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Overall program

• Use finite-volume 2- and 3-particle spectra, obtained with 
lattice QCD, to determine 2- and 3-particle scattering amps

• Formalism exists for arbitrary choices of spinless particles

• Implemented for 3 identical scalars ( ) &  &  theory

• Many systems of interest involve nondegenerate particles, e.g. 

• First step in this direction is to consider “2+1 systems”  and 

• Dominant s-wave interactions are mildly repulsive, so no resonances in 2-particle subchannels or overall system

• Use RFT formalism

3π+, 3K+ 3π(I=1) ϕ4

ππN

π+π+K+ K+K+π+
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Workflow

3

•  is a real, infinite-volume (but scheme-dependent) K matrix that is smooth aside 
from possible 3-particle resonance poles; integral equations ensure unitarity of 

• Parametrize  and  in an “effective-range-like expansion” about threshold and 
determine parameters by fitting spectrum

• With multiple frames and waves, there is not a 1-to-1 relation between energies and 
phase shifts, so a global fit is required
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New features for 2+1 systems

• QC3 involves matrices with an additional spectator-flavor index:  

• E.g., for , spectator is  (  scattering) or  (  scattering)

• All partial waves contribute to  scattering ( ), while only even waves contribute to 
 scattering ( )

• In practice, we set , in order to avoid too many parameters, particularly in 

• Cut-off function H, must be chosen to avoid left-hand cuts, which occur when 
 in subchannel with particles of masses  & 

• Python implementation of QC3 available on GitHub

kℓmi

π+π+K+ π+ i = 1 ⇒ π+K+ K+ i = 2 ⇒ π+π+

π+K+ i = 1
π+π+ i = 2

ℓmax = 1 𝒦df,3

s2 = |m2
1 −m2

2 | m1 m2

4

[Blanton, Romero-López, SRS, 2111.12734 (JHEP)]; https://github.com/ferolo2/QC3_release

[Blanton, SRS, 2105.12904 (PRD)]
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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LQCD details

• Use similar methods as for  and  [Blanton, Hanlon, Hörz, 
Morningstar, Romero-López, SRS, 2106.05590 (JHEP)]

• CLS ensembles D200 & N203 (open BC in time): 

• Use stochastic LapH & contraction tricks to obtain multiple levels for , , , 
 &  in frames with up to  ( ), projected onto irreps 

of corresponding finite-volume little groups

• Fit to correlator ratios to directly obtain shifts from free energies in “lab frame”,  

3π+ 3K+

a ≈ 0.064 fm

2π+ π+K+ 2K+

π+π+K+ π+K+K+ d2 = 3 P = (2π/L)d

ΔElab
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(L/a)3 × (T/a) Mπ [MeV] MK [MeV] Ncfg tsrc Nev dilution Nr(l/s)
N203 483 × 128 340 440 771 32, 52 192 (LI12,SF) 6/3
N200 483 × 128 280 460 1712 32, 52 192 (LI12,SF) 6/3
D200 643 × 128 200 480 2000 35, 92 448 (LI16,SF) 6/3

Table 1. Overview of the lattice geometry, approximate pseudoscalar masses, number of gauge
configurationsNcfg, fixed source-time positions tsrc, number of Laplacian eigenvectorsNev, employed
dilution scheme, and number of independent quark noises Nr used to estimate light and strange
quark propagation for ensembles used in this work. The dilution scheme notation is explained in
ref. [11]. All ensembles share the same lattice spacing a ≈ 0.064 fm.

