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I. Introduction



Heavy tetra-quark states TQQ
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Q̄ : heavy anti-quark
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<latexit sha1_base64="0ugmVGE42QEMKW/y4uZzat4t5rM="></latexit>

Q
<latexit sha1_base64="0ugmVGE42QEMKW/y4uZzat4t5rM="></latexit>

Q

<latexit sha1_base64="e+6f6UfdJcVNy84pPSbWqflTmps="></latexit>

q̄

<latexit sha1_base64="e+6f6UfdJcVNy84pPSbWqflTmps="></latexit>

q̄
<latexit sha1_base64="IL+pqLvk+/aVQQ3YgzbYYv+/SoY="></latexit>

q̄ : light anti-quark
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Q : heavy quark
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Tcc(ccūd̄) observation by LHCb.
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Figure 1: Distribution of D0D0⇡+ mass. Distribution of D0D0⇡+ mass where the contri-
bution of the non-D0 background has been statistically subtracted. The result of the fit with
the two-component function described in the text is overlaid. The D⇤+D0 and D⇤0D+ thresholds
are indicated with the vertical dashed lines. The horizontal bin width is indicated on the vertical
axis legend. Inset shows a zoomed signal region with fine binning scheme, Uncertainties on
the data points are statistical only and represent one standard deviation, calculated as a sum in
quadrature of the assigned weights from the background-subtraction procedure.

To validate the presence of the signal component, several additional cross-checks are
performed. The data are categorised according to data-taking periods including the polarity

Table 1: Parameters obtained obtained from the fit to the D0D0⇡+ mass spectrum. Signal yield,
N , Breit–Wigner mass relative to D⇤+D0 mass threshold, �mBW, and width, �BW, are listed.
The uncertainties are statistical only.

Parameter Value

N 117± 16
�mBW �273± 61 keV/c2

�BW 410± 165 keV

3

No definite confirmation by previous Lattice 
QCD calculations.

genuine tetra-quark states

Guerrieri et al., PoS LATTICE 2014(2014) 106: hadron spectra

Aaij et al. (LHCb Collaboration) , Nature Phys. (2022)

Ikeda et al., PLB729(2014) 85: potential method

talks@lattice2022

The latest lattice study suggest a virtual state.
Padmanath-Prelovsek, PRL129(2022)3,032002: hadron spectra
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Tbb(b̄b̄ud)

not observed yet, but  is more likely to exist as a bound state than charmed 

tetra-quark states. 

z

x

y

x

z

(a) (b)

y

Figure 1: (a) At very short b̄b̄ separations, the b̄ quarks interact with a perturbative one-gluon-
exchange Coulomb potential. (b) At large separations the light quarks, for instance ud, screen
the interaction and the four quarks form two rather weakly interacting B or B∗ mesons.

clear, from the basic principles of QCD, that they form bound states if the antiquarks are heavy
enough [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42]. To understand why binding should occur, it is
convenient to use the Born-Oppenheimer [43] perspective, where the wave function of the two
heavy antiquarks is determined considering an effective potential describing the light quarks. At
very short b̄b̄ separations, the b̄ quarks interact with a perturbative one-gluon-exchange Coulomb
potential, while at large separations, the light quarks screen the interaction and the four quarks
form two rather weakly interacting B mesons, as illustrated in Fig. 1. Thus, a screened Coulomb
potential is expected. This potential clearly produces a bound state, provided the antiquarks b̄b̄
are heavy enough.

The calibration problem of quark models is avoided by using b̄b̄ potentials obtained from lattice
QCD computations. We profit from the fact that the very heavy bottom antiquarks allow for
the Born-Oppenheimer approximation [43]. From the perspective of the two lighter quarks, the
heavy antiquarks b̄b̄ can be approximated as static colour charges. The static approximation
is most appropriate for a comparatively easy extraction of the potential in lattice QCD. Then,
after the energy of the light quarks u/d is found, it can be used as an effective potential for the
heavy antiquarks b̄b̄. For a detailed introduction to this strategy, see Refs. [28, 30].

Moreover, this approach may turn out to be very interesting for effective models, relying on
hadron-hadron potentials. The most important hadron-hadron potential is the N N interaction,
derived and modelled in great detail by several groups, crucial for our understanding of many
aspects of nuclear and astrophysics. A problem with the different N N potentials is that they
can not be measured directly. Thus, the lattice QCD potentials between static-light mesons
[44, 45, 46, 47, 48, 49, 50, 52, 51, 53] might be used to test the techniques used by different
groups to derive the N N interactions, either from quark degrees of freedom [54, 55, 56] or from
effective degrees of freedom [57, 58, 59, 60].

The paper is organized as follows. In Sec. 2, we shortly review twisted mass lattice QCD and
our lattice setup. Sec. 3 discusses the creation operators used to excite the states that we
investigate and the relevant symmetries. Sec. 4 presents our numerical results and provides a
detailed discussion of our findings. We conclude in Sec. 5.

