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Describing hadrons

Nuclear fusion Proton radius puzzle Neutrinoless double-beta decay
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Nuclear processes in a box

pp → d + e+ν̄e

[Phys. Rev. Lett. 119, 062002] by the NPLQCD Collaboration.

Aμ
I

pionless EFT

1S03S1

Unphysical mass: deeply bound states

B ⇠ 30 MeV
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m(L) ⇡ m(1) + c e�m(1)L
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[HadSpec Collaboration, 2012]
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[HadSpec Collaboration, 2015]
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<latexit sha1_base64="Tq2ul2lCEEBa8Rq4ZgV9ubTlcic="></latexit>
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-

[FO et al., 2019]

7

Poles at FV 
free 
energies.

Threshold 
singularities.

Triangle 
singularities.

<latexit sha1_base64="8Jl4KmEHDlVcv0nasNpM/TaGBYw=">AAACFXicbVDNS8MwHE39nPVr6tFLcQw8jVZEvYhDLx4nuA/YykjTdItLk5CkQin7H7yJXv07vIkePYr/iifTbQe3+SDweO/3lRcISpR23W9rYXFpeWW1sGavb2xubRd3dhuKJxLhOuKUy1YAFaaE4bommuKWkBjGAcXNYHCV+817LBXh7FanAvsx7DESEQS1kRodwiKddoslt+KO4MwTb0JKFx/2uXj5smvd4k8n5CiJMdOIQqXaniu0n0GpCaJ4aHcShQVEA9jDbUMZjLHys9G1Q6dslNCJuDSPaWek/u3IYKxUGgemMoa6r2a9XPzPayc6OvMzwkSiMUPjRVFCHc2d/OtOSCRGmqaGQCSJudVBfSgh0iagqS2inyqClBkxYXa5E3Aa5jtNWN5sNPOkcVTxTirHN26pegnGKIB9cAAOgQdOQRVcgxqoAwTuwAN4As/Wo/VqvVnv49IFa9KzB6Zgff4CnISjAA==</latexit>1G·w =

<latexit sha1_base64="SxbhIpxAK1bR/4ehb6ojeYlWf3c="></latexit>

w�
�,�0 =

<latexit sha1_base64="1gG4HFsf6m2mjI7nhym9uHFeOJA="></latexit>

⇠

1

L3

X

k

�
Z

d3k

(2⇡)3

�
i

(Pf � k)2 �m2 + i✏
w��0

i

(Pi � k)2 �m2 + i✏

Scalar G:

<latexit sha1_base64="rjZbUTgditGxUClAU6Ei5UrxTEc="></latexit>

WL = W +M[G · w]M

<latexit sha1_base64="dcbSm9rlgk/sfdmD8EYVeDd0TtE=">AAACGnicbVBNS8MwGE79nPNr6tFLcAw8zVaG7jgQweME9wFrHWmabmFpUpJUKGU/w5vof/EmXr34VzyZbj24zQcCD8/78bx5/JhRpW3721pb39jc2i7tlHf39g8OK0fHXSUSiUkHCyZk30eKMMpJR1PNSD+WBEU+Iz1/cpPXe09EKir4g05j4kVoxGlIMdJGGtw+ukojOaQX0bBStev2DHCVOAWpggLtYeXHDQROIsI1ZkipgWPH2suQ1BQzMi27iSIxwhM0IgNDOYqI8rLZyVNYM0oAQyHN4xrO1L8TGYqUSiPfdEZIj9VyLRf/qw0SHTa9jPI40YTjuVGYMKgFzP8PAyoJ1iw1BGFJza0Qj5FEWJuUFlzicaooVmZFwco11xcsyD1NWM5yNKuke1l3ruqN+0a11SxiK4FTcAbOgQOuQQvcgTboAAwEeAav4M16sd6tD+tz3rpmFTMnYAHW1y8ohKGC</latexit>

E?
i /m

https://doi.org/10.1103/PhysRevD.100.034511


<latexit sha1_base64="Tq2ul2lCEEBa8Rq4ZgV9ubTlcic="></latexit>
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Dotted lines: place on-shell 
the quantities at the end of 
the propagator. 

