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➤ Long-standing question re: nucleon momentum: 

How is the nucleon’s momentum distributed amongst its constituents? 

➤ Addressed experimentally @ JLab (now), EIC (future) 

➤ Must satisfy the momentum rule 

 

where 

fraction of nucleon momentum carried by parton f=q,g 

➤ Experimentally :  

➤ Received much interest from Lattice QCD, but with challenges,  

➤ e.g. statistical noise in  due disconnected nature

∑
q

⟨x⟩q + ⟨x⟩g = 1

⟨x⟩f =

⟨x⟩g ∼
1
2

⟨x⟩g 3
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Renormalisation: Mixing between  and  

           i.e.   

does not necessarily mean 

                or    

e.g.  

➤               

Recent progress in NP determination of  

Mixing due to  often ignored or computed perturbatively

⟨x⟩q ⟨x⟩g

∑
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g = 1 = Zq ∑
q
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Overview Gluon Momentum Fraction Renormalisation Factor Summary References

Feynman–Hellmann method

Extract 3–point function from gluon propagator:

@

@�
D(p,�)

����
�=0

= hA(p)| O
(b)

|A(p)i =

gg

, (9)

=) �gg = D
�1
(p, 0)

✓
@

@�
D(p,�)

◆ ����
�=0

D
�1
(p, 0) (10)

12/22

Zg = Zqg + Zgg
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Require matrix elements 

 

which can be computed at  (for ) 

Typically obtained via 3-point functions 

This work: Feynman-Hellmann theorem 

Compute 2-point functions in the presence of a modification to the action      

Matrix elements determined from energy shifts   

⟨N( ⃗p ) |𝒪(b)
f |N( ⃗p )⟩ = 2(m2

N +
4
3

⃗p 2)⟨x⟩f

⃗p = 0 𝒪(b)

S → S(λ) = S + λ∑
z

𝒪(z)

∂Eλ

∂λ
λ=0

=
1

2E ⟨N :
∂Sλ

∂λ
: N⟩

λ=0
5

𝒪(b) = 𝒪44 −
1
3

𝒪ii

𝒪(g)
μν = − TrcFμαFνα , 𝒪(b)

g =
2
3

Trc(− ⃗E 2 + ⃗B 2)

𝒪(q)
μν = q̄γμ

↔
D νq , 𝒪(b)

q = q̄γ4
↔
D4q −

1
3

q̄γi
↔
Diq

𝒪(τ) = ∫ d3x𝒪(τ, ⃗x )

[following QCDSF(2012)]
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Wilson gluonic action:      

Modify with gluon operator  :       

              

Similary modify Wilson/Clover action with  : 

Sg =
1
3

β ∑
x μ<ν

Re Trc[1 − U□
μν] = ∑

τ

1
2 [ℰa 2(τ) + ℬa 2(τ)]

𝒪(b)
g

Sg(λg) =
1
3

β(1 + λg)∑
x,i

Re Trc(1 − U□
i4 (x)) +

1
3

β(1 − λg) ∑
x,i<j

Re Trc(1 − U□
ij (x))

𝒪(b)
q

SW
q (λ) = ∑

x

q̄(x)q(x) − κ[∑
x

q̄(x)(1 − (1 + λq)γ4) U4(x) q(x + 4̂) + ∑
x

q̄(x + 4̂)(1 + (1 + λq)γ4) U†
4 (x) q(x) +

∑
x,i

q̄(x)(1 − (1 −
1
3

λq)γi) Ui(x) q(x + ̂i) + ∑
x,i

q̄(x + ̂i)(1 + (1 −
1
3

λq)γi) U†
i (x) q(x)]

6

anisotropic action

modified hopping term
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Quenched QCD 

Volume:  

Wilson glue,  

5 values of  

NP-clover action for valence quarks 

             

5 values of 

243 × 48

β = 6.0 ⟹ a = 0.1fm

λg

κ = 0.1320, 0.1333, 0.1342 mπ ≈ 1080, 820, 600 MeV

λq = − 0.0666, − 0.0333, 0, + 0.0333, + 0.0666

7

no disconnected quarks and Zqg = 0
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mπ ≈ 1065 MeV@'#+<1$*".>(*A$7)/+B$&C#+/(&+

Figure 4: (Left) E�ective mass of the ratio of the perturbed and unperturbed pion propagators, perturbing a
single quark at amfi = 0.540.

(Right) Shift in the pion ground state energy vs. ⁄q with quadratic fit.

Table 2: Shift in ground state energy �E
H

0 as a function of the fermionic Feynman–Hellmann parameter ⁄q.