3

Expected mechanism picture from Bicudo et al., PRD93(2016) 034501

one-gluon-exchange (short distance) screening by light quarks (long distance)

screens Coulomb potential bound state
<latexit sha1_base64="fTwYmHyaVoXtWpArkSP4HIvXSdg="></latexit>

if b̄b̄ are heavy enough



latest lattice QCD calculations
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1. single channel potential between B̄ and B̄⇤, static b quark Bicudo et al., PRD93(2016) 034501
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one bound state in I(JP ) = 0(1+)
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2. coupled channel potential for B̄B̄⇤ and B̄⇤B̄⇤, static b quark

Bicudo et al., PRD95(2017) 034502
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binding energy is reduced to EB = 5930�38 MeV
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EB = 90+43
�36 MeV, extrapolated to physical pion mass
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3. spectra with NRQCD b quark, a bound state in 0(1+).
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EB = 120(24)(10) MeV Leskovec et al., PRD100(2019) 014503

Junnarkar et al., PRD99(2019) 034507
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EB = 167(19) MeV
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EB = 165.0(32.5) MeV (a ! 0)

Mohanta-Basak, PRD102(2020) 094516

moving b quark coupled channel
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EB #



Aims of our study

<latexit sha1_base64="DOVRqDFW3PqAlFEs2fkN5Tg2UvI="></latexit>

3. perform a coupled channel analysis with moving b quarks by NRQCD

Takafumi Aoki mainly worked on this project and got his master degree this 
March. Unfortunately, he left physics and is now working in a private company.
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1. confirm an existence of a bound Tbb in the HAL QCD (potential) method
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2. investigate properties of Tbb in the HAL QCD method
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II. Methodology



1. HAL QCD method

Ishii, Aoki and Hatsuda, PRL99(2007)022001

We employ the time-dependent coupled channel HAL QCD method at the 
leading order in the derivative expansion.
Ishii et al. (HAL QCD), PLB712(2012)437 Aoki et al. (HAL QCD), Proc. Japan Acad. B87 (2011) 509
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time-dependent 2⇥ 2 coupled channel equation
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which is needed to correct differences in masses and Z-factors between two channels. De-

noting the left-hand side of eq.(21) as Kα
ξ (r, t), the LO potential is extracted as
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As before, there is no guarantee that the LO potential is Hermitian.

III. LATTICE QCD SETUP

A. Operators

We are interested in the doubly-bottomed tetra-quark state with quantum numbers

I(JP ) = 0(1+), called Tbb hereafter. The lowest scattering channel with these quantum

numbers is the B (B̄B̄∗) channel with threshold near 10600 MeV, while the second one is

the B∗ ≡ (B̄∗B̄∗) channel with a threshold at 45 MeV above[18]. Since the threshold of the

third channel is too far above to contribute low energy states such as Tbb, we only consider

B and B∗ channels in this paper.

Sink operators for two mesons at a distance r with a total spin S = 1 and a total iso-spin

I = 0 are taken as

Bj ≡
∑

x

(ū(y)γ5b(y))︸ ︷︷ ︸
B̄(y)

(d̄(x)γjb(x))︸ ︷︷ ︸
B̄∗(x)

−[u ↔ d], y ≡ x+ r, (24)

B∗
j ≡ εjkl

∑

x

(ū(y)γkb(y))
(
d̄(x)γlb(x)

)
− [u ↔ d], (25)
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As before, there is no guarantee that the LO potential is Hermitian.
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correction factor
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The R-correlator in the channel α, defined by
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As before, there is no guarantee that the LO potential is Hermitian.
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(ū(y)γkb(y))
(
d̄(x)γlb(x)

)
− [u ↔ d], (25)

8

Leading order in the derivative expansion

<latexit sha1_base64="IOjeoBeyr6qccXj/C/9zJLoxdLg="></latexit>

Since the B⇤ ⌘ B̄⇤B̄⇤ threshold is about 45 MeV above B ⌘ B̄B̄⇤ threshold,
we consider the coupled channel analysis in our study.

<latexit sha1_base64="9B43bbsMFQbEsw1bhpStaMW3ePE="></latexit>

↵,� = 0(B), 1(B⇤)



2. Non-Relativistic QCD (NRQCD)
Since b quark is too heavy to treat relativistically on current lattice spacings, 
we employ NRQCD action for b quarks. 
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O(v
4
) Hamiltonian

diagonal Hamiltonian up to O(v4) [26], given on a lattice as

Hψ = H0 +
∑

i

ciδH(i), H0 = − 1

2M
∆(2),

δH(1) = − 1

2M
σ ·B, δH(2) =

i

8M2
(∆ · E− E ·∆), δH(3) = − 1

8M
σ · (∆× E− E×∆),

δH(4) = − 1

8M3
(∆(2))2, δH(5) =

1

24M
∆(4), δH(6) = − 1

16nM2
(∆(2))2, (32)

where M is the bare heavy-particle mass, ci = 1 at the tree level in perturbation the-

ory, ∆,∆(2), . . . are discretized symmetric covariant derivatives in space, and the chromo-

electromagnetic field E,B are given by the standard clover-leaf definitions. The FWT trans-

formation matrix is also given up to O(v4) [26] as

R = 1 +
∑

i

R(i),

R(1) = − 1

2M
·∆, R(2) =

1

8M2
∆(2), R(3) =

1

8M2
Σ ·B, R(4) = − i

4M2
γ4γ · E. (33)

