Two- and three-particle scattering in the

(141)-dimensional O(3) non-linear sigma
model

Jorge Baeza-Ballesteros

In collaboration with M. T. Hansen

IFIC, University of Valencia-CSIC

Lattice22 - 8th August 2022

[FIC ety

I#\IHHI D& H'\[\ A

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Quantization conditions
e0

Finite-volume quantization conditions

Finite-volume spectrum: Infinite-volume scattering:
Ex(L) Quantization
E1(L) conditions QCs leX EAE
Eo(L)

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Quantization conditions
e0

Finite-volume quantization conditions

Finite-volume spectrum: Infinite-volume scattering:
Ex(L) Quantization
E1(L) conditions QCs leX EAE
Eo(L)

Two-particle QC: Liischer's formalism [1986]
det[K; 1 + F(P,L)] =0

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Quantization conditions
e0

Finite-volume quantization conditions

Finite-volume spectrum: Infinite-volume scattering:
Ex(L) Quantization
E1(L) conditions QCs leX EAE
Eo(L)

Two-particle QC: Liischer's formalism [1986]

det[K; 1 + F(P,L)] =0
p(s) cot 5(s) —

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Quantization conditions
e0

Finite-volume quantization conditions

Finite-volume spectrum: Infinite-volume scattering:
Ex(L) Quantization
E1(L) conditions QCs leX EAE
Eo(L)

Two-particle QC: Liischer's formalism [1986]

det[;t + (P, L)] = 0 > .

p(s) cot 5(s) — L » “ ~In

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Quantization conditions
e0

Finite-volume quantization conditions

Finite-volume spectrum: Infinite-volume scattering:
Ex(L) Quantization
E1(L) conditions QCs leX EAE
Eo(L)

Two-particle QC: Liischer's formalism [1986]

det[k;? + F(P,L)] = 0 o> .
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Three-particle QC: various approaches
@ Relativistic field theory (RFT) [Hansen, Sharpe (2014, 2015)]
@ Non-relativistic effective field theory (NREFT) [Hammer, et al. (2017)]

@ Finite-volume unitarity (FVU) [Déring, Mai (2016, 2017)]
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Three-particle QC: various approaches
@ Relativistic field theory (RFT) [Hansen, Sharpe (2014, 2015)] — This talk
@ Non-relativistic effective field theory (NREFT) [Hammer, et al. (2017)]

@ Finite-volume unitarity (FVU) [Déring, Mai (2016, 2017)]
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Recap of the RFT formalism

Two-step approach:

1. Constrain two- and three-body K matrices

det[Kys + F3(Ma2; P, L)] =0 = %F HF o F

Unphysical,
scheme dependent

2. Solve integral equation to extract M3 E:

Generalizations: 3 — 2 vertices, multiple subchannels, non-identical
particles...

Used in: ntntnt, KTKTKY, Ktotat, KtKtnt

Goal: Test RFT formalism on a solvable toy modeIJ
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O(3) model
[ Jele]e]

O(3) non-linear sigma model in (1+1) dimensions

We study the O(3) non-linear sigma model (NLSM) in 141 dimensions

o= (ol,0% 0%)

S[o] = g/dzxc?;ﬁ(x) - Ouo(x) o(x)-o(x)=1
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O(3) non-linear sigma model in (1+1) dimensions

We study the O(3) non-linear sigma model (NLSM) in 141 dimensions

o= (ol,0% 0%)

B / 2
= — d .
Slo] 5 x 0,0(x) - 0,0(x) o(x) - o(x) = 1
@ Asymptotically free
@ Dynamical mass gap m

@ Global O(3) isospin symmetry
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We study the O(3) non-linear sigma model (NLSM) in 141 dimensions

o= (ol 02 o3
S[o] = g/dzx 0u0(x) - 9o (x) G(X)(' UEX) ’: 1)

@ Asymptotically free
Low-energy spectrum:

© Dynamical mass gap m isospin-1 multiplet

@ Global O(3) isospin symmetry
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O(3) non-linear sigma model in (1+1) dimensions

We study the O(3) non-linear sigma model (NLSM) in 141 dimensions

o= (ol 02 o3
S[o] = g/dzx 0u0(x) - 9o (x) G(X)(' UEX) ’: 1)

@ Asymptotically free
Low-energy spectrum:

© Dynamical mass gap m isospin-1 multiplet

@ Global O(3) isospin symmetry

Integrable at low energies [Zamolodchikov, Zamolodchikov (1977)]:

