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I. INTRODUCTION

In this paper, we present an updated scale setting analysis of domain-wall QCD ensembles from
a global fit approach that RBC-UKQCD collaboration has been pursued for decades [1–7]. This
work extends the latest SU(2) NLO �PT analysis in Ref. [7]. The entire ensembles addressed in
this work are summarized in Table I with its simulation input parameters and lattice scales and
unitary pion masses, which are determined from the previous scale setting analyses. In Fig. 1, we
plot the ensemble distribution in M⇡ versus a plane to illustrate how the physical limit could be
approached.
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FIG. 1. Pion mass versus lattice spacing of ensembles treated in this work.

The remaining part of the paper is organized as the followings. Global fit variations are discussed
in Section II. ZA used in the global fit are summarized in Section IIA. NLO SU(2) �PT fit functions
are given in Section II B. A method to reduce the full NLO SU(2) �PT fit function to the unitary
fit is explained in Section IIC. Analysis for each ensemble of 96I M, 48I M, 48I M2p8, 48I2p8, and
32ID M1p4 are presented in Sections III, IV, V, VI, and VII, respectively. To-do lists to finalize
the global fit analysis is given in Appendix A. In Appendices B and C, global fit inputs of Mss

and M⌦ masses and the Wilson flow scales w0 and
p
t0, respectively, are summarized. (FIXME:

Sensitivity tests are kepted in a separate document. We need to rerun the sensitivity test to the
representative fit once we have it.)

II. GLOBAL FITS

We compared two global fits focusing on the Iwasaki lattices with di↵erent pion mass cuto↵s:

• A: acut = 0.12 fm, M⇡,cut = 370MeV ,

• B: acut = 0.12 fm, M⇡,cut = 310MeV .

Fig. 2 highlights the ensembles included in each fit. Then, the Iwasaki + DSDR (ID) lattices are
gradually included to the fit A for a systematic study. The fit A + 32ID includes all the data
used for the reference global fit presented in Ref. [7] with additional three lattices at a ⇡ 0.07 fm
including newly generated physical pion mass ensemble of 96I.

In Fig. 3, inverse lattice spacing 1/a from six variations with di↵erent data cuts and �
2-

overweighting for the physical ensembles are compared. With the lower pion mass cut M⇡,cut =
310MeV, the �

2-overweighting does not make noticable changes on 1/a. The central values of 1/a
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RBC-UKQCD DWF Ensembles

August 7, 2022

1 Introduction

The ensembles listed here are available on the theory group cluster at Columbia by starting in the
directory

/auto/qs0-2/qcddata/

The gauge and fermion (G+F) action abbreviations used are:

• DWF = domain wall fermions

• MDWF = Mobius domain wall fermions,

• GMDWF = G-parity Mobius domain wall fermions,

• W = Wilson gauge action

• I = Iwasaki gauge action

• ID = Iwasaki plus Dislocation Suppressing Determinant Ratio (DSDR) gauge action.

• WE = Wilson plus Dislocation Enhancing Determinant (DED) gauge action.

• o following time extent = open boundary conditions in time

The total light quark mass (in lattice units) is ml+mres and the total strange quark mass is similarly
ms +mres.

2 2+1 flavor ensembles

Dynamical 2+1 flavor domain wall fermion ensembles by the RBC and UKQCD collaborations.
(Ensembles 13 and 14 were produced by the RBC and HotQCD collaborations.)

1

RBC-UKQCD Ensembles
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Early ensembles with heavy pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

1 DWF+I 1.785(5) 243⇥64⇥16 0.005 0.04 0.00308 340 2.6
2 DWF+I 1.785(5) 243⇥64⇥16 0.01 0.04 0.00308 432 2.6
3 DWF+I 1.785(5) 243⇥64⇥16 0.02 0.04 0.00308 560 2.6
4 DWF+I 1.785(5) 243⇥64⇥16 0.03 0.04 0.00308 670 2.6
5 DWF+I 2.383(9) 323⇥64⇥16 0.004 0.03 0.000664 303 2.6
6 DWF+I 2.383(9) 323⇥64⇥16 0.006 0.03 0.000664 360 2.6
7 DWF+I 2.383(9) 323⇥64⇥16 0.008 0.03 0.000664 412 2.6
8 DWF+ID 1.378(7) 323⇥64⇥32 0.0042 0.045 0.00184 246 4.6
9 DWF+ID 1.378(7) 323⇥64⇥32 0.001 0.045 0.00184 171 4.6

Table 1: Early ensembles with heavy pions.