In our study, all link variables are rescaled as Uµ → Uµ/u0, in order to include perturbative

corrections by the tadpole improvement[25], where u0 is determined from an average of the

plaquette UP as

u0 =

{
1

3
TrUP

}1/4

. (34)

In the lattice NRQCD, the ground state energy obtained from a behavior of the two-

point function in time represents the interaction energy, not the hadron mass itself, since

the quark mass term is removed from the NRQCD Hamiltonian. Therefore, a correlation

function with non-zero momentum behaves at large t as

〈
HX(p, t)H

†
X(p, 0)

〉
t→∞−−−→ e−EX(p)t, HX(p) ≡

∑

x

HX(x)e
−ipx, (35)

where EX(p) =
√
p2 + (Mkin

X )2− δ with the p independent energy shift δ. Since this energy

shift δ, equal to the bare quark mass at the tree level, usually suffers from large perturbative

corrections, we directly estimate a (kinetic) mass of the hadron X without determining δ as

Mkin
X =

p2 − (EX(p)− EX(0))2

2(EX(p)− EX(0))
. (36)
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corrections by the tadpole improvement[22], where u0 is determined from an average of the

plaquette UP as

u0 =

{
1

3
TrUP

}1/4

. (34)
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function with non-zero momentum behaves at large t as

〈
HX(p, t)H

†
X(p, 0)

〉
t→∞−−−→ e−EX(p)t, HX(p) ≡
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x

HX(x)e
−ipx, (35)

where EX(p) =
√
p2 + (Mkin

X )2− δ with the p independent energy shift δ. Since this energy
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11non-perturbative subtraction but noisier.



3. Operators
Sink operators (2 types of meson-meson operators)

The R-correlator in the channel α, defined by

Rα
ξ (r, t) ≡

F α
ξ (r, t)

e−mα
1 te−mα

2 t
"

∑

n,β

Aα
Wn;β,ξψ

α
Wn;β(r) e

−∆αWξ,n t, (20)

where we take t > t(inela)threshold in the right-hand side with ∆αWξ,n ≡ Wξ,n −mα
1 −mα

2 , satisfies
(

∇2

2µα
− ∂

∂t
+

1 + 3δα2

8µα
∂2

∂t2

)
Rα
ξ (r, t) "

∑

β

∆̃αβ(t)

∫
d3r′ Uαβ(r, r′)Rβ

ξ (r
′, t) (21)

up to O((∆W )2) as in the single-channel case, where

∆̃αβ(t) =

√
Zβ

1Z
β
2

Zα
1 Z

α
2

e−(mβ
1+mβ

2 )t

e−(mα
1+mα

2 )t
, (22)

which is needed to correct differences in masses and Z-factors between two channels. De-

noting the left-hand side of eq.(21) as Kα
ξ (r, t), the LO potential is extracted as



 V 00(r) ∆̃01(t)V 01(r)

∆̃10(t)V 10(r) V 11(r)



 =



 K0
0(r, t) K0

1(r, t)

K1
0(r, t) K1

1(r, t)







 R0
0(r, t) R0

1(r, t)

R1
0(r, t) R1

1(r, t)




−1

. (23)

As before, there is no guarantee that the LO potential is Hermitian.

III. LATTICE QCD SETUP

A. Operators

We are interested in the doubly-bottomed tetra-quark state with quantum numbers

I(JP ) = 0(1+), called Tbb hereafter. The lowest scattering channel with these quantum

numbers is the B (B̄B̄∗) channel with threshold near 10600 MeV, while the second one is

the B∗ ≡ (B̄∗B̄∗) channel with a threshold at 45 MeV above[18]. Since the threshold of the

third channel is too far above to contribute low energy states such as Tbb, we only consider

B and B∗ channels in this paper.

Sink operators for two mesons at a distance r with a total spin S = 1 and a total iso-spin

I = 0 are taken as

Bj ≡
∑

x

(ū(y)γ5b(y))︸ ︷︷ ︸
B̄(y)

(d̄(x)γjb(x))︸ ︷︷ ︸
B̄∗(x)

−[u ↔ d], y ≡ x+ r, (24)

B∗
j ≡ εjkl

∑

x

(ū(y)γkb(y))
(
d̄(x)γlb(x)

)
− [u ↔ d], (25)

8

d̄
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x+ r

Source operators (wall quark source with gauge fixing)

diquark operator
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Since both B and B⇤ source operators create similar combinations of states,
we introduce a diquark source operator.

meson-meson

heavy diquark light diquark

meson meson



4. Lattice QCD configurations

400 configurations

D. Configurations

We have employed the (2+1) flavor full QCD configurations, generated by the PACS-CS

Collaboration[24] with the Iwasaki gauge action and the Wilson-Clover light quark action

at a ≈ 0.09 fm. For the wall source, gauge configurations are fixed to the Coulomb gauge.