Unitarity | Analytic S-matrix:

+
Crossing symmetry | .
+

Factorization [
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Two- and three-particle scattering

We focus on two- and three-particle scattering channels that include no
vacuum contractions
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Two- and three-particle scattering

We focus on two- and three-particle scattering channels that include no
vacuum contractions

Two particles: 3 isospin channels _

33=533a1 m\

I1=21=1/1=0
5/' —

Cieo =A> + A3 / —ﬂ/l/_"
C—1=A, — A3 _
Az /2 .
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O(3) model
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Two- and three-particle scattering

We focus on two- and three-particle scattering channels that include no
vacuum contractions

Three particles: 7 irreps — 4 isospin channels
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Two- and three-particle scattering

We focus on two- and three-particle scattering channels that include no
vacuum contractions

Three particles: 7 irreps — 4 isospin channels
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I=3 | =2 I=1 |1 =0
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O(3) model
[e]e] o]

Two- and three-particle scattering

We focus on two- and three-particle scattering channels that include no
vacuum contractions

Three particles: 7 irreps — 4 isospin channels

3®3®3=7@(5$5)@(3%3”3)@1
I=3 | =2 I=1 |1 =0

*———o .\ * ———o

I

Ci=3,C= D . e -
| TR

2 x 2 matrix for
each momenta combination
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O(3) model
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Quantization conditions in 1+1 dimensions

QGCs in 141 dimensions — no angular momentum
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Quantization conditions in 1+1 dimensions

QCs in 141 dimensions — no angular momentum B,7: boost factors

@ Two-particle QC [Bricefio, et al (2020)]: wie = Ecm/2:

cotd(k) = —% {cot <M) + cot (M)}
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QGCs in 141 dimensions — no angular momentum

B,~: boost factors
@ Two-particle QC [Bricefio, et al (2020)]: wie = Ecm/2:

cotd(k) = —% {cot <M) + cot (M)}
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Quantization conditions in 1+1 dimensions

QGCs in 141 dimensions — no angular momentum

B,~: boost factors
@ Two-particle QC [Bricefio, et al (2020)]: wie = Ecm/2:
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O(3) model
[e]ele] ]

Quantization conditions in 1+1 dimensions

QCs in 141 dimensions — no angular momentum B,7: boost factors

@ Two-particle QC [Bricefio, et al (2020)]: wie = Ecm/2:

cotd(k) = —% {cot <M) + cot (M)}

2 2
5 T \

@ Three-particle QC: analogous to (3+1) [Work in progress]
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Lattice simulations
[ Jele]e]

Lattice simulations

We use the standard lattice action

Sle] = =323 o) ot a9)

We generate the configurations and evaluate n-point functions using a

cluster algorithm: [Single-cluster: Wolff (1989),
. i Two-cluster: Liischer, Wolff (1990)]
* Overcomes critical slowing down

* Improves the signal-to-noise ratio
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Lattice simulations
o] le]e]

Single-cluster algorithm

Cluster algorithm:
1. Choose a random unit vector r € R? and a random “seed” site

2. Grow the cluster, C, by adding neighbors
Padgd = 1 — exp[min{—280,(x)or(x + aji),0}] or(x)=0o(x)-r

3. Update the cluster
o(x) = o(x) = 20,(x)r

4. Measure on the cluster
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Lattice simulations
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Single-cluster algorithm

Cluster algorithm:
1. Choose a random unit vector r € R? and a random “seed” site

2. Grow the cluster, C, by adding neighbors
Padgd = 1 — exp[min{—280,(x)or(x + aji),0}] or(x)=0o(x)-r

3. Update the cluster
o(x) = o(x) = 20,(x)r
4. Measure on the cluster
Example: Two-point function

Ur(Ta P) = Z eipXJr(Tv X) — C2pt(7—7 P) = 3<Ur(7—7 p)O’: (07 P)>
xeC
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Lattice simulations
o] le]e]

Single-cluster algorithm

Cluster algorithm:
1. Choose a random unit vector r € R? and a random “seed” site

2. Grow the cluster, C, by adding neighbors
Padgd = 1 — exp[min{—280,(x)or(x + aji),0}] or(x)=0o(x)-r
3. Update the cluster
o(x) = o(x) = 20,(x)r
4. Measure on the cluster
Example: Two-point function
or(7,p) = ePor(7,x) — Cope(7, p) = 3{0(7, p)o} (0, p))
xeC

