configurations is employed, the estimation of
systematic errors due to the finite lattice size, lattice spacing, and unphysically large light
quark mass is left for future work. However, systematic errors due to the determination of
finite-volume energies, the reduced symmetries of the periodic simulation volume, and the
parametrization of the amplitudes are addressed. The methods presented here therefore
provide a step toward the lattice determination of the nucleon-pion scattering lengths at
the physical point with controlled statistical and systematic errors.

The remainder of this work is organized as follows. Sec. 2 discusses the effects of the fi-
nite spatial volume, including the corresponding reduction in symmetry and the relation be-
tween finite-volume energies and infinite-volume scattering amplitudes. Sec. 3 presents the
computational framework, including the lattice regularization and simulation, the measure-
ment of correlation functions, and the determination of the spectrum from them. Results
for the amplitudes are presented and discussed in Sec. 4, while Sec. 5 concludes.
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Compare with 𝜒PT

The formula for the scattering length are known at 4th order in the chiral expansion 

They are expressed in terms of  what is called scalar and vector scattering lengths 
 

At N4LO, these are given by

�PT prediction at m⇡ ⇡ 200 MeV This work at RS at
Quantity NLO N2LO N3LO m⇡ ⇡ 200 MeV m

phys
⇡ [91]

m⇡a
1/2
0 0.2526(45) 0.444(10) 0.1660(93) 0.142(22) 0.1699(23)

m⇡a
3/2
0 -0.2291(46) -0.2020(63) -0.0756(98) �0.2735(81) -0.0863(17)

Table 6: Comparison of the scattering lengths predicted from SU(2) �PT using values
of LECs determined from low-energy ⇡N scattering. The values are also compared to the
Roy-Steiner analysis of experimental ⇡N scattering in Ref. [91] for a comparison with the
best phenomenological values.

scattering lengths, the isospin 1/2 and 3/2 ⇡N scattering lengths are given by

a
3/2
0 = a

+
0 � a

�
0 , a

1/2
0 = a

+
0 + 2a

�
0 . (4.8)

The values and correlations of the extracted LECs from Tables 7-9 of Ref. [91] can
then be used to predict the scattering lengths at the values of ✏⇡, µ and mN/⇤� in this
calculation with the NLO, N2LO and N3LO formulae. The value of d̄18 is taken from
Eq. (10) of Ref. [92]. The values of the input parameters from this D200 ensemble are

✏
D200
⇡ = 0.1759(12) , µ

D200
= 0.2102(19) ,

✓
mN

⇤�

◆D200

= 0.8368(72) . (4.9)

The value of aF⇡ = af⇡/
p

2 is used from Table 2 and a value of gA = 1.289 was used to
be consistent with Ref. [20]. Alternatively, gA could be taken at the value of ✏

D200
⇡ from

Ref. [19] (gA ⇡ 1.255), but this leads to a change within the quoted uncertainties, which is
not suprising given the very mild pion mass dependence of gA. The LECs C, D, etc. were
determined with those from Ref. [91] and the physical nucleon mass.

In Table 6, we compare the predicted values from SU(2) �PT using the LECs and
correlations determined at various orders in the chiral expansion with those determined
in this work. As can be seen, the �PT prediction does not agree well with our results
for any order in the chiral expansion. The expansion for m⇡a

1/2
0 has an erratic behavior

and the expansion for m⇡a
3/2
0 moves monotonically away from the value determined in this

analysis. It is curious that at m⇡ ⇡ 200 MeV, the N3LO prediction is consistent with the
best determination of the scattering lengths from the Roy-Steiner (RS) analysis of Ref. [91].
In contrast, as noted in Ref. [92], at the physical pion mass, the �PT predictions approach
the RS results at N2LO, but then diverge with the N3LO expansion. This discrepancy can
be reconciled to a large extent by including explicit � degrees of freedom [20].

With results at only a single pion mass, we can not infer what the source of the
discrepancy between the lattice results and the expectations from �PT are. It will be very
interesting to try and understand this discrepancy with lattice QCD ⇡N scattering results
at lighter values of the pion mass.

5 Conclusion

This work presented a computation of the lowest partial waves for the elastic nucleon-pion
scattering amplitude on a single ensemble of gauge configurations with m⇡ = 200 MeV.
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Figure 8: A summary of lattice results from this work and previous lattice calculations, de-
noted ‘Anderson et al. 2018’ [39] and ‘Silvi et al. 2021’ [80], compared to the physical point
determined by the Particle Data Group [81]. Top: the Breit-Wigner mass m�. Bottom: the
coupling g�N⇡. The physical resonance parameters are taken from the phenomenological
K-matrix determination in Ref. [82].

in Appendix F of Ref. [91] and Ref. [92] by
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where we have defined

✏⇡ =
m⇡

4⇡F⇡
, µ =

m⇡

mN
, ⇤� = 4⇡F⇡,

C = mN (2c1 � c2 � c3), C
0
= mN (2c1 � c3), C

00
= m

2
Nc1c2,

D = m
2
N (d̄1 + d̄2 + d̄3 + 2d̄5), D18 = m

2
N d̄18, E = m

3
N (ē14 + ē15 + ē16), (4.7)

and the various ci, di and ei are LECs in the baryon chiral Lagrangian. Through O(✏
4
⇡),

there are only 2 LECs that enter these expressions. The two scattering lengths we have
determined could be used in a zero degree-of-freedom fit to constrain these LECs and then
predict the scattering lengths at the physical pion mass. Conversely, the phenomenological
determination of the LECs could be used in these expressions to predict the scattering
lengths at m⇡ = 200 MeV and compare with our results. In terms of these s-wave a