We estimate statistical errors by the jackknife method, with a bin size 20, using 400 config-

urations on each quark mass. Parameters for gauge ensembles and hadron masses measured

in this work are listed in tables II and III, respectively.

Configuration Vlat = L3
s × Lt a [fm] Ls [fm] κud κs csw Mb u0

PACS-CS-A 323 × 64 0.0907(13) 2.902(42) 0.13700 0.13640 1.715 1.919 0.868558(42)

PACS-CS-B 323 × 64 0.0907(13) 2.902(42) 0.13727 0.13640 1.715 1.919 0.868793(43)

PACS-CS-C 323 × 64 0.0907(13) 2.902(42) 0.13754 0.13640 1.715 1.919 0.869005(44)

TABLE II. Parameters for gauge ensembles. The bare b quark mass Mb is tuned to be M spinavg
bb̄

≈

9450 MeV within errors. The expectation value of the link variable u0 defined in eq.(34) is used

for the tadpole improvements.

Configuration mπ [MeV] mρ [MeV] M spinavg
B̄

[MeV] ∆EB̄B̄∗ [MeV]

PACS-CS-A 701(1) 1102(1) 5440(174) 49.4(2.6)

PACS-CS-B 571(0) 1011(1) 5382(269) 44.9(1.6)

PACS-CS-C 416(1) 920(3) 5332(220) 42.7(3.9)

TABLE III. Hadron masses measured on each ensemble. The B meson mass MB̄ is determined by

the kinetic mass, and the spin-averaged is made as 1
4MB̄ + 3

4MB̄∗ . The energy splitting ∆EB̄B̄∗ is

defined by ∆EB̄B̄∗ ≡ EB̄∗(0)− EB̄(0).

Comments on measured hadron masses are in order.

• While an individual mass of B̄ or B̄∗ has a sizable statistical error due to a use of data

at non-zero p in eq. (36), we can determine the mass splitting between them from

EB̄∗(0) − EB̄(0), which does not require noisy data at non-zero p. In the table, we

also list the spin average mass M spinavg
B̄

≡ 1
4MB̄+ 3

4MB̄∗ . For calculations of potentials,

we need to use MB̄ and MB̄∗ separately.
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2 + 1 flavor full QCD configurations generated by the PACS-CS Collaboration
with the Iwasaki gauge action and the Wilson-Clover light quark action
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M spin�avg.
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4
MB̄ +

3

4
MB̄⇤
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' 5313 MeV within about 5% statistical errors
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Mb is taken to give M spin�avg.
bb ' 9450 MeV



III. Numerical Results

Takafumi Aoki and Sinya Aoki, in preparation.



1. Leading order potentials

1-1. Single channel LO potential

from inelastic states are well under control. Thus we have employed the potential at t = 13

for our main analysis, whose fit parameters are given in Tab IV.
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FIG. 1. (Left) A lattice result of the potential at t = 13 (blue circles), together with the 3-Gauss

fit by a red line. (Right) 3-Gauss fits at t = 12, 13, 14. A gray dashed-line indicates r = L/2.

V Vi [MeV] ρi [fm]

i = 0 −482(11) 0.088(0.002)

i = 1 −185(8) 0.218(0.004)

i = 2 −236(2) 0.583(0.002)

TABLE IV. 3-Gauss fit parameters at t = 13.
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m⇡ ' 700 MeV

1. attractive at distances smaller 
than 1.0 fm

3. small time dependence suggests 
that contributions from inelastic 
states are well under control.

2. 3-Gaussian fit

• Values of B̄ meson mass in the table are consistent with an experimental value

M spinavg
B̄

= 5313 MeV [18] within large statistical errors at 3 light quark masses,

and we expect that this agreement holds even at the physical pion mass. Thanks to

smaller statistical errors, on the other hand, we observe a tendency that the mass

splitting ∆EB̄B̄∗ decreases as the pion mass decreases and it becomes smaller than an

experimental value ∆EB̄B̄∗ = 45 MeV[18] at the physical pion mass. Among possible

reasons for this, it is most likely that c1 = 1 with the tadpole improvement is not good

enough as a coefficient of δH(1) in the NRQCD Hamiltonian, which is the LO term in

the NRQCD power counting responsible for the spin splitting. Therefore we expect

10-20% systematic errors for the spin splittings at the tree level coefficient even with

the tadpole improvement.

In this work, scattering quantities are calculated on 3 different pion masses, and then

extrapolated to the physical point defined by mπ ≈ 140 MeV.