Mπ/Fπ MK/FK

N203 3.4330(89) 4.1530(72)
N200 2.964(10) 4.348(11)
D200 2.2078(67) 4.5132(93)

Table 2. Pion and kaon decay constants determined in ref. [51].

fixed, so a heavier-than-physical light quark mass implies a lighter-than-physical strange
quark mass. An overview of the three ensembles used in this work as well as the computa-
tional setup is given in table 1. The lattice spacing on these ensembles was determined to
be a = 0.06426(76) fm using the linear combination 2

3(FK + 1
2Fπ) of decay constants to set

the scale [50]. In addition, the decay constants used in this work were computed in ref. [51]
and are reproduced in table 2 for convenience. Open temporal boundary conditions were
imposed when generating the ensembles to avoid topological charge freezing at fine lattice
spacings [52]. Consequently, translation invariance in the temporal direction is broken, and
the position of source operators is fixed to the values given in table 1 rather than being
randomized on each gauge configuration. The effect of the boundary conditions on spectral
quantities is expected to decay exponentially with the distance from the boundary, with
the decay constant governed by the lightest state with vacuum quantum numbers, which
is expected to be a two-pion state for the quark masses used in this work. They are thus
expected to be most pronounced on the ensemble with the lightest pion mass, the D200
ensemble in the set used in this work. In a previous study on the same ensemble, tsrc = 32
was found to have negligible temporal boundary effects [53]. The sources placed in the
bulk of the lattice for this study are thus expected to be sufficiently far away from the
boundary. Additionally, the correlators are always constructed such that the sink times
are toward the center of the lattice with respect to the source position. Therefore, the
additional source at tsrc = 92 for the D200 ensemble required backward-time correlators.
The operators used for the backward-time correlators are related to the operators in the
forward-time correlators by a parity and charge-conjugation transformation.

Except for a twofold increase in statistics on the D200 ensemble and the use of an
improved dilution scheme on the N200 ensemble, solutions of the Dirac equation for the
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Example of levels

• Previously converted energy shifts  to  using  determined at rest on 
given jackknife sample, and with continuum dispersion relation, and then fit QCs to 

• Increases errors in data, leading to fits that seem better than they really are

• Here fit QCs directly to 

ΔElab ECM Mπ & MK
ECM

ΔElab

d = (0,0,0)
(0,0,1)

(1,1,0)
(1,1,1)

(0,0,2)

irrep

frame
(1,2,0)

(1,1,2)
(2,2,0)

(0,0,3)

Inelastic thresholdD200: π+π+K+
Free CM energy

Actual CM energy Include non-trivial irreps

ECM/Mπ
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d2
� Level Ecm/Efi at(�)Elab Fit model (tmin, tmax) ‰2/dof p-val.