<latexit sha1_base64="LpyJzFmlWY5JyLCdNz8MdiM1+K0="></latexit>

+O(e�mL)

<latexit sha1_base64="UEaUAMZZ5U1HdPoQgwTyWEfpElU=">AAACInicbVDLSsNAFJ3UV62vVJduBkvBhZREinZZcOOygn1AE8NkOmmHziRhZqKE0E9xJ/ov7sSV4Je4ctJmYVsPDBzOuXfO5fgxo1JZ1pdR2tjc2t4p71b29g8Oj8zqcU9GicCkiyMWiYGPJGE0JF1FFSODWBDEfUb6/vQm9/uPREgahfcqjYnL0TikAcVIackzq1MvuHAkHXP04MSCcuKZNathzQHXiV2QGijQ8cwfZxThhJNQYYakHNpWrNwMCUUxI7OKk0gSIzxFYzLUNEScSDebnz6Dda2MYBAJ/UIF5+rfjQxxKVPu60mO1ESuern4nzdMVNByMxrGiSIhXgQFCYMqgnkPcEQFwYqlmiAsqL4V4gkSCCvd1lJKPEklxVJ/UbBK3fEjNsozdVn2ajXrpHfZsK8azbtmrd0qaiuDU3AGzoENrkEb3IIO6AIMnsAzeAVvxovxbnwYn4vRklHsnIAlGN+/1mOkcg==</latexit>

kf ,�
0 <latexit sha1_base64="jUvb6PmEizKQTRXgZvhqt6QWXwQ=">AAACGXicbVBNS8MwGE7n15xfU49egmPgQUYrQ3ccePE4wX3gWkaapltYmpQkFUrZv/Am+l+8iVdP/hVPplsPbvOBwMPzfjxvHj9mVGnb/rZKG5tb2zvl3cre/sHhUfX4pKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6TvT2/zev+JSEUFf9BpTLwIjTkNKUbaSI/TEb10FR1HaFSt2Q17DrhOnILUQIHOqPrjBgInEeEaM6TU0LFj7WVIaooZmVXcRJEY4Skak6GhHEVEedn84hmsGyWAoZDmcQ3n6t+JDEVKpZFvOiOkJ2q1lov/1YaJDlteRnmcaMLxwihMGNQC5t+HAZUEa5YagrCk5laIJ0girE1ISy7xJFUUK7OiYJW66wsW5J4mLGc1mnXSu2o4143mfbPWbhWxlcEZOAcXwAE3oA3uQAd0AQYcPINX8Ga9WO/Wh/W5aC1ZxcwpWIL19Qt4E6En</latexit>

ki,�

<latexit sha1_base64="gkrN5zPZk/HzwQbavFD+K3vAGpE=">AAACGHicbVBNS8MwGE79nPNr6tFLcAw8yGhl6I4DLx4nuA9Zy0jTdAtLmpqkQin7Fd5E/4s38erNv+LJdOvBbT4QeHjej+fN48eMKm3b39ba+sbm1nZpp7y7t39wWDk67iqRSEw6WDAh+z5ShNGIdDTVjPRjSRD3Gen5k5u83nsiUlER3es0Jh5Ho4iGFCNtpIfHC5eZ5gANK1W7bs8AV4lTkCoo0B5WftxA4ISTSGOGlBo4dqy9DElNMSPTspsoEiM8QSMyMDRCnCgvmx08hTWjBDAU0rxIw5n6dyJDXKmU+6aTIz1Wy7Vc/K82SHTY9DIaxYkmEZ4bhQmDWsD89zCgkmDNUkMQltTcCvEYSYS1yWjBJR6nimJlVhSsXHN9wYLc04TlLEezSrqXdeeq3rhrVFvNIrYSOAVn4Bw44Bq0wC1ogw7AgINn8ArerBfr3fqwPueta1YxcwIWYH39ApCToKs=</latexit>

q,�

<latexit sha1_base64="SxbhIpxAK1bR/4ehb6ojeYlWf3c="></latexit>

w�
�,�0 =

Prescription is needed 
for on shell expansion

On shell projection of the triangle loop

<latexit sha1_base64="WTPTKd2ckHHmHSkqsVpCrCRmn2Y="></latexit>

w�
�,�0(Q2, k2f , k

2
i ) = w�

�,�0(Q2) + �w�
�,�0(Q2, k2i ) + w�

�,�0(Q2, k2f )� + �w�
�,�0(Q2, k2f , k

2
i )� .