IV. NUMERICAL RESULTS

A. Leading-Order Potential

1. Single-channel case

In this subsection, assuming that the Tbb couples only to the B channel, we compute the

S-wave1 LO potential according to eq.(12). Fig 1 (Left) shows the one at mπ " 700 MeV

(PACS-CS-A) and t = 13. The potential between B̄ and B̄∗ mesons is attractive at all

distances and it becomes zero within errors at distances larger than 1.0 fm, which is smaller

than Ls/2 " 1.45 fm. Thus the interaction is sufficiently short-ranged to be confined within

the box, so that finite size effect to the potential is expected to be small. To fit data of the

potential, we use a 3-Gauss function given by

V3G(r) = V0e
−r2/ρ20 + V1e

−r2/ρ21 + V2e
−r2/ρ22 , (37)

where Vi and ρi are fit parameters. We show fit results to lattice data at t = 12-14 in

Fig. 1 (Right), whose time-dependence is negligibly small, indicating that contaminations

1 The NBS wave function is projected to the A+
1 representation of the cubic group, where we ignore higher

partial waves such as ! = 4, 6, · · · .
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1-2. Coupled channel LO potential
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FIG. 2. (Upper) 2 × 2 coupled-channel potentials (blue circles) at t = 13, together with 3-Gauss

fits by red lines. (Lower) 3-Gauss fits at t = 12, 13, 14.
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A diagonal potential V BB is attractive at distances smaller than 0.8 fm.

shorter than a single channel
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O↵-diagonal interactions between B and B⇤
are comparable to diagonal ones
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Coupled channel analysis is important. (Single channel one may be insu�cient.)

Hermiticity is badly 
broken.
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Other one V B⇤B⇤
has a repulsive core surrounded by an attractive pocket

at r ' 0.4 fm.



1-3. Pion mass dependence
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FIG. 3. Fit results V αβ
3G (r) at mπ = 701 MeV (blue), 571 MeV (orange) and 416 MeV (red) at

t = 13.

where

UBB
eff,E(x,y) = V BB(x)δ(x− y) + V BB∗

(x)GB∗B∗

E (x,y)V B∗B(y), (39)

where Gαα
E (x,y) = (E − Hα

0 − V αα)−1(x,y) is the full Green function for the energy E

in the α channel, and thus the effective potential UBB
eff,E(x,y) explicitly depends on the

energy E. In this expression, it is clear that effects of intermediate B∗ states leads to

non-locality for UBB
eff,E(x,y) in the second term. While the original U(x,y) is defined in

QCD, UBB
eff,E(x,y) contains only a part of non-locality caused by such intermediate B∗ states

with local interactions V B∗B∗
, V BB∗

and V B∗B for a given energy E. A remaining non-locality

comes not only from non-locality of coupled channel potentials but also from virtual channels

other than B and B∗, latter of which have negligible effects on the scattering in the B channel

below the B∗ threshold, since thresholds of other channels are far above from it.

Note that, even though UBB
eff,E(x,y) is still non-hermitian, we can extract real scattering

phase shifts in the B channel and thus an unitary S-matrix, as long as we take real E below
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Both diagonal and off-diagonal potentials become stronger and more long-ranged, 
as the pion mass decreases.

A mixing effect increases toward the physical pion mass.



2. Scattering analysis

Hermiticity is badly broken, probably due to the LO approximation.
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We consider scattering only in the B channel below B⇤ threshold,
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while employing 2⇥ 2 coupled channel potentials to include virtual B⇤ states.

Inclusion of virtual  effectsℬ*
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2⇥ 2 coupled channel potential
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the e↵ective single channel potential

V BB Vi [MeV] ρi [fm]

i = 0 −491(60) 0.092(0.013)

i = 1 −254(64) 0.255(0.095)

i = 2 −110(144) 0.476(0.180)

V BB∗ Vi [MeV] ρi [fm]

i = 0 302(38) 0.086(0.007)

i = 1 138(47) 0.289(0.090)

i = 2 170(65) 0.578(0.063)

V B∗B Vi [MeV] ρi [fm]

i = 0 −109(17) 0.147(0.125)

i = 1 −61.1(16.2) 0.288(0.051)

i = 2 −9.27(4.95) 0.820(0.188)

V B∗B∗ Vi [MeV] ρi [fm]

i = 0 456(26) 0.181(0.005)

i = 1 −76.2(6.1) 0.657(0.043)

i = 2 −1.53(1.45) 1.385(0.099)

TABLE V. 3-Gauss fit parameters at t = 13.

3. Pion mass dependence

Fig. 3 compares potentials at three different pion masses, mπ = 701, 571, 416 MeV. As

the pion mass gets smaller, both diagonal and off-diagonal potentials become stronger and

more long-ranged. This suggests that a mixing effect between B and B∗ increases toward

the physical pion mass, so that the coupled channel analysis may be mandatory even below

the B∗ threshold. In this study, physical observables such as scattering phase shifts and

a binding energy, not potentials themselves, are extrapolated from results at three heavier

pion masses to the physical pion mass, mπ = 140 MeV.