Ensembles including those with physical pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

10 MDWF+I 1.730(4) 483⇥96⇥24 0.00078 0.0362 0.000614 139 5.5
11 MDWF+I 2.359(7) 643⇥128⇥12 0.000678 0.02661 0.000314 139 5.4
12 DWF+I 3.15(2) 323⇥64⇥12 0.0047 0.0186 0.000631 371 2.0
13 MDWF+ID 0.98(4) 323⇥64⇥24 0.00022 0.05960 0.00217 117 3.8
14 MDWF+ID 2.02(1) 323⇥64⇥24 0.00478 0.03297 0.00447 401 6.2
15 GMDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00184 141 4.6
16 MDWF+ID 0.98(4) 323⇥64⇥24 0.00107 0.0850 0.00217 137 6.4
17 MDWF+ID 0.98(4) 243⇥64⇥24 0.00107 0.0850 0.00217 137 4.8
18 MDWF+ID 0.98(4) 483⇥64⇥24 0.00107 0.0850 0.00217 137 9.6
19 MDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00189 141 4.6
20 DWF+I 2.785 483⇥96⇥12 0.002144 0.02144 0.000968 267 3.5
21 MDWF+I 2.708 323⇥64⇥12 0.00054 0.02132 0.000233 140 2.3
22 MDWF+I 2.708 963⇥192⇥12 0.00054 0.02132 0.000233 140 6.9
23 MDWF+I 2.708 483⇥96⇥12 0.002144 0.02144 0.000236 232 3.5
24 GMDWF+ID 1.723 403⇥64⇥12 0.0003 0.0342 0.00101 135 4.6
25 GMDWF+ID 2.068 483⇥64⇥12 0.00074 0.02775 0.000276 135 4.6

Table 2: Ensembles including those with physical pions.

2

2+1 Flavor RBC-UKQCD Ensembles



6

Early ensembles with heavy pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

1 DWF+I 1.785(5) 243⇥64⇥16 0.005 0.04 0.00308 340 2.6
2 DWF+I 1.785(5) 243⇥64⇥16 0.01 0.04 0.00308 432 2.6
3 DWF+I 1.785(5) 243⇥64⇥16 0.02 0.04 0.00308 560 2.6
4 DWF+I 1.785(5) 243⇥64⇥16 0.03 0.04 0.00308 670 2.6
5 DWF+I 2.383(9) 323⇥64⇥16 0.004 0.03 0.000664 303 2.6
6 DWF+I 2.383(9) 323⇥64⇥16 0.006 0.03 0.000664 360 2.6
7 DWF+I 2.383(9) 323⇥64⇥16 0.008 0.03 0.000664 412 2.6
8 DWF+ID 1.378(7) 323⇥64⇥32 0.0042 0.045 0.00184 246 4.6
9 DWF+ID 1.378(7) 323⇥64⇥32 0.001 0.045 0.00184 171 4.6

Table 1: Early ensembles with heavy pions.

Ensembles including those with physical pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

10 MDWF+I 1.730(4) 483⇥96⇥24 0.00078 0.0362 0.000614 139 5.5
11 MDWF+I 2.359(7) 643⇥128⇥12 0.000678 0.02661 0.000314 139 5.4
12 DWF+I 3.15(2) 323⇥64⇥12 0.0047 0.0186 0.000631 371 2.0
13 MDWF+ID 0.98(4) 323⇥64⇥24 0.00022 0.05960 0.00217 117 3.8
14 MDWF+ID 2.02(1) 323⇥64⇥24 0.00478 0.03297 0.00447 401 6.2
15 GMDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00184 141 4.6
16 MDWF+ID 0.98(4) 323⇥64⇥24 0.00107 0.0850 0.00217 137 6.4
17 MDWF+ID 0.98(4) 243⇥64⇥24 0.00107 0.0850 0.00217 137 4.8
18 MDWF+ID 0.98(4) 483⇥64⇥24 0.00107 0.0850 0.00217 137 9.6
19 MDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00189 141 4.6
20 DWF+I 2.785 483⇥96⇥12 0.002144 0.02144 0.000968 267 3.5
21 MDWF+I 2.708 323⇥64⇥12 0.00054 0.02132 0.000233 140 2.3
22 MDWF+I 2.708 963⇥192⇥12 0.00054 0.02132 0.000233 140 6.9
23 MDWF+I 2.708 483⇥96⇥12 0.002144 0.02144 0.000236 232 3.5
24 GMDWF+ID 1.723 403⇥64⇥12 0.0003 0.0342 0.00101 135 4.6
25 GMDWF+ID 2.068 483⇥64⇥12 0.00074 0.02775 0.000276 135 4.6

Table 2: Ensembles including those with physical pions.