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

Brick-Wall frame: one-body FFs
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[Durand et al., 1962]

[Lorce, 2009]

The multipole expansion of currents in the BW frame: 

The relationship between multipoles and Lorentz FFs is well known for arbitrary spin

Spinors + EM current:

Charge, and magnetic dipole

Dirac and Pauli FFs
Sachs FFs: multipole charge 
and magnetic dipole

<latexit sha1_base64="UEaUAMZZ5U1HdPoQgwTyWEfpElU=">AAACInicbVDLSsNAFJ3UV62vVJduBkvBhZREinZZcOOygn1AE8NkOmmHziRhZqKE0E9xJ/ov7sSV4Je4ctJmYVsPDBzOuXfO5fgxo1JZ1pdR2tjc2t4p71b29g8Oj8zqcU9GicCkiyMWiYGPJGE0JF1FFSODWBDEfUb6/vQm9/uPREgahfcqjYnL0TikAcVIackzq1MvuHAkHXP04MSCcuKZNathzQHXiV2QGijQ8cwfZxThhJNQYYakHNpWrNwMCUUxI7OKk0gSIzxFYzLUNEScSDebnz6Dda2MYBAJ/UIF5+rfjQxxKVPu60mO1ESuern4nzdMVNByMxrGiSIhXgQFCYMqgnkPcEQFwYqlmiAsqL4V4gkSCCvd1lJKPEklxVJ/UbBK3fEjNsozdVn2ajXrpHfZsK8azbtmrd0qaiuDU3AGzoENrkEb3IIO6AIMnsAzeAVvxovxbnwYn4vRklHsnIAlGN+/1mOkcg==</latexit>

kf ,�
0 <latexit sha1_base64="jUvb6PmEizKQTRXgZvhqt6QWXwQ=">AAACGXicbVBNS8MwGE7n15xfU49egmPgQUYrQ3ccePE4wX3gWkaapltYmpQkFUrZv/Am+l+8iVdP/hVPplsPbvOBwMPzfjxvHj9mVGnb/rZKG5tb2zvl3cre/sHhUfX4pKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6TvT2/zev+JSEUFf9BpTLwIjTkNKUbaSI/TEb10FR1HaFSt2Q17DrhOnILUQIHOqPrjBgInEeEaM6TU0LFj7WVIaooZmVXcRJEY4Skak6GhHEVEedn84hmsGyWAoZDmcQ3n6t+JDEVKpZFvOiOkJ2q1lov/1YaJDlteRnmcaMLxwihMGNQC5t+HAZUEa5YagrCk5laIJ0girE1ISy7xJFUUK7OiYJW66wsW5J4mLGc1mnXSu2o4143mfbPWbhWxlcEZOAcXwAE3oA3uQAd0AQYcPINX8Ga9WO/Wh/W5aC1ZxcwpWIL19Qt4E6En</latexit>

ki,�

<latexit sha1_base64="gkrN5zPZk/HzwQbavFD+K3vAGpE=">AAACGHicbVBNS8MwGE79nPNr6tFLcAw8yGhl6I4DLx4nuA9Zy0jTdAtLmpqkQin7Fd5E/4s38erNv+LJdOvBbT4QeHjej+fN48eMKm3b39ba+sbm1nZpp7y7t39wWDk67iqRSEw6WDAh+z5ShNGIdDTVjPRjSRD3Gen5k5u83nsiUlER3es0Jh5Ho4iGFCNtpIfHC5eZ5gANK1W7bs8AV4lTkCoo0B5WftxA4ISTSGOGlBo4dqy9DElNMSPTspsoEiM8QSMyMDRCnCgvmx08hTWjBDAU0rxIw5n6dyJDXKmU+6aTIz1Wy7Vc/K82SHTY9DIaxYkmEZ4bhQmDWsD89zCgkmDNUkMQltTcCvEYSYS1yWjBJR6nimJlVhSsXHN9wYLc04TlLEezSrqXdeeq3rhrVFvNIrYSOAVn4Bw44Bq0wC1ogw7AgINn8ArerBfr3fqwPueta1YxcwIWYH39ApCToKs=</latexit>

q,�

<latexit sha1_base64="yO/ZuKrQy8hASg5Gcvcdymi9gkw="></latexit>

w�,BW
��0 (kf , ki) = 2mN

X

J

✓
1/2 J 1/2
� � �0

◆
M�

J (Q
2) ,

<latexit sha1_base64="p6nICMQ+fzpGc9omHHyMak1PVEU="></latexit>

F1(Q
2) =

1

1 +Q2/(4M2)

✓
C(Q2) +

Q2

4M2
M1(Q

2)

◆
,

F2(Q
2) =

1

1 +Q2/(4M2)

�
�C(Q2) +M1(Q

2)
�
,

7
-5
¥

¥̂÷

https://journals.aps.org/pr/abstract/10.1103/PhysRev.126.1882
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.79.113011