Need to average over many updates!
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Lattice simulations
[e]e] o]

Three-cluster algorithm

To measure six-point functions we need a three-cluster algorithm:

1. Choose three random orthogonal unit vector r, u, v € R® and three
random “seed” site

2. Grow each cluster, C,, C, and C,, separately
Update each cluster

Measure using various clusters
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Lattice simulations
[e]e] o]

Three-cluster algorithm

To measure six-point functions we need a three-cluster algorithm:

1. Choose three random orthogonal unit vector r, u, v € R® and three
random “seed” site

2. Grow each cluster, C,, C, and C,, separately
3. Update each cluster

4. Measure using various clusters

Example: Four- and six-point function

qie__ p1 ) .
%KW o< (o (T, g2)0u(T, g1)7;,(0, p2)o; (0, p1))

Pre___ a1
P2°/\.q2 o (o(7, g3)0u(T, @2)0 (7, q1)0 (0, p3)oy (0, p2)oss (0, p1))

P3e———eq3
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Lattice simulations
[e]ele] ]

Our ensembles

We have used the “03_cluster” code [Bulava, 2021]
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Our ensembles

Lattice simulations
[e]ele] ]

We have used the “03_cluster” code [Bulava, 2021]
Ensembles: [mL ~ 6,9,12,15] x [3 = 1.63,1.72,1.78] = 12 ensembles

L] | ] A
40
S 30
/'\ ] [ ] A
SS/QO (] | | A
8 .
10 Continuum
0

6 8 10 12

J. Baeza-Ballesteros

14

* Tuned mL and mT ~ 20.5
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Our ensembles

Lattice simulations
[e]ele] ]

We have used the “03_cluster” code [Bulava, 2021]

Ensembles: [mL ~ 6,9,12,15] x [3 = 1.63,1.72,1.78] = 12 ensembles

L] | ] A
40
S 30
/'\ ] [ ] A
SS/QO (] | | A
8 .
10 Continuum
0

6 8 10 12

J. Baeza-Ballesteros

14

* Tuned mL and mT ~ 20.5
* 256/512/1024 replicas
* ~ 10 million thermalization updates

* Averaged over ~ 1 million
measurement updates
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Energy spectrum from lattice simulations

Solve GEVP and extract energy spectrum

CH2(t) C(E)CH2(t0)un = M) = A (1) T2, 0o
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Energy spectrum from lattice simulations

Solve GEVP and extract energy spectrum

CH2(t) C(E)CH2(t0)un = M) = A (1) T2, 0o

2 particles, | = 2 channel 3 particles, | = 3 channel
mL~9 mL~9
5 sssssssssesmmnsssnnaa S || am ~ 0.025 6 am ~ 0.025
ﬁﬂﬂ P=0 P=0
ll’ Axaa iiAA
. Aixxaxxaxxxzxzhid 11
\i4 %ﬁ Emfj LR R "_!,;§§;$
m Lﬁv ¥F¥yvyy
5 ) Sammmmasaasssnsssasses vy
2 3
50 100 20 40

tlllill tmin
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Continuum limit

The O(3) NLSM has large discretization effects [Balog, et al (2009, 2010)]:

1+) ap™*

k=1

Q(ma) = Q(0) + C(ma)?p3® +0(a%)

with ¢; and ¢ known
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Continuum limit

The O(3) NLSM has large discretization effects [Balog, et al (2009, 2010)]:

Q(ma) = Q(0) + C(ma)?p33 |1+ i aB K + 0%

k=1
with ¢; and ¢ known
2 particles, | = 2 channel 2 particles, | = 1 channel
mlL ~ 15
2.804 } P :S 3.154 %
n = o
. 2.802 x> =0.77 = 3152
g E 3150
7‘!22.800 T‘:3118 T mL ~ 12
=g ok P=2r/L
M 9.798 3.146 n=2
2.796 i 3.144 [ x*> =06
- 3.142 ]
204 5 00T 009 0,03 0.4 0.00 0.00 0.02 0.03 0.04
am am
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Two-particle scattering

We compare 2-particle energies against analytical predictions

| = 2 channel

6 8 1012 14 166 8 10 12 14 166 8 10 12 14 16 6 8 10 12 14 16
m(L)L m(L)L m(L)L m(L)L
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Two-particle scattering

We compare 2-particle energies against analytical predictions

P=2n | = 2 channel

x2/dof = 1.34
Not a fit!