2

2+1 Flavor RBC-UKQCD Ensembles



7

Early ensembles with heavy pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

1 DWF+I 1.785(5) 243⇥64⇥16 0.005 0.04 0.00308 340 2.6
2 DWF+I 1.785(5) 243⇥64⇥16 0.01 0.04 0.00308 432 2.6
3 DWF+I 1.785(5) 243⇥64⇥16 0.02 0.04 0.00308 560 2.6
4 DWF+I 1.785(5) 243⇥64⇥16 0.03 0.04 0.00308 670 2.6
5 DWF+I 2.383(9) 323⇥64⇥16 0.004 0.03 0.000664 303 2.6
6 DWF+I 2.383(9) 323⇥64⇥16 0.006 0.03 0.000664 360 2.6
7 DWF+I 2.383(9) 323⇥64⇥16 0.008 0.03 0.000664 412 2.6
8 DWF+ID 1.378(7) 323⇥64⇥32 0.0042 0.045 0.00184 246 4.6
9 DWF+ID 1.378(7) 323⇥64⇥32 0.001 0.045 0.00184 171 4.6

Table 1: Early ensembles with heavy pions.

Ensembles including those with physical pions

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

10 MDWF+I 1.730(4) 483⇥96⇥24 0.00078 0.0362 0.000614 139 5.5
11 MDWF+I 2.359(7) 643⇥128⇥12 0.000678 0.02661 0.000314 139 5.4
12 DWF+I 3.15(2) 323⇥64⇥12 0.0047 0.0186 0.000631 371 2.0
13 MDWF+ID 0.98(4) 323⇥64⇥24 0.00022 0.05960 0.00217 117 3.8
14 MDWF+ID 2.02(1) 323⇥64⇥24 0.00478 0.03297 0.00447 401 6.2
15 GMDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00184 141 4.6
16 MDWF+ID 0.98(4) 323⇥64⇥24 0.00107 0.0850 0.00217 137 6.4
17 MDWF+ID 0.98(4) 243⇥64⇥24 0.00107 0.0850 0.00217 137 4.8
18 MDWF+ID 0.98(4) 483⇥64⇥24 0.00107 0.0850 0.00217 137 9.6
19 MDWF+ID 1.37(1) 323⇥64⇥12 0.0001 0.045 0.00189 141 4.6
20 DWF+I 2.785 483⇥96⇥12 0.002144 0.02144 0.000968 267 3.5
21 MDWF+I 2.708 323⇥64⇥12 0.00054 0.02132 0.000233 140 2.3
22 MDWF+I 2.708 963⇥192⇥12 0.00054 0.02132 0.000233 140 6.9
23 MDWF+I 2.708 483⇥96⇥12 0.002144 0.02144 0.000236 232 3.5
24 GMDWF+ID 1.723 403⇥64⇥12 0.0003 0.0342 0.00101 135 4.6
25 GMDWF+ID 2.068 483⇥64⇥12 0.00074 0.02775 0.000276 135 4.6

Table 2: Ensembles including those with physical pions.

2

2+1 Flavor RBC-UKQCD Ensembles

48I
64I

96I

 Iwasaki Physical Point Ensembles



8

2+1 Flavor RBC-UKQCD Ensembles

New ensembles generated by
Christoph Lehner.  Not used in 

these fits.