0 A1u 0 æ 0 4.4229(65) 0.00282(16) 1-exp - ratio (22, 40) 0.95 0.51

1 A2 0 æ 0 4.6168(68) 0.00277(16) 1-exp - ratio (22, 40) 1.03 0.42

1 A2 1 æ 1 5.0133(90) 0.00343(18) 1-exp - ratio (25, 40) 1.24 0.24

2 A2 0 æ 0 4.7781(71) 0.00270(16) 1-exp - ratio (22, 40) 0.77 0.73

2 A2 1 æ 1 5.2633(98) 0.00407(19) 1-exp - ratio (25, 40) 1.18 0.28

2 A2 2 æ 2 5.375(11) 0.00368(24) 1-exp - ratio (23, 40) 0.61 0.88

2 B1 0 æ 0 5.2395(96) 0.00262(18) 1-exp - ratio (25, 40) 1.24 0.24

3 A2 0 æ 0 4.9172(75) 0.00261(17) 1-exp - ratio (21, 40) 0.9 0.58

3 A2 1 æ 1 5.474(10) 0.00475(20) 1-exp - ratio (25, 40) 1.03 0.42

3 E 0 æ 0 5.438(10) 0.00264(19) 1-exp - ratio (25, 40) 0.91 0.55

4 A2 0 æ 0 4.8013(81) 0.00307(18) 1-exp - ratio (25, 40) 0.92 0.54

4 A2 1 æ 1 5.0377(83) 0.00236(26) 1-exp - ratio (22, 40) 0.67 0.84

4 A2 2 æ 2 5.208(10) 0.00182(17) 1-exp - ratio (22, 40) 0.62 0.88

5 A2 0 æ 0 5.0215(86) 0.00328(15) 1-exp - ratio (20, 40) 1.2 0.24

5 A2 1 æ 1 5.1560(88) 0.00267(23) 1-exp - ratio (20, 40) 1.15 0.29

5 A2 2 æ 2 5.224(10) 0.00343(20) 1-exp - ratio (20, 40) 0.95 0.51

5 A2 3 æ 3 5.489(11) 0.00115(17) 1-exp - ratio (23, 40) 0.57 0.91

5 A2 4 æ 4 5.532(11) 0.00358(16) 1-exp - ratio (23, 40) 0.45 0.97

6 A1 0 æ 0 5.449(11) 0.00277(20) 1-exp - ratio (21, 40) 0.68 0.84

6 A2 0 æ 0 5.203(11) 0.00302(38) 1-exp - ratio (23, 40) 0.97 0.48

6 A2 1 æ 1 5.255(11) 0.00242(39) 1-exp - ratio (22, 40) 0.57 0.92

6 A2 2 æ 2 5.466(11) 0.00368(22) 1-exp - ratio (21, 40) 0.81 0.69

6 A2 3 æ 3 5.530(14) 0.00300(58) 1-exp - ratio (25, 40) 0.45 0.96

8 A2 0 æ 0 5.0247(92) 0.00292(21) 1-exp - ratio (20, 40) 1.19 0.26

8 A2 1 æ 1 5.372(11) 0.00362(27) 1-exp - ratio (19, 40) 1.3 0.17

8 A2 2 æ 2 5.481(36) 0.0045(18) 1-exp - ratio (26, 40) 0.77 0.69

8 A2 3 æ 3 5.536(12) 0.00413(42) 1-exp - ratio (23, 40) 0.73 0.77

8 A2 4 æ 4 5.568(13) 0.00281(29) 1-exp - ratio (25, 40) 0.68 0.79

8 B1 0 æ 0 5.516(12) 0.00306(36) 1-exp - ratio (24, 40) 1.29 0.2

8 B1 1 æ 1 5.539(12) 0.00128(22) 1-exp - ratio (22, 40) 0.65 0.85

9 A2 0 æ 0 4.6040(82) 0.00129(19) 1-exp - ratio (22, 40) 0.74 0.76

9 A2 1 æ 1 4.9289(90) 0.00285(27) 1-exp - ratio (22, 40) 0.66 0.84

9 A2 2 æ 2 5.397(17) 0.00351(70) 1-exp - ratio (20, 40) 1.35 0.14

9 A2 3 æ 3 5.556(25) 0.0041(11) 1-exp - ratio (19, 40) 0.62 0.9

3
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Simultaneous fit: D200
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0 A1g 0 æ 0 3.3935(60) 0.000897(44) 1-exp - ratio (24, 40) 0.49 0.94