Ÿ amfi ⁄q = ≠0.0666 ⁄q = ≠0.0333 ⁄q = +0.0333 ⁄q = +0.0666
0.1320 0.540 2.7913(75)e-02 1.3272(38)e-02 -1.1985(38)e-02 -2.2762(75)e-02

Nucleon u 0.1333 0.412 2.3260(98)e-02 1.0931(49)e-02 -9.620(50)e-03 -0.01801(10)
0.1342 0.300 0.01967(23) 0.00925(11) -0.00805(12) -0.01521(60)
0.1320 0.540 1.3118(43)e-02 6.198(22)e-03 -5.517(22)e-03 -1.0392(45)e-02

Nucleon d 0.1333 0.412 1.0679(55)e-02 4.954(28)e-03 -4.225(29)e-03 -7.763(58)e-03
0.1342 0.300 0.00881(16) 4.015(61)e-03 -0.00338(14) -0.00641(75)
0.1320 0.540 1.16876(99)e-02 5.4700(50)e-03 -4.7638(51)e-03 -8.861(10)e-03

Pion 0.1333 0.412 9.097(11)e-03 4.1356(57)e-03 -3.3533(59)e-03 -5.967(12)e-03
0.1342 0.300 0.00744(60) 3.014(39)e-03 -0.00199(25) -0.00314(47)

ified ensembles, so long as such software has an imple-
mentation of bare gauge anisotropies. It is important
to note however, the resultant gauge configurations are
treated as though they are actually isotropic with cou-
pling —, but with the modification to the action given
by eq. (8).

As this perturbation embeds the operator 3
4 O

g

v2,b
,

the resultant matrix element must also be rescaled by
the same factor of 3

4 . As a result, we obtain a similar
expression as eq. (12), given by

ÈxÍ
g

= ≠
4

3MH

ˆE
H

0 (⁄g)
ˆ⁄g

----
⁄g=0

. (23)

4.2.2 Results

To embed the background field in the gauge configu-
rations, 4 additional gauge ensembles of 1000 config-
urations each were generated for various values of ⁄g,
in addition to the ensemble used previously for a to-
tal of 5000 configurations. The parameters of the 5
ensembles used are shown in table 3.

As before, propagators were calculated for nucleons
and pions with degenerate quark masses, with identical
parameters to previous. The same 3 hopping param-
eters were used, Ÿ = 0.1320, 0.1333 and Ÿ = 0.1342,
giving amfi = 0.540, 0.412 and 0.300.

Table 3: Lattice parameters of 5 quenched ensembles
generated under the modification to the action

outlined in section 4.2.1.

Ns Nt — ⁄g —input ›input Ncfg

24 48 6.0 ≠0.0666 5.9867 0.9354 1000
24 48 6.0 ≠0.0333 5.9967 0.9672 1000
24 48 6.0 0 6.0 1 1000
24 48 6.0 +0.0333 5.9967 1.0340 1000
24 48 6.0 +0.0666 5.9867 1.0689 1000

The gluon momentum fraction was extracted by fit-
ting a quadratic ansatz to the ground state energy of
the hadron as a function of the Feynman–Hellmann
parameter ⁄g, with the linear coe�cient taken as the
gradient at ⁄g = 0, and entered into eq. (23).

The values obtained for the ground state energy of
the hadrons as a function of the Feynman–Hellmann
parameter ⁄g are given in table 5. The results of fitting
a quadratic ansatz to the nucleon and pion ground state
energies at amfi = 0.540 are shown in figs. 5 and 6 with
the other mass results shown in figs. 19 to 22.
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u in proton pion
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2-state fit Feynman-Hellmann

Excellent agreement between Feynman-Hellmann and standard 3-point function methods

9



mπ ≈ 1065 MeV

10

Figure 5: (Left) E�ective mass of the gauge perturbed nucleon propagators, at amfi = 0.540.
(Right) Shift in the nucleon ground state energy vs. ⁄g with quadratic fit.

Figure 6: (Left) E�ective mass of the gauge perturbed pion propagators, at amfi = 0.540.
(Right) Shift in the pion ground state energy vs. ⁄g with quadratic fit.

Table 4: Gluon momentum fractions ÈxÍ
g

calculated
through the Feynman–Hellmann method.

amfi Nucleon ÈxÍ
g

Pion ÈxÍ
g

0.540 0.753(27) 0.7706(71)
0.412 0.778(47) 0.8516(99)
0.300 0.851(63) 0.905(45)

5 Renormalisation

In order to directly compare the previously calculated
momentum fractions, to test validity in the demon-
strated method, it would be ideal to apply the relevant
sum rule between these quantities. However, as these
momentum fractions were calculated at finite lattice
spacing, they must first be renormalised. This prop-
erly must account for both the overall scaling of these
quantities between renormalisation schemes, but also
mixing between the quark and gluon components.

5.1 Renormalisation Matrix

The renormalisation of the components of the EMT are
described by the following matrix equation:

3
Oq

Og

4R

=
3

Zqq Zqg

Zgq Zgg

4 3
Oq

Og

4Lat
. (24)

This expression for the renormalisation matrix does not
consider the di�erence in renormalisation in the con-
nected and disconnected fermionic components, as this
initial work considers only the quenched case. Proper
consideration of this di�erence is required for the case
of dynamical quarks.