Ensembles probing e↵ects near physical pion ensembles

Ens. Action 1/a Lattice ml ms mres m⇡ Size

(F+G) (GeV) volume (in lattice units) (MeV) (fm)

26 MDWF+I 1.73 323⇥64⇥24 0.0025 0.0362 0.00063 208 3.7
27 MDWF+I 1.73 243⇥48⇥32 0.0055 0.0368 0.00046 284 2.8
28 MDWF+I 1.73 323⇥64⇥24 0.0025 0.05 0.00065 210 3.7
29 MDWF+I 1.74 243⇥48⇥24 0.0049 0.0362 0.00062 279 2.8
30 MDWF+I 2.37 323⇥64⇥12 0.00372 0.0257 0.00030 281 2.7
31 MDWF+I 1.76 243⇥48⇥8 0.002356 0.03366 0.00415 303 2.7
32 MDWF+I 1.73 323⇥64⇥24 0.00078 0.0362 0.00061 139 3.7
33 MDWF+I 1.73 643⇥128⇥24 0.00078 0.0362 0.00061 139 7.4
34 MDWF+I 1.74 323⇥64⇥24 0.0049 0.0362 0.00062 279 3.7
35 MDWF+I 3.50 483⇥192o⇥12 0.0026 0.0176 0.00014 280 2.7

Table 3: Ensembles probing e↵ects near physical pion ensembles

3
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Global Fits
•	 Global fits (PRD 83 (2011) 074508, PRD 87 (2013) 094514, PRD 93 (2016) 

074505) are an expansion:

*	 	About the continuum limit, a2 = 0:

◊	 Different O(a2) coefficients for different actions for same observable

*	 About the chiral limit, ml = 0, for light quarks:

◊	 Separate dependence on valence and dynamical light quarks

◊	 Use ChPT for mπ, fπ and light quark dependence of mK and fK
◊	 Linear dependence for mΩ, w0, t0

1/2, Mss

*	 About the physical ms for dynamical and valence strange quarks

◊	 Use separate linear dependence for dynamical and valence

•	 Choose mπ, mK and m� to set the scale and to have no O(a2) dependence

*	 With functional form of quark mass dependence known from fit, determine 
quark masses which give physical values for mπ/mK and mK/ mΩ

*	 Then lattice spacing is determined by any one of mπ, mK, and mΩ
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Global Fits:  More Details

•	 SU(2) NLO example for mπ and fπ: 

        

55

Given the definition of a scaling trajectory, the variation of the quantity χel needed to apply Eq. (38)

to the ensemble e is actually trivial. Because our choice of quark mass m̃el gives the same value for

mll for each ensemble e on our scaling trajectory, all of the quantities in Eq. (38) with the possible

exception of the χel which we are now considering, are the same when expressed in physical units

for all points on the scaling trajectory. Thus, χel = 2Bem̃el /(ae)2 must be a constant as well, where

Be and m̃el are explicitly left in lattice units. Since we know how the quantities m̃l and a2 are related

between an ensemble e and our primary ensemble 1, we can determine the N−1 constants Be in

terms of the single constant B1:

Be =
Zel
Rea
B1 (40)

without any a2 corrections. Because of the complex scaling behavior of the mass, we will treat

B1 as one of the LEC’s to be determined in our fitting and not relate it to a “physical” continuum

quantity whose definition would require introducing a continuum mass renormalization scheme.

We conclude that our lattice results for light pseudoscalar masses and decay constants obtained

from a series of ensembles {e} can be described through NLO by the formulae:

(mell)
2 = χel + χel ·

{
16
f 2

(
(2L(2)

8 −L(2)
5 )+2(2L(2)

6 −L(2)
4 )

)
χel +

1
16π2 f 2

χel log
χel
Λ2χ

}

(41)

f ell = f
[
1+ c f (ae)2

]
+ f ·

{
8
f 2

(2L(2)
4 +L(2)

5 )χel −
χel

8π2 f 2
log

χel
Λ2χ

}

(42)

with

χel =
Zel
Rea

B1m̃el
(ae)2

(43)

where all quantities in Eqs. (41) and (42) are expressed in physical units (except for B1 and m̃el in

Eq. (43) which are given in lattice units).

Two important refinements should be mentioned. First, for the case of a physical scaling trajectory,

i.e. one which terminates in the physical masses mπ , mK and mΩ, these physical units are naturally

GeV. However, for other scaling trajectories appropriate “physical” units to use can be those in

which the Omega mass is unity. Second, for simplicity in Eqs. (38), (39), (41) and (42) we have

treated the heavy quark mass as fixed and not displayed the dependence of the quantities f , B,

L4, L5, L6 and L8 on mh. In practice we can easily generalize these equations to describe the

dependence of mll and fll on mh as well. Provided we limit the variation of mh to a small range

about an expansion point m̃h0, this variation can be described by including a linear term inmh−m̃h0
and treating this term as NLO in our power counting scheme. Thus, such extra linear terms will

•	 We include NLO ChPT finite volume effects in our formula.