0 A1g 1 æ 1 4.688(11) 0.00509(13) 1-exp - ratio (26, 40) 1.06 0.39

0 T1u 0 æ 0 4.610(11) -3.9(3.8)e-05 1-exp - ratio (19, 40) 0.69 0.84

0 T1u 1 æ 1 5.514(14) -0.00070(28) 1-exp - ratio (26, 40) 0.92 0.53

1 A1 0 æ 0 3.5193(61) 0.000858(46) 1-exp - ratio (25, 40) 0.5 0.94

1 A1 1 æ 1 3.9150(85) 0.000769(35) 1-exp - ratio (24, 40) 0.53 0.93

1 A1 2 æ 2 4.790(11) 0.002273(94) 1-exp - ratio (24, 40) 1.05 0.4

1 A1 3 æ 3 4.988(12) 0.00367(16) 1-exp - ratio (27, 40) 0.78 0.67

1 E 0 æ 0 4.754(11) -1.6(5.9)e-05 1-exp - ratio (23, 40) 0.65 0.85

1 E 1 æ 1 4.930(12) 1.4(5.5)e-05 1-exp - ratio (21, 40) 1.1 0.34

2 A1 0 æ 0 3.6251(63) 0.000854(39) 1-exp - ratio (20, 40) 0.75 0.77

2 A1 1 æ 1 4.1197(91) 0.001353(43) 1-exp - ratio (23, 40) 0.35 0.99

2 A1 2 æ 2 4.2330(98) 0.000805(68) 1-exp - ratio (26, 40) 0.82 0.64

2 A1 3 æ 3 4.902(12) 0.00142(14) 1-exp - ratio (27, 40) 0.29 0.99

2 B1 0 æ 0 4.878(11) -5.7(8.8)e-05 1-exp - ratio (23, 40) 0.54 0.93

2 B2 0 æ 0 4.0962(90) -1.7(3.7)e-05 1-exp - ratio (22, 40) 1.83 0.02

2 B2 1 æ 1 5.102(13) -0.00011(12) 1-exp - ratio (24, 40) 0.98 0.48

3 A1 0 æ 0 3.7150(65) 0.000733(62) 1-exp - ratio (22, 40) 0.95 0.51

3 A1 1 æ 1 4.2872(96) 0.001673(78) 1-exp - ratio (25, 40) 0.7 0.78

3 A1 2 æ 2 4.463(11) 0.00021(30) 1-exp - ratio (22, 40) 0.98 0.48

3 A1 3 æ 3 4.486(15) 0.00192(56) 1-exp - ratio (27, 40) 0.57 0.87

3 E 0 æ 0 4.2574(95) 0.1(3.9)e-05 1-exp - ratio (20, 40) 1.47 0.08

3 E 1 æ 1 4.452(10) -0.2(6.9)e-05 1-exp - ratio (24, 40) 0.62 0.86

4 A1 0 æ 0 3.5168(69) 0.000455(48) 1-exp - ratio (24, 40) 0.86 0.61

4 A1 1 æ 1 3.7966(68) 0.00071(10) 1-exp - ratio (22, 40) 0.75 0.75

4 A1 2 æ 2 4.663(19) 0.00038(83) 1-exp - ratio (22, 40) 0.78 0.72

4 A1 3 æ 3 4.702(17) 0.00318(71) 1-exp - ratio (21, 40) 0.78 0.73

4 E 0 æ 0 4.642(11) -0.00010(10) 1-exp - ratio (24, 40) 1.0 0.45
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� Level Ecm/Efi at(�)Elab Fit model (tmin, tmax) ‰2/dof p-val.