14166 8 10 12 14 16 6 8 10 12 14 16

6 8 10 12 14 16 6 8 10 12
m(L)L m(L)L m(L)L m(L)L
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Two-particle scattering

We compare 2-particle energies against analytical predictions

P=2n I =1 channel

[———— ]

6 8 1012 14 166 8 10 12 14 166 8 10 12 14 16 6 8 10 12 14 16
m(L)L m(L)L m(L)L m(L)L

J. Baeza-Ballesteros Lattice22 - 8th August 2022



Two-particle scattering

We compare 2-particle energies against analytical predictions

P=2n I =1 channel

x?/dof = 1.26
Not a fit!

[———— ]

6 8 10 12 14 16 6 8 10 12
m(L)L m(L)L m(L)L m(L)L

14166 8 10 12 14 16 6 8 10 12 14 16
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Three-particle scattering

We have determined 3-particle finite-volume energies at maximal isospin

P=2p I = 3 channel (Preliminary)

6 8 1012 14 166 8 10 12 14 16 6 8 10 12 14 16 6 8 10 12 14 16
m(L)L m(L)L m(L)L m(L)L
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Summary and outlook

Goal: Test 3-particle RFT formalism on the
(141)-dimensional O(3) non-linear sigma modeIJ
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Summary and outlook

Goal: Test 3-particle RFT formalism on the
(141)-dimensional O(3) non-linear sigma modeIJ

v/ We have implemented a three-cluster algorithm and computed two-
and three-particle energies

v/ We have extrapolated the finite-volume energies to the continuum

v/ We have found very good agreement (sub-percent precision)
between lattice and analytical results in the two-particle sector
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Goal: Test 3-particle RFT formalism on the
(141)-dimensional O(3) non-linear sigma modeIJ

v/ We have implemented a three-cluster algorithm and computed two-
and three-particle energies

v/ We have extrapolated the finite-volume energies to the continuum

v/ We have found very good agreement (sub-percent precision)
between lattice and analytical results in the two-particle sector

Next steps: 3-particle energy predictions, 3-particle / = 2 channel
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Goal: Test 3-particle RFT formalism on the
(141)-dimensional O(3) non-linear sigma modeIJ

v/ We have implemented a three-cluster algorithm and computed two-
and three-particle energies

v/ We have extrapolated the finite-volume energies to the continuum

v/ We have found very good agreement (sub-percent precision)
between lattice and analytical results in the two-particle sector

Next steps: 3-particle energy predictions, 3-particle / = 2 channel
More O(3) model: J. Bulava's plenary talk on Tuesday
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Summary
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Summary and outlook

Goal: Test 3-particle RFT formalism on the
(141)-dimensional O(3) non-linear sigma modeIJ

v/ We have implemented a three-cluster algorithm and computed two-
and three-particle energies

v/ We have extrapolated the finite-volume energies to the continuum

v/ We have found very good agreement (sub-percent precision)
between lattice and analytical results in the two-particle sector

Next steps: 3-particle energy predictions, 3-particle / = 2 channel
More O(3) model: J. Bulava's plenary talk on Tuesday

Thank you for your attention!
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Exact two-particle S-matrix

Integrable at low energies [Zamolodchikov, Zamolodchikov (1977)]:

Unitarity J + Crossing symmetry | + Factorization |

p1,i pi?.j
j:sji = (4n)23(pr — P)S(p2 — p5) BBy (5)
P2y k pé, / —|—6,'j(5k/0'2(5) + 5,‘/5jk0'3(5)]

7o) = g 010 = (®). 0x(6) =

s = 2m?[1 + cosh(h)]

im—0
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Two-particle / = 0 channel

| =0 channel

6 8 10 12 14166 8 10 12 14 166 8 10 12 14 16 6 8 10 12 14 16
mL mL mL mL
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Three-particle I = 3 and / = 2 channels

T e Al b
e e N
B B, B3 By Bs Bg

Ce3=B1+By+B3s+By+Bs + Bs

Crop = 51*%52+53*%B4*%55*%36 ?[82*544’55*56]
= V3B, — By — Bs + Be] Bi+ 3By — B3+ 3Bi— 3B5 — 3Bs

'

1 x 1 matrix if a pair of inital/final momenta are equal

No contribution if all three initial /final momenta are equal
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