•	 Input physical values

*	 mπ = 135.0 MeV

*	 mK = 495.7 MeV

*	 mΩ = 1672.45 MeV
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Global Fit Cuts

3

ID Prev. ID 1/a [GeV] M⇡ [MeV] β aml amh L
3
⇥ T ⇥ Ls

24I 24I 1.7848(50) [7] 432() 2.13 0.01 0.04 243 ⇥ 64⇥ 16
339.7(1.3) 0.005 0.04

32I 32I 2.3833(86) [7] 412() 2.25 0.008 0.03 323 ⇥ 64⇥ 16
360() 0.006 0.03
302.4(1.2) 0.004 0.03

32Ifine 32Ifine 3.148(17) [7] 371(5) 2.37 0.0047 0.0186 323 ⇥ 64⇥ 12
48I2p8 F1S 2.785(11) [8] 267() 2.31 0.002144 0.02144 483 ⇥ 96⇥ 12
48I M2p8 F1M 2.708(10) [8] 232.01(1.01) 2.31 0.002144 0.02144 483 ⇥ 96⇥ 12
48I M 48I 1.7295(38) [7] 139.2(4) 2.13 0.00078 0.0362 483 ⇥ 96⇥ 24
64I M 64I 2.3586(70) [7] 139.2(5) 2.25 0.000678 0.02661 643 ⇥ 128⇥ 12
96I M - 2.708(10) 131() 2.31 0.00054 0.02132 963 ⇥ 192⇥ 12

32ID M2 32ID M2 2.055(11) [6] 401.0(2.3) 1.943 0.00478 0.03297 323 ⇥ 64⇥ 12
32ID 32ID 1.3784(68) [7] 246() 1.75 0.0042 0.045 323 ⇥ 64⇥ 32

172.4(9) 0.001 0.045
32ID M1p4 - 1.3784(68) 141() 1.75 0.0001 0.045 323 ⇥ 64⇥ 12
24ID M - 0.981(39) 137() 1.633 0.00107 0.0850 243 ⇥ 64⇥ 24
32ID M3 - 0.981(39) 137() 1.633 0.00107 0.0850 323 ⇥ 64⇥ 24
32ID M1 32ID M1 0.981(39) [6] 117.3(4.4) 1.633 0.00022 0.05960 323 ⇥ 64⇥ 24

TABLE I. The inverse lattice spacings are taken from the lastest global fit analysis including the corre-
sponding ensemble; the quotes without a reference are based on the proximity of the simulation parameters
to other ensembles previously analyzed with the global fit. The heaviest pion mass ensembles of 24I and 32I
are listed for completeness, but not included in any global fits in this work. Updated 1/a and M⇡ from this
work will be summarized in later (FIXME: Table X).
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FIG. 2. Ensembles included in the fit A and fit B are represented by the hashed circles on the left and right
panels, respectively.

from the overweighted fits or fits with the lower pion mass cut remain mostly within 1σ0 where
the σ0 is the error from the previous determiations. Statistical error σ is reduced down to 50% of
the previous determinations as we included more data from additional ensembles. And, the other
variations with the χ

2-overweighting converge to the fits with the lower pion mass cut. For the
same six variations, predictions of the physical quantities and 1/a on the three physical ensembles
included in the fits are summarized in the Table II. The right column for each entry that do not
include Mss to the global fit matches with the Fig. 3. Variations among three sets of results shown
on the top panels are negligible, and they show only tiny di↵erences from the bottom panel for
the fit B. The left column for each entry shows results from fits that include the Mss but the scale
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FIG. 1. Pion mass versus lattice spacing of ensembles treated in this work.

The remaining part of the paper is organized as the followings. Global fit variations are discussed
in Section II. ZA used in the global fit are summarized in Section IIA. NLO SU(2) �PT fit functions
are given in Section II B. A method to reduce the full NLO SU(2) �PT fit function to the unitary
fit is explained in Section IIC. Analysis for each ensemble of 96I M, 48I M, 48I M2p8, 48I2p8, and
32ID M1p4 are presented in Sections III, IV, V, VI, and VII, respectively. To-do lists to finalize
the global fit analysis is given in Appendix A. In Appendices B and C, global fit inputs of Mss

and M⌦ masses and the Wilson flow scales w0 and
p
t0, respectively, are summarized. (FIXME:

Sensitivity tests are kepted in a separate document. We need to rerun the sensitivity test to the
representative fit once we have it.)