0 A+
1g 0 æ 0 2.0146(14) 0.000961(94) 1-exp - ratio (22, 40) 1.06 0.39

0 A+
1g 1 æ 1 3.6999(90) 0.00661(29) 1-exp - ratio (21, 40) 1.26 0.21

0 E+
g 0 æ 0 3.6016(73) 0.00016(12) 1-exp - ratio (17, 40) 1.05 0.4

1 A+
1 0 æ 0 2.3983(25) 0.00178(11) 1-exp - ratio (23, 40) 1.92 0.01

1 A+
1 1 æ 1 3.982(11) 0.00745(37) 1-exp - ratio (23, 40) 1.27 0.2

1 B+
1 0 æ 0 3.8670(86) 0.00042(17) 1-exp - ratio (17, 40) 1.01 0.45

1 E+
0 æ 0 3.8636(81) 0.000213(67) 1-exp - ratio (12, 40) 1.43 0.07

2 A+
1 0 æ 0 2.6187(34) 0.00173(13) 1-exp - ratio (19, 40) 0.85 0.65

2 A+
1 1 æ 1 2.9443(48) 0.001743(91) 1-exp - ratio (20, 40) 0.62 0.9

2 A+
1 2 æ 2 4.1198(97) 0.00355(21) 1-exp - ratio (18, 40) 1.43 0.09

2 B+
1 0 æ 0 4.0625(88) 0.00021(11) 1-exp - ratio (13, 40) 1.08 0.35

3 A+
1 0 æ 0 2.7762(49) 0.00132(21) 1-exp - ratio (18, 40) 0.85 0.66

3 A+
1 1 æ 1 3.3260(73) 0.00502(20) 1-exp - ratio (19, 40) 1.47 0.08

3 E+
0 æ 0 3.2321(58) 0.000186(71) 1-exp - ratio (13, 40) 1.18 0.24

4 A+
1 0 æ 0 2.0095(30) 0.00035(11) 1-exp - ratio (20, 40) 0.66 0.86

4 A+
1 1 æ 1 2.913(10) 0.00138(45) 1-exp - ratio (18, 40) 1.15 0.29

4 A+
1 2 æ 2 3.6613(94) 0.00314(27) 1-exp - ratio (18, 40) 0.82 0.7

4 B+
1 0 æ 0 3.6040(74) 0.00024(13) 1-exp - ratio (12, 40) 0.71 0.86

5 A+
1 0 æ 0 2.4556(48) 0.00067(17) 1-exp - ratio (22, 40) 0.97 0.49

5 A+
1 1 æ 1 3.0483(50) 0.00225(17) 1-exp - ratio (13, 40) 1.24 0.18

5 A+
1 2 æ 2 3.6849(86) 0.00147(22) 1-exp - ratio (16, 40) 0.66 0.89

5 A+
1 3 æ 3 3.9325(95) 0.00296(26) 1-exp - ratio (17, 40) 0.77 0.77

5 A+
2 0 æ 0 3.8740(83) 4.2(9.5)e-05 1-exp - ratio (12, 40) 1.83 0.01

6 A+
1 0 æ 0 2.7583(49) 0.00063(14) 1-exp - ratio (17, 40) 1.17 0.27

6 A+
1 1 æ 1 2.9391(52) 0.00113(11) 1-exp - ratio (13, 40) 0.88 0.64

6 A+
1 2 æ 2 3.161(11) 0.00270(42) 1-exp - ratio (17, 40) 1.04 0.4

6 A+
1 3 æ 3 3.8789(95) 0.00295(22) 1-exp - ratio (15, 40) 1.49 0.06

6 A+
1 4 æ 4 4.133(10) 0.00185(24) 1-exp - ratio (15, 40) 0.71 0.84

6 A+
2 0 æ 0 3.8279(93) 0.00053(24) 1-exp - ratio (15, 40) 1.29 0.16

8 A+
1 0 æ 0 2.0129(29) 0.000363(83) 1-exp - ratio (12, 40) 1.08 0.35

8 A+
1 1 æ 1 3.2170(91) 0.00160(30) 1-exp - ratio (11, 40) 1.33 0.11

8 A+
1 2 æ 2 3.357(15) 0.00350(60) 1-exp - ratio (13, 40) 0.78 0.78

8 A+
1 3 æ 3 3.6371(81) 0.00162(16) 1-exp - ratio (11, 40) 0.92 0.58

8 B+
2 0 æ 0 3.1717(65) -0.00019(16) 1-exp - ratio (12, 40) 0.84 0.7

9 A+
1 0 æ 0 2.1257(40) 0.00077(11) 1-exp - ratio (10, 40) 1.44 0.06

9 A+
1 1 æ 1 3.385(16) 0.00155(62) 1-exp - ratio (11, 40) 1.08 0.36

9 A+
1 2 æ 2 3.848(11) 0.00527(33) 1-exp - ratio (12, 40) 0.6 0.95

9 B+
1 0 æ 0 3.733(10) 0.00037(30) 1-exp - ratio (12, 40) 0.82 0.73

9 E+
0 æ 0 3.7252(88) 0.00006(20) 1-exp - ratio (11, 40) 1.12 0.3

3
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Threshold expansion for 𝒦2
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• Work to linear order in  expansion, dropping  terms

• Implies that we keep s- and p-wave terms in  channel, but only s waves for 
identical pairs

• Previously we found that d-wave terms were needed for a good description of  
and  levels, but here that would lead to too many parameters

• Thus we expect (and find) poorer global fits

• Use forms with Adler zero rather than effective-range expansions, since we have 
previously found the former to provide better fits for  system

q2 𝒪(q4)

π+K+

2π+

2K+

2π+/3π+

q cot δππ
0 =

M2 s2

s2 − 2z2M2
(Bππ

0 + Bππ
1 q2)For  (& similarly ):2π+ 2K+

For  s-wave:π+K+ q cot δπK
0 =

M2
π s2

s2 − M2
π − M2

K
(BπK

0 + BπK
1 q2)