B. Scattering Analysis

1. Inclusion of virtual B∗ effects

In the following analysis, we restrict ourself to scatterings only in the B channel below the

B∗ threshold, where the B∗ channel virtually appear as intermediate states, even though we

employ the 2×2 coupled channel potential matrix in the analysis. This kind of situation has

been analyzed in [14], which shows that effects of virtual B∗ states appear as non-locality of

the effective potential in the B channel. Explicitly, the coupled channel Schrödinger equation

between B and B∗ becomes an effective single channel Schrödinger equation in the B channel

as

(H0 + UBB
eff,E)ΨB = EΨB, (38)
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FIG. 3. Fit results V αβ
3G (r) at mπ = 701 MeV (blue), 571 MeV (orange) and 416 MeV (red) at

t = 13.

where

UBB
eff,E(x,y) = V BB(x)δ(x− y) + V BB∗

(x)GB∗B∗

E (x,y)V B∗B(y), (39)

where Gαα
E (x,y) = (E − Hα

0 − V αα)−1(x,y) is the full Green function for the energy E

in the α channel, and thus the effective potential UBB
eff,E(x,y) explicitly depends on the

energy E. In this expression, it is clear that effects of intermediate B∗ states leads to

non-locality for UBB
eff,E(x,y) in the second term. While the original U(x,y) is defined in

QCD, UBB
eff,E(x,y) contains only a part of non-locality caused by such intermediate B∗ states

with local interactions V B∗B∗
, V BB∗

and V B∗B for a given energy E. A remaining non-locality

comes not only from non-locality of coupled channel potentials but also from virtual channels

other than B and B∗, latter of which have negligible effects on the scattering in the B channel

below the B∗ threshold, since thresholds of other channels are far above from it.

Note that, even though UBB
eff,E(x,y) is still non-hermitian, we can extract real scattering

phase shifts in the B channel and thus an unitary S-matrix, as long as we take real E below
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FIG. 4. Results of p cot δ(W ) from the LS equations as a function of W < EB∗
threshold, together

with −
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−p2 curve represent the binding

energy calculated by the GEM, which agrees well with the intersection corresponding to a pole of

the T -matrix.
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FIG. 5. The binding energy obtained by the GEM as a function of m2
π (open circles), together

with a linear extrapolation in m2
π to mπ = 140 MeV (solid line) from the single channel analysis

(magenta) and the coupled-channel analysis (blue).
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Effective Range Expansion (ERE) and a bound state

bound state energy by the Gaussian 

Expansion Method (GEM)

analytic continuation of ERE, physical pole condition is satisfied 
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ERE and GEM give consistent binding energy.

with the weight wj =
2

(1−x2
j )[P

′
N (xj)]2

for the Gauss-Legendre quadrature used in our calcula-

tions. We have confirmed that physical observables are insensitive to our choice, N = 50

and pcut = 100 MeV. (Results are unchanged within errors for pcut = 1000 MeV or N = 60.)

Then, the T -matrix is approximately obtained by a matrix inversion as t0 = (1−V G0)−1V ,

where tαβ0 (kαN , k
β
N) corresponds to the on-shell T -matrix tαβ0 (W ).

3. T -matrix and bound states

The scattering phase shift can be extracted from the on-shell T -matrix as

tBB0 (W )

pBW
=

−1

π

1

pBW cot δBB0 (W )− ipBW
, (45)

and then p cot δ is parametrized by the Effective Range Expansion(ERE) as

pBW cot δBB0 (W ) = − 1

a0
+

reff,0
2

(pBW )2 +O
(
(pBW )4

)
. (46)

where a0 is the scattering length and reff,0 is the effective range.

Since bound states correspond to poles of the T -matrix in a negative (pBW )2 axis, we have

to solve the LS equation at (pBW )2 < 0 in order to find such poles. Alternatively, using

(46), we may search an intersection between the ERE p cot δ and a bound state condition

−
√
−p2 at (pBW )2 < 0, which gives a pole at p = +ipBS in the upper half complex pBW plane.

In addition, for a pole of a physical bound state, p cot δ must cross −
√
−p2 from below as

[26]

d

dp2

[
p cot δ(p)− (−

√
−p2)

]∣∣∣∣
p2=−p2BS

< 0 . (47)

4. Results

Fig. 4 shows scattering phase shifts as function of the energy from the B threshold (W −

mB − mB∗) at mπ " 701 MeV (upper left), 571 MeV (upper right) and 416 MeV (lower

left), obtained below the B∗ threshold but by the coupled-channel analysis. Physical phase

shifts δ are calculated in the scattering region at 0 < W −MB −MB∗ < W − 2MB∗ " 45

MeV. while bound states are examined at W −MB −MB∗ < 0 using the analyticity of the

S-matrix. As mentioned before, a bound state appears at the intersection between p cot δ

(pink,orange,red lines) and −
√
−p2 (blue lines). It is observed that the system produces a

20

reliability of two analyses

ERE has smaller errors
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One bound Tbb at each quark mass !