II. GLOBAL FITS

We compared two global fits focusing on the Iwasaki lattices with di↵erent pion mass cuto↵s:

• A: acut = 0.12 fm, M⇡,cut = 370MeV ,

• B: acut = 0.12 fm, M⇡,cut = 310MeV .

Fig. 2 highlights the ensembles included in each fit. Then, the Iwasaki + DSDR (ID) lattices are
gradually included to the fit A for a systematic study. The fit A + 32ID includes all the data
used for the reference global fit presented in Ref. [7] with additional three lattices at a ⇡ 0.07 fm
including newly generated physical pion mass ensemble of 96I.

In Fig. 3, inverse lattice spacing 1/a from six variations with di↵erent data cuts and �
2-

overweighting for the physical ensembles are compared. With the lower pion mass cut M⇡,cut =
310MeV, the �

2-overweighting does not make noticable changes on 1/a. The central values of 1/a

2

I. INTRODUCTION

In this paper, we present an updated scale setting analysis of domain-wall QCD ensembles from
a global fit approach that RBC-UKQCD collaboration has been pursued for decades [1–7]. This
work extends the latest SU(2) NLO �PT analysis in Ref. [7]. The entire ensembles addressed in
this work are summarized in Table I with its simulation input parameters and lattice scales and
unitary pion masses, which are determined from the previous scale setting analyses. In Fig. 1, we
plot the ensemble distribution in M⇡ versus a plane to illustrate how the physical limit could be
approached.
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FIG. 1. Pion mass versus lattice spacing of ensembles treated in this work.

The remaining part of the paper is organized as the followings. Global fit variations are discussed
in Section II. ZA used in the global fit are summarized in Section IIA. NLO SU(2) �PT fit functions
are given in Section II B. A method to reduce the full NLO SU(2) �PT fit function to the unitary
fit is explained in Section IIC. Analysis for each ensemble of 96I M, 48I M, 48I M2p8, 48I2p8, and
32ID M1p4 are presented in Sections III, IV, V, VI, and VII, respectively. To-do lists to finalize
the global fit analysis is given in Appendix A. In Appendices B and C, global fit inputs of Mss

and M⌦ masses and the Wilson flow scales w0 and
p
t0, respectively, are summarized. (FIXME:

Sensitivity tests are kepted in a separate document. We need to rerun the sensitivity test to the
representative fit once we have it.)

II. GLOBAL FITS

We compared two global fits focusing on the Iwasaki lattices with di↵erent pion mass cuto↵s:

• A: acut = 0.12 fm, M⇡,cut = 370MeV ,

• B: acut = 0.12 fm, M⇡,cut = 310MeV .

Fig. 2 highlights the ensembles included in each fit. Then, the Iwasaki + DSDR (ID) lattices are
gradually included to the fit A for a systematic study. The fit A + 32ID includes all the data
used for the reference global fit presented in Ref. [7] with additional three lattices at a ⇡ 0.07 fm
including newly generated physical pion mass ensemble of 96I.

In Fig. 3, inverse lattice spacing 1/a from six variations with di↵erent data cuts and �
2-

overweighting for the physical ensembles are compared. With the lower pion mass cut M⇡,cut =
310MeV, the �

2-overweighting does not make noticable changes on 1/a. The central values of 1/a

•	 Will consider two fits, with cuts as listed

•	 Shaded points represent ensembles included in the fits

•	 Global fits are uncorrelated fits
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Plots for Fit B
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5

with �
2 weight on physical ensembles

A + 32ID A B
f⇡ 0.12969(44) 0.12969(44) 0.12969(44) 0.12969(44) 0.12969(44) 0.12969(44)
fK 0.15496(42) 0.15496(42) 0.15496(42) 0.15496(42) 0.15496(42) 0.15496(42)

t
1/2
0 0.7331(21) 0.7331(21) 0.7331(21) 0.7331(21) 0.7331(21) 0.7331(21)
w0 0.8798(24) 0.8798(24) 0.8798(24) 0.8798(24) 0.8798(24) 0.8798(24)
M