<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

G with spin 1/2 and an EM current
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<latexit sha1_base64="E8x8KloAzRki/cCsLL20zLy7kmY="></latexit>

[G · w]µ�;�0(Pf , Pi, L) =


1

L3

X

k

�
Z

d3k

(2⇡)3

�
1

2!k

1

(Pf � k)2 �m2 + i✏
wBW,µ

��0
1

(Pi � k)2 �m2 + i✏

<latexit sha1_base64="n19JIRar29iywRTHMTyE8YmXb9g="></latexit>

✏µ0 = �µ0
✏µ±1 = ✏µ±1(0)

<latexit sha1_base64="W/svVVjkrFiOA92zTYsHN97fQ5E="></latexit>

M0
J(Q

2) = �J0C(Q2)

M1
J(Q

2) = �J1M1(Q
2)

<latexit sha1_base64="wYN5vsEOBVMAFZaX0D1xZPRQY38="></latexit>

k

<latexit sha1_base64="/RGyQ2KWOKixecJuLD2WAsbsDGE="></latexit>

Pf � k
<latexit sha1_base64="KTvZiyHmJczMvnBntmq5mfgAI7Q="></latexit>

Pi � k

<latexit sha1_base64="0aZ1K7GbzC0jdTA4UbLYDklLpQQ=">AAACGXicbVBNS8MwGE7n15xfU49egmPgQUYrQ3ccePE4wX3gWkaapltYmpQkFUrZv/Am+l+8iVdP/hVPplsPbvOBwMPzfjxvHj9mVGnb/rZKG5tb2zvl3cre/sHhUfX4pKdEIjHpYsGEHPhIEUY56WqqGRnEkqDIZ6TvT2/zev+JSEUFf9BpTLwIjTkNKUbaSI+dUXjpKjqO0Khasxv2HHCdOAWpgQKdUfXHDQROIsI1ZkipoWPH2suQ1BQzMqu4iSIxwlM0JkNDOYqI8rL5xTNYN0oAQyHN4xrO1b8TGYqUSiPfdEZIT9RqLRf/qw0THba8jPI40YTjhVGYMKgFzL8PAyoJ1iw1BGFJza0QT5BEWJuQllziSaooVmZFwSp11xcsyD1NWM5qNOukd9VwrhvN+2at3SpiK4MzcA4ugANuQBvcgQ7oAgw4eAav4M16sd6tD+tz0VqyiplTsATr6xdE46EJ</latexit>

Pf ,�
<latexit sha1_base64="51mBPeJX/EOtIBexesbbHtuI66o=">AAACGnicbVDLSsNAFJ3UV62vqks3wVJ0ISWRol0W3LisYB/QhDKZTNqh8wgzEyGEfoY70X9xJ27d+CuunLRZ2NYDA4dzH+fOCWJKlHacb6u0sbm1vVPereztHxweVY9PekokEuEuElTIQQAVpoTjriaa4kEsMWQBxf1gepfX+09YKiL4o05j7DM45iQiCGojDTsjcuUpMmbwYlStOQ1nDnuduAWpgQKdUfXHCwVKGOYaUajU0HVi7WdQaoIonlW8ROEYoikc46GhHDKs/Gx+8syuGyW0IyHN49qeq38nMsiUSllgOhnUE7Vay8X/asNERy0/IzxONOZoYRQl1NbCzv9vh0RipGlqCESSmFttNIESIm1SWnKJJ6kiSJkVBavUvUDQMPc0Ybmr0ayT3nXDvWk0H5q1dquIrQzOwDm4BC64BW1wDzqgCxAQ4Bm8gjfrxXq3PqzPRWvJKmZOwRKsr1+z/6E9</latexit>

Pi,�
0

<latexit sha1_base64="hI6o5yE1Lhl378yVOLaS3dsLAHM=">AAACEnicbVDLSgMxFM3UV62vqks3wVJwVWakaJcFNy4r2gd0hpLJZNrQPIYkIwyln+BO9F/ciVt/wF9xZaadhbYeCBzOfZybEyaMauO6X05pY3Nre6e8W9nbPzg8qh6f9LRMFSZdLJlUgxBpwqggXUMNI4NEEcRDRvrh9Cav9x+J0lSKB5MlJOBoLGhMMTJWuvd5OqrW3Ia7AFwnXkFqoEBnVP32I4lTToTBDGk99NzEBDOkDMWMzCt+qkmC8BSNydBSgTjRwWxx6hzWrRLBWCr7hIEL9ffEDHGtMx7aTo7MRK/WcvG/2jA1cSuYUZGkhgi8NIpTBo2E+b9hRBXBhmWWIKyovRXiCVIIG5vOH5dkkmmKtV1RsErdDyWLck8blrcazTrpXTa8q0bzrllrt4rYyuAMnIML4IFr0Aa3oAO6AIMxeAIv4NV5dt6cd+dj2VpyiplT8AfO5w8fO55T</latexit>µ