±
0
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Figure 8: A summary of lattice results from this work and previous lattice calculations, de-
noted ‘Anderson et al. 2018’ [39] and ‘Silvi et al. 2021’ [80], compared to the physical point
determined by the Particle Data Group [81]. Top: the Breit-Wigner mass m�. Bottom: the
coupling g�N⇡. The physical resonance parameters are taken from the phenomenological
K-matrix determination in Ref. [82].
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where we have defined

✏⇡ =
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and the various ci, di and ei are LECs in the baryon chiral Lagrangian. Through O(✏
4
⇡),

there are only 2 LECs that enter these expressions. The two scattering lengths we have
determined could be used in a zero degree-of-freedom fit to constrain these LECs and then
predict the scattering lengths at the physical pion mass. Conversely, the phenomenological
determination of the LECs could be used in these expressions to predict the scattering
lengths at m⇡ = 200 MeV and compare with our results. In terms of these s-wave a
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Use LECs from N2,3,4LO order fit to N𝜋 scattering: predict scattering lengths at M𝜋≈200 MeV 
 
 
 
 
 
 
 
 
 
 

LECs determined from experimental data do a BAD job predicting our results 

We have not yet tried fitting results to understand where the tension might be

Figure 8: A summary of lattice results from this work and previous lattice calculations, de-
noted ‘Anderson et al. 2018’ [39] and ‘Silvi et al. 2021’ [80], compared to the physical point
determined by the Particle Data Group [81]. Top: the Breit-Wigner mass m�. Bottom: the
coupling g�N⇡. The physical resonance parameters are taken from the phenomenological
K-matrix determination in Ref. [82].
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and the various ci, di and ei are LECs in the baryon chiral Lagrangian. Through O(✏
4
⇡),

there are only 2 LECs that enter these expressions. The two scattering lengths we have
determined could be used in a zero degree-of-freedom fit to constrain these LECs and then
predict the scattering lengths at the physical pion mass. Conversely, the phenomenological
determination of the LECs could be used in these expressions to predict the scattering
lengths at m⇡ = 200 MeV and compare with our results. In terms of these s-wave a
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�PT prediction at m⇡ ⇡ 200 MeV This work at RS at
Quantity NLO N2LO N3LO m⇡ ⇡ 200 MeV m

phys
⇡ [91]

m⇡a
1/2
0 0.2526(45) 0.444(10) 0.1660(93) 0.142(22) 0.1699(23)

m⇡a
3/2
0 -0.2291(46) -0.2020(63) -0.0756(98) �0.2735(81) -0.0863(17)

Table 6: Comparison of the scattering lengths predicted from SU(2) �PT using values
of LECs determined from low-energy ⇡N scattering. The values are also compared to the
Roy-Steiner analysis of experimental ⇡N scattering in Ref. [91] for a comparison with the
best phenomenological values.

scattering lengths, the isospin 1/2 and 3/2 ⇡N scattering lengths are given by

a
3/2
0 = a

+
0 � a

�
0 , a

1/2
0 = a

+
0 + 2a

�
0 . (4.8)

The values and correlations of the extracted LECs from Tables 7-9 of Ref. [91] can
then be used to predict the scattering lengths at the values of ✏⇡, µ and mN/⇤� in this
calculation with the NLO, N2LO and N3LO formulae. The value of d̄18 is taken from
Eq. (10) of Ref. [92]. The values of the input parameters from this D200 ensemble are

✏
D200
⇡ = 0.1759(12) , µ

D200
= 0.2102(19) ,

✓
mN

⇤�

◆D200

= 0.8368(72) . (4.9)

The value of aF⇡ = af⇡/
p

2 is used from Table 2 and a value of gA = 1.289 was used to
be consistent with Ref. [20]. Alternatively, gA could be taken at the value of ✏

D200
⇡ from

Ref. [19] (gA ⇡ 1.255), but this leads to a change within the quoted uncertainties, which is
not suprising given the very mild pion mass dependence of gA. The LECs C, D, etc. were
determined with those from Ref. [91] and the physical nucleon mass.

In Table 6, we compare the predicted values from SU(2) �PT using the LECs and
correlations determined at various orders in the chiral expansion with those determined
in this work. As can be seen, the �PT prediction does not agree well with our results
for any order in the chiral expansion. The expansion for m⇡a

1/2
0 has an erratic behavior

and the expansion for m⇡a
3/2
0 moves monotonically away from the value determined in this
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be reconciled to a large extent by including explicit � degrees of freedom [20].
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Conclusions
We have performed N𝜋 scattering — for the first time — at a pion mass of  M𝜋≈200 MeV 

We used the stochastic Laplacian Heaviside (sLapH) method - a stochastic variant of  distillation 

We found that the achievable precision with sLapH is good enough to get precise 
determinations of  the scattering parameters 

We found that our results are in tension with predictions from SU(2) 𝜒PT and LECs 
determined to high-precision N𝜋 scattering phase shift data 

We are therefore not yet in a position to usefully contribute to the nucleon-pion sigma term 
“puzzle” — the contrast between the pheno determination and most precise LQCD ones 

Lighter pion masses seem reachable (given our results) and are necessary to understand the 
apparent tension with SU(2) 𝜒PT predictions



Thank You