2
ss 0.4772(07) 0.4772(07) 0.4772(08)

fK/f⇡ 1.1948(22) 1.1948(22) 1.1949(22) 1.1949(22) 1.1949(22) 1.1949(22)
a
�1

|48I M 1.7283(31) 1.7283(31) 1.7283(31) 1.7283(31) 1.7285(31) 1.7285(31)
a
�1

|64I M 2.3515(32) 2.3517(32) 2.3519(32) 2.3518(32) 2.3519(32) 2.3520(32)
a
�1

|96I M 2.6874(42) 2.6872(42) 2.6870(42) 2.6870(42) 2.6872(42) 2.6870(42)

without �2 weight on physical ensembles
A + 32ID A B

f⇡ 0.12929(59) 0.12924(60) 0.12929(60) 0.12920(60) 0.12982(44) 0.12978(44)
fK 0.15451(63) 0.15446(63) 0.15466(62) 0.15458(62) 0.15504(42) 0.15500(42)

t
1/2
0 0.7372(30) 0.7375(30) 0.7363(28) 0.7368(28) 0.7324(22) 0.7326(21)
w0 0.8854(34) 0.8858(34) 0.8841(31) 0.8847(31) 0.8793(24) 0.8795(24)
M

2
ss 0.4775(12) 0.4773(11) 0.4772(07)

fK/f⇡ 1.1951(29) 1.1952(29) 1.1962(29) 1.1964(28) 1.1942(22) 1.1943(22)
a
�1

|48I M 1.7308(41) 1.7311(40) 1.7305(39) 1.7310(38) 1.7284(32) 1.7285(31)
a
�1

|64I M 2.3483(38) 2.3476(38) 2.3492(35) 2.3484(35) 2.3530(33) 2.3527(32)
a
�1

|96I M 2.6794(54) 2.6787(54) 2.6808(49) 2.6800(49) 2.6886(43) 2.6881(42)

TABLE II. Predictions by the global fits with three variations in data cuts as explained in the text. Fits
with and without Mss are compared for each fit. All six fits with the �2 overweighting use the weight factor
w = 100 and results are all identical up to the given precision except a tiny increment in error of M2

ss for
the fit B. Note that M2

ss[BMW] = 0.47595(68) [9].

or,

⇣
M

2
⇡w

2
0 −

�
M

2
⇡w

2
0

�
phys

⌘2
+
⇣
M

2
ssw

2
0 −

�
M

2
ssw

2
0

�
phys

⌘2
= 0 . (3)

We refer this alternative approach with Mss as BMW world. The Eq. (2) and Eq. (3) do not make
any di↵erence. However, the BMW world scale setting is implemented with the later approach
that uses the squared quantities. Results from the type B fits and scale setting by the BMW world
are summarized in Table IV. In Table IV, a modified BMW world, BMW, is defined by alternative
choices of w0 and Mss, which are taken from predictions by RBC world scale setting; see Tables II
and III. While the errors from the BMW (or BMW scale setting are smaller, the shown deviations
require more discussions.

Note that the following scale setting scheme also determines a�1 consistent with the RBC world,
however the errors are order of magnitude larger.

 
M⇡

Mss
−

M⇡

Mss

����
phys

!2

+

 
MK

Mss
−

MK

Mss

����
phys

!2

= 0 . (4)

To investigate the systematics associated with the presence of the ID ensemble in the global
fit, we add one ID ensemble at a time to the fit A, which includes only the Iwasaki lattices with
heavier pion mass cut M⇡,cut = 370MeV. (FIXME: We may want to repeat the same analysis
with the lower pion mass cut, i.e., fit B.) Note that the Wilson flow variables w0 and

p
t0 are

included for all of the Iwasaki lattices, but excluded from the ID lattice data. (FIXME: w0 on the

PRELIMINARY - blocking studies for autocorrelations to be done

Some Results
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7

BMW BMW RBC

w0 0.87346 0.8798

Mss 0.68989 0.6908

with �
2 weight on physical ensembles

B

f⇡ 0.13061(26) 0.12968(26) 0.12969(44)

fK 0.15579(28) 0.15495(26) 0.15496(42)

t
1/2
0 0.72747(36) 0.73332(42) 0.7331(21)