A non–perturbative scheme such as an RI–MOM
scheme is typically implemented to obtain the diag-
onal components of this renormalisation matrix. Such
a scheme is defined in terms of the amputated vertex
function of an operator acting on a propagator, given

6

pion

proton

Data points are entirely uncorrelated, from separate ensembles.  

Good agreement with quadratic fit, no significant cubic term. 
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Recall quark-glue mixing under renormalisation 

But  in quenched QCD 

for  with  

and 

 

with  depending only on coupling g and 

         and         

We will employ RI’-MOM, e.g.  and 

Zqg = 0

nf = 0 mu = md

(⟨x⟩g + ⟨x⟩u + ⟨x⟩d)
R

= Zg⟨x⟩lat
g + Zq (⟨x⟩u + ⟨x⟩u)

lat
= 1

Zg, Zq

Zg = Zgg Zq = ZMS
gq + ZMS

qq

1
12

Tr(ΓR[ΓTree]−1) = 1, ΓR = Z𝒪Z−1
ψ Γlat Γlat =
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Extract 3-point functions from perturbed quark/gluon propagators 

Generate propagators on same modified gauge fields as above 

Gluon:      

with    

To avoid mixing with non-physical operators in the EMT [Collins&Scalise(1994),Shanahan&Detmold(2019)] 

take combination   

when  and  

∂Dλg
(p)

∂λg λg=0

= − ⟨A(p)O(0)A(−p)⟩lat =

⟨A(p)Og(0)A(−p)⟩R = ZAZ𝒪g
⟨A(p)Og(0)A(−p)⟩lat

⟨Aρ(p)T̄g
44Aτ(−p)⟩ − ⟨Aρ(p′ )T̄g

44Aτ(−p′ )⟩ = 2p2
4

ρ ≠ 4, p4 ≠ 0, p′ 4 = 0, pρ = p′ ρ = 0 p2 = p′ 
2

Zg(μ) = 2p2
4 p2 Dlat

0 (p)[
∂(Dlatt

λg
(p))jj

∂λg λg=0

−
∂(Dlatt

λg
(p′ ))jj

∂λg λg=0
]

−1

pj=p′ j=0

p2 = p′ 2 = μ2

G#'&+%/,.*/(.&'$D$02
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Overview Gluon Momentum Fraction Renormalisation Factor Summary References

Feynman–Hellmann method

Extract 3–point function from gluon propagator:

@

@�
D(p,�)

����
�=0

= hA(p)| O
(b)

|A(p)i =

gg

, (9)

=) �gg = D
�1
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✓
@
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D
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D(p)R = ZAD(p)lat

T̄g
44 =

3
4

𝒪(b)
g

Similar to: QCDSF(2015)
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Data points at different  are entirely uncorrelated, from separate ensembles.  

Appear linear in , quadratic terms small, no significant cubic term.  

Good signal for 

λg

λg

Zg



Need to account for quark-glue mixing 

 can be obtained via usual RI’-MOM (e.g. QCDSF(2005)) 

To account for mixing, generate quark propagators on same modified gauge fields 

and invoke  with  and  

          

then isolate mixing term  

Zqq

𝒪R
q + 𝒪R

g = Zq𝒪lat
q + Zg𝒪lat

g Zq = Zqq + Zgq Zg = Zqg + Zgg

Z−1
q (μ) =

1
12

Tr{Γlat
qq(p)[Zψ(p)ΓBorn

qq (p) − Zg(p)([Slat
0 (p)]−1 ∂Sλg

(p)

∂λg λg=0
[Slat

0 (p)]−1)]
−1

}
p2=μ2

Zgq = Zq − Zqq

G#'&+%/,.*/(.&'$D$H)/+B

14

∂Sλg
(p)

∂λg λg=0

= − ⟨q̄(p)O(0)q(p)⟩ =

nf = 0 : Zqg = 0

use standard quark 3-point methods
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Zqq

Zq

Zgq = Zq − Zqq
use standard 
RI’-MOM 
with quark 3-
point methods



PionNucleon
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Feynman-Hellmann method provides a viable alternative to 3-point functions for  

➤ matrix elements 

➤ renormalisation factors 

In quenched QCD with heavy quark masses reveals for both  and N  

Currently generating dynamical ensembles with: 

➤  NP Clover fermions with  

➤ 3 values each of  and  

➤ Z matrix more complicated:

π ⟨x⟩q ∼ 0.5 − 0.6, ⟨x⟩g ∼ 0.4 − 0.5

nf = 2 mπ ∼ 600 MeV

λq λg

4)%%/+1$/'=$&)(,&&B
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ZNS
qq = Za − Zb

ZS
qq = ZNS

qq + nf Zb
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