• Boost to from BW 
to lattice frame

<latexit sha1_base64="OCf2BNXOEIifg8V22Mu12dfBscU="></latexit>

wBW,µ
��0 = [⇤BW (�k/!k)]

µ
⌫D

1/2
⌧� (RT (k̂f ))2m

2

4
X

J,�=0,1

✏⌫�

✓
1/2 J 1/2
⌧ � ⌧ 0

◆
M�

J (Q
2)

3

5D1/2⇤
⌧ 0�0 (RT (k̂i))

• Thomas precession • SO(3) to cartesian



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>
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10 20 30 40 50
B [MeV]

1.96

1.98

E
/(

2m
N

)

mb

E0,L

A toy example: the Deuteron electric charge

• Energies: Finite volume 
effects vanish for deeply 
bound states

<latexit sha1_base64="MMIBM//grl0X1vtwQXbabopnvFg=">AAACIXicbVDLSgMxFM3UV62vUcGNm2ApuCozItVlqRsXIi3YB7RDyaRpG5qZhCRTHEr/xJ3ozr9w407cieCHuDLTdmFbDwQO59ybczm+YFRpx/m0Uiura+sb6c3M1vbO7p69f1BTPJKYVDFnXDZ8pAijIalqqhlpCElQ4DNS9wdXiV8fEqkoD+90LIgXoF5IuxQjbaS2bQftW3gDW0gIye+hW2jbWSfvTACXiTsj2eJR5Zu+lF7Lbfun1eE4CkioMUNKNV1HaG+EpKaYkXGmFSkiEB6gHmkaGqKAKG80uXwMc0bpwC6X5oUaTtS/GyMUKBUHvpkMkO6rRS8R//Oake5eeiMaikiTEE+DuhGDmsOkBtihkmDNYkMQltTcCnEfSYS1KWsuRfRjRbEyX8xYJtfyOeskmaYsd7GaZVI7y7uF/HnFtFYCU6TBMTgBp8AFF6AIrkEZVAEGQ/AAnsCz9Wi9We/Wx3Q0Zc12DsEcrK9fmrWmkg==</latexit>

mNL ⇡ 16

• Matrix elements: more 
significant volume 
dependence from G even 
below threshold for

10 20 30 40 50
B [MeV]

0.6

0.8

1.0

WR/Q0

(W + Q0MGM)R/Q0
[Briceño et al., 2019]

<latexit sha1_base64="MMnIEtS3oqjIIra2gKleCwSCY90="></latexit>

W0(Pf = Pi = (E,0)) = Q0
@M
@E

https://doi.org/10.1103/PhysRevD.100.114505


<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>

• Formulation of a prescription to calculate the power-
law finite volume corrections of particles with spin in 
triangle loop diagrams.


• These corrections can be significant even when binding 
energies have small finite volume effects.


• Future path for QCD predictions of two-nucleon matrix 
elements.

Summary and Outlook
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<latexit sha1_base64="kcDzKxYOwdcB4hU6WI/Fm/2u5m0="></latexit>

wBW,µ
��0 = [⇤BW (�k/!k)]

µ
⌫D

1/2
⌧� (RT (k̂f ))2m

2

4
X

J,�=0,1

✏⌫�

✓
1/2 J 1/2
⌧ � ⌧ 0

◆
M�

J (Q
2)

3

5D1/2⇤
⌧ 0�0 (RT (k̂i))

<latexit sha1_base64="rjZbUTgditGxUClAU6Ei5UrxTEc="></latexit>

WL = W +M[G · w]M



<latexit sha1_base64="H8z1fjc7MNeFzXlj7IZ4ZKC+YFs="></latexit>
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Branch cut: square root singularity Triangle diagram: poles in k space
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E?
f

m
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• The Lellouch-Luscher factor tends towards 
the value of the residue of the scattering 
amplitude.


• However for smaller binding energies the F 
function becomes significant.


• The F-function does not tend to a double-
pole behavior as naively expected because it 
is evaluated at the FV energy, which at low 
B also deviates strongly from the deuteron 
pole.
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