M
2
K 0.24516(33) 0.24573(35) 0.24572

M⌦ 1.6790(27) 1.6723(26) 1.67245

fK/f⇡ 1.1928(21) 1.1949(22) 1.1949(22)

a
�1

|48I M 1.7189(08) 1.7044(08) 1.7285(31)

a
�1

|64I M 2.3539(15) 2.3343(16) 2.3519(32)

a
�1

|96I M 2.6942(11) 2.6715(12) 2.6872(42)

without �2 weight on physical ensembles

B

f⇡ 0.13063(26) 0.12975(26) 0.12982(44)

fK 0.15577(27) 0.15497(26) 0.15504(42)

t
1/2
0 0.72726(33) 0.73305(36) 0.7324(22)

M
2
K 0.24518(32) 0.24574(33) 0.24572

M⌦ 1.6780(26) 1.6716(26) 1.67245

fK/f⇡ 1.1924(21) 1.1944(21) 1.1942(22)

a
�1

|48I M 1.7189(08) 1.7046(08) 1.7284(32)

a
�1

|64I M 2.3543(14) 2.3348(14) 2.3530(33)

a
�1

|96I M 2.6945(11) 2.6722(13) 2.6886(43)

TABLE IV. Predictions by the global fits with scale setting by M⇡, Mss, and w0, a.k.a BMW world. The
second and third columns di↵er by the w0 and Mss. w0 and Mss on the second column are taken from
BMW result [9]. The corresponding values on the third column are choosen based on the RBC scale setting
results, i.e., BMW. The global fit inputs are the same with the Table II that summarizes RBC world results.
Thus, both columns can be compared with the sixth column in Table II which is reproduced on the fourth
column. In all three cases, M⇡ = 135MeV is used.

•	 From RBC fit, produce 
w0 and Mss.

•	 Feed the central values 
for w0 and Mss, along 
with mπ into a second 
global fit and check the 
result.

•	 This second fit is done 
with no O(a2) errors for 
mπ, w0 and Mss.

w0, Mss

Fitting with Different Physics Inputs
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8/10/22, 5:08 PMRBC_a-sq_scaling

Page 1 of 2about:srcdoc

Text(0.5, 1.0, 'RBC Global Fit B')

In [27]: #  Plot of the a^2 dependence of quantities from YCJ fit B

In [30]: import numpy as np
from matplotlib import pyplot as plt

In [31]: obs = ['mpi2', 'fpi', 'mk2', 'fk', 'm_omega', 't0', 'w0','ss']
       
asq = np.array([ [0.0005, 0.0],[0.004912, 0.002674], \
                 [0.0, 0.0],[0.003177, 0.001849], \
                 [-0.0005, 0.0], \
                 [0.012561, 0.002137], \
                 [-0.006442, 0.001992], \
                 [-0.001491, 0.000695] ] )

In [32]: for n in np.arange(8):
    plt.plot([1,0], [asq[n,0],0],label=obs[n])
    
plt.legend()    
plt.title('RBC Global Fit B')

Out[32]:

In [33]: asq_mss_w0_RBC = \
        np.array([ [0.0005, 0.0],[-0.001566, 0.001468], \
                 [0.001291, 0.000592],[-0.001255, 0.001105], \
                 [-0.003024, 0.000988], \
                 [0.019434, 0.000365], \
                 [0.0, 0.0], \
                 [-0.0005, 0.0] ] )

8/10/22, 5:08 PMRBC_a-sq_scaling

Page 2 of 2about:srcdoc

Text(0.5, 1.0, 'RBC using Mss and w0')

In [34]: for n in np.arange(8):
    plt.plot([1,0], [asq_mss_w0_RBC[n,0],0],label=obs[n])
    
plt.legend()    
plt.title('RBC using Mss and w0')

Out[34]:

In [ ]:  

In [ ]:  

Fitting with Different Physics Inputs

•	 Plot of a2 dependence of 
various observables

•	 Top fit has no a2 depen-
dence in mπ, mK, and mΩ

•	 Lower fit has no a2 depen-
dence in mπ, w0, and Mss
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Summary
•	 Essentially physical point MDWF+I ensembles for 3 lattice spacings

*	 	Ensembles away from physical point allow for ~5% adjustments in quark 
masses to reach truly physical results.

*	 For HVP project, additional "nearby" ensembles have recently been gener-
ated (Lehner).  These give consistent results with those shown here.

*	 May be included in the future into a common fit.

•	 	Same results to a few parts in 104 for different pion mass cuts

*	 Indicates systematic effects from ChPT expansion are small

•	 Inclusion of coarse MDWF+ID ensembles shows need for a4 terms in t0.