Chiral extrapolation of binding energy
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energy calculated by the GEM, which agrees well with the intersection corresponding to a pole of

the T -matrix.
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21

single channel analysis

coupled channel analysis

Fig. 5 compares the binding energy obtained by the GEM in the coupled channel analysis

(blue) with the one in the single channel analysis (magenta) as a function ofm2
π (open circles),

together with a linear extrapolation in m2
π to the physical pion mass mπ = 140 MeV (solid

line), which predicts the binding energy at the physical pion mass as

E(single,phys)
binding = −154.8± 17.2 MeV, E(coupled,phys)

binding = −83.0± 10.2 MeV, (48)

where errors are statistical only. A comparison of two results shows an about 40-50% reduc-

tion of the biding energy from the single channel analysis to the coupled channel analysis,

probably due to large off-diagonal components of potentials. Thus this systematics is at-

tributed to virtual transitions such that B → B∗ → B, which may easily occurs since the B∗

threshold is only 45 MeV above the B threshold. Therefore, an inclusion of virtual B∗ effect

is required to predict physical observables such as the binding energy of the tetra quark

state Tbb accurately in lattice QCD.

Fig. 6 shows the scattering length a0 (Left) and the effective range reff,0 (Right) in the

coupled channel analysis, obtained from the ERE fit (46), as a function of m2
π (open circles),

together with a linear extrapolation in m2
π to the physical pion mass mπ = 140 MeV (solid

line), which leads to

a(coupled,phys)0 = 0.43± 0.05 fm, r(coupled,phys)eff,0 = 0.18± 0.06 fm, (49)

at the physical pion mass, where errors are again statistical only.

In Fig. 7, the binding energy at the physical pion mass is alternatively estimated from an

intersection between −
√
−p2 (blue solid line) and p cot δ(p) (green band) with a(coupled,phys)0

and r(coupled,phys)eff,0 in (49), which not only satisfies the physical pole condition (47) but also

well agrees with the binding energy by the GEM extrapolated directly to the physical pion

mass (red thick curve along −
√
−p2). The agreement in the binding energy between the

two method provide a strong support for reliability of our analysis.

V. CONCLUSIONS

In this paper, we have extracted scattering quantities through S-wave potentials between

B̄ and B̄∗ mesons with quantum numbers I(JP ) = 0(1+), applying the coupled channel HAL

QCD method to this single channel scattering. We have employed the NRQCD action for
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FIG. 6. ERE expansion parameters in the coupled-channel analysis as a function of m2
π (open

circles), together with a linear extrapolation in m2
π to mπ = 140 MeV (solid line). (Left) The

scattering length a0. (Right) The effective range reff,0. Both are defined in eq.(46).
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√
−p2 (bleu solid line). An intersection of the two give a pole of the

T -matrix, whose position is consistent with the binding energy by the GEM at mπ = 140 MeV by

a linear extrapolations in m2
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√
−p2).

pole of the T -matrix at each pion mass, which satisfies a physical pole condition, eq.(47),

so that one physical bound state exists at each pion mass. The thick line drawn along

−
√
−p2 curve is the binding energy independently obtained from the Schrödinger equation

by the Gaussian Expansion Method(GEM)[27], which is consistent with the pole from the

intersection.
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Fig. 5 compares the binding energy obtained by the GEM in the coupled channel analysis

(blue) with the one in the single channel analysis (magenta) as a function ofm2
π (open circles),

together with a linear extrapolation in m2
π to the physical pion mass mπ = 140 MeV (solid

line), which predicts the binding energy at the physical pion mass as

E(single,phys)
binding = −154.8± 17.2 MeV, E(coupled,phys)

binding = −83.0± 10.2 MeV, (48)

where errors are statistical only. A comparison of two results shows an about 40-50% reduc-

tion of the biding energy from the single channel analysis to the coupled channel analysis,

probably due to large off-diagonal components of potentials. Thus this systematics is at-

tributed to virtual transitions such that B → B∗ → B, which may easily occurs since the B∗

threshold is only 45 MeV above the B threshold. Therefore, an inclusion of virtual B∗ effect

is required to predict physical observables such as the binding energy of the tetra quark

state Tbb accurately in lattice QCD.

Fig. 6 shows the scattering length a0 (Left) and the effective range reff,0 (Right) in the

coupled channel analysis, obtained from the ERE fit (46), as a function of m2
π (open circles),

together with a linear extrapolation in m2
π to the physical pion mass mπ = 140 MeV (solid

line), which leads to

a(coupled,phys)0 = 0.43± 0.05 fm, r(coupled,phys)eff,0 = 0.18± 0.06 fm, (49)

at the physical pion mass, where errors are again statistical only.

In Fig. 7, the binding energy at the physical pion mass is alternatively estimated from an

intersection between −
√
−p2 (blue solid line) and p cot δ(p) (green band) with a(coupled,phys)0

and r(coupled,phys)eff,0 in (49), which not only satisfies the physical pole condition (47) but also

well agrees with the binding energy by the GEM extrapolated directly to the physical pion

mass (red thick curve along −
√
−p2). The agreement in the binding energy between the

two method provide a strong support for reliability of our analysis.

V. CONCLUSIONS

In this paper, we have extracted scattering quantities through S-wave potentials between

B̄ and B̄∗ mesons with quantum numbers I(JP ) = 0(1+), applying the coupled channel HAL

QCD method to this single channel scattering. We have employed the NRQCD action for
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FIG. 6. ERE expansion parameters in the coupled-channel analysis as a function of m2
π (open

circles), together with a linear extrapolation in m2
π to mπ = 140 MeV (solid line). (Left) The

scattering length a0. (Right) The effective range reff,0. Both are defined in eq.(46).
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FIG. 7. The ERE at mπ = 140 MeV obtained with a0 and reff,0 by linear extrapolations in m2
π

(green band), together with −
√

−p2 (bleu solid line). An intersection of the two give a pole of the

T -matrix, whose position is consistent with the binding energy by the GEM at mπ = 140 MeV by

a linear extrapolations in m2
π (red thick curve along −

√
−p2).

pole of the T -matrix at each pion mass, which satisfies a physical pole condition, eq.(47),

so that one physical bound state exists at each pion mass. The thick line drawn along

−
√
−p2 curve is the binding energy independently obtained from the Schrödinger equation

by the Gaussian Expansion Method(GEM)[27], which is consistent with the pole from the

intersection.
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Both chiral extrapolations are consistent.

GEM has smaller errors.

reliability of chiral extrapolations



V. Conclusions
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S-wave potential between B̄ and B̄⇤ mesons in I(JP ) = 0(1+) HAL QCD method

Systematics (empirical)

b quarks to incorporate effects of their propagations in space. This paper presents the first

analysis from a combination of the NRQCD action with the HAL QCD method. Physical

observables such as the binding energy, the scattering length and the effective range obtained

on (2+1)-flavor full QCD configurations at three pion masses are extrapolated to the physical

pion mass.

Since off-diagonal potentials are asymmetric and comparable in magnitude to diagonal

ones, as shown in Fig.2, we have employed non-hermitian 2×2 potentials in order to include

the non-locality caused by virtual B∗ states into a single channel potential as UBB
eff . The

single channel analysis with UBB
eff show that the system with B̄ and B̄∗ mesons have a bound

state corresponding to a doubly-bottom tetra-quark Tbb, whose binding energy is smaller by

40-50 % than the one from the standard single channel analysis without non-locality. This

explicitly demonstrates an importance of virtual transitions between B and B∗ channels to

the tetra-quark state Tbb. Thus it may give some hints on the nature of the tetra-quark state

Tbb such as its internal structure.

In addition to statistical errors quoted in eq. (48)-(49), we here estimate systematic errors

in our result, which are caused by a truncation of the NRQCD expansion, a truncation of

the perturbative matching between the NRQCD hamiltonian and QCD, the finite lattice

spacing, the finite volume and the chiral extrapolation in lattice QCD simulations, and so

on. Since these systematic errors are difficult to evaluate explicitly and precisely, we focus

our attention on errors associated with the NRQCD action for b quarks and employ previous

studies[10, 23, 28] for rough estimations. Effects of these systematics on the binding energy

may be about 20 MeV at most, and other systematic errors such as the finite lattice spacing,

the finite volume and the chiral extrapolation are probably much smaller than 20 MeV, and

thus are included in this 20 MeV. We then obtain

E(single,phys)
binding = −154.8± 17.2± 20 MeV, E(coupled,phys)

binding = −83.0± 10.2± 20 MeV. (50)

for the final estimate of the binding energy including systematic errors.

We compare these final results with latest lattice studies[7, 8, 10, 11] in Fig. 8. From the

comparison, we draw following conclusions.

• Within the same combination, the NRQCD b quark and the single-channel analysis,

our result (blue cross) roughly agrees with others (orange cross and red cross) within

large errors.
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FIG. 8. A comparison of binding energies for the tetra-quark bound state Tbb among several lattice

QCD calculations, from the HAL QCD potential with the NRQCD b quark (blue), spectra with

the NRQCD b quark (orange and red), and the static quark potential with the static b quark

(green). Crosses indicate results from the single-channel analysis, while open circles from the

coupled-channel analysis.

[6] E. J. Eichten and C. Quigg, Phys. Rev. Lett. 119, 202002 (2017), arXiv:1707.09575 [hep-ph].

[7] P. Bicudo, K. Cichy, A. Peters, and M. Wagner, Phys. Rev. D 93, 034501 (2016),

arXiv:1510.03441 [hep-lat].

[8] P. Bicudo, J. Scheunert, and M. Wagner, Phys. Rev. D 95, 034502 (2017),

arXiv:1612.02758 [hep-lat].

[9] P. Junnarkar, N. Mathur, and M. Padmanath, Phys. Rev. D 99, 034507 (2019),

arXiv:1810.12285 [hep-lat].

[10] L. Leskovec, S. Meinel, M. Pflaumer, and M. Wagner, Phys. Rev. D 100, 014503 (2019),

arXiv:1904.04197 [hep-lat].

26

NRQCD NRQCD Static
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single
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1. Consistency among NRQCD 
(single)

2. The binding energy increases 
from Static to NRQCD. 

3. The binding energy decreases 
from single to coupled.
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