For  p-wave:π+K+ q3 cot δπK
1 =

M3
π s2

Mπ + MK

1
PπK

0
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a yet-to-be-developed manner, or place the cutoff so that they are avoided. The t-channel
cut occurs when t2 = 4m2

min,jk and s2 = u2 = |m2
j − m2

k|, where the subscripts on s2, t2,
and u2 indicate that they apply to a two-particle subchannel. The u-channel cut has the
same position except with t2 ↔ u2. In both cases, σi = s2 = |m2

j −m2
k|, which we recognize

as the same position as where q∗(i)2
2,p reaches its minimum. Thus the cutoff function given in

eq. (2.24) avoids the left-hand cut, and the quantization condition remains strictly valid.
It might be thought problematic that a lower cutoff is required for the nondegenerate

theory — it certainly conflicts with the usual notion of a UV cutoff that one can send
arbitrarily large, a point stressed recently in ref. [25]. This is why we have also called H(i)

a “transition function,” because, in all derivations in the RFT approach, it has the effect
of transitioning the two-particle amplitude that appears in the expressions between the
two-particle K matrix K2 at threshold (where H(i) = 1) and the two-particle amplitude
M2 far below threshold (where H(i) = 0). As the discussion in this section has shown,
the presence of the left-hand cut implies that, within the context of a derivation that does
not explicitly account for the impact of the associated nonanalyticities, the region of the
transition cannot be extended further below threshold. We stress that there is nothing
inconsistent in this situation: the fact that the cutoff lies a distance below threshold that is
set by mmin,jk implies that the exponentially suppressed corrections that are not controlled
behave as exp(−mmin,jkL). This is the expected size of such corrections, which are dropped
throughout the derivation. In practice, when studying the ππK and πKK systems, this
implies that the cutoff, in terms of q∗(i)2

2,p , must be placed at the same position as in the
study of the 3π system, since the minimum mass is that of the pion in all cases.

2.3 Implementation of threshold expansion of Kdf,3

In this section we describe how we determine the form of the matrix K̂df,3 that enters the
quantization condition [eq. (2.2)]. The starting point is the result for the infinite-volume
amplitude Kdf,3. We label the initial momenta as p1, p1′ , and p2, and the final momenta
as p′

1, p′
1′ , and p′

2, with the subscripts indicating the flavor. All these momenta are on
shell, and the total four-momentum is (E,P ). Using the invariance of Kdf,3 under Lorentz
transformations, under interchange of the two identical particles separately in the initial
and final state, and under time reversal and parity, it was shown in ref. [24] that, to linear
order in the threshold expansion,4

Kdf,3 = Kiso,0
df,3 +Kiso,1

df,3 ∆ +KB,1
df,3∆S

2 +KE,1
df,3t̃22 . (2.26)

Here Kiso,0
df,3 , K

iso,1
df,3 , K

B,1
df,3, and KE,1

df,3 are real constants, while the dimensionless kinematic
variables are given by

∆ = s − M

M2 , s = (p1 + p1′ + p2)2 = P 2 ,

∆S
2 = ∆2 + ∆′

2 , ∆2 =
(p1 + p1′)2 − 4m2

1
M2 , ∆′

2 =
(p′

1 + p′
1′)2 − 4m2

1
M2 ,

t̃22 =
t22
M2 = (p2 − p′

2)2
M2 ,

(2.27)

4The normalization of the final term differs by a factor of 2 from that in ref. [24].
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including both s- and p-wave two-particle interactions; and (iii) how to project the quanti-
zation condition onto irreducible representations (irreps) of the appropriate finite-volume
symmetry group. We relegate some technical details to appendix A.

Throughout this section we denote the flavor of the two identical particles as 1, and
their mass as m1, while the flavor of the solitary particle is 2 and its mass m2. The total
energy of the three-particle system at rest, assuming no interactions, would then be

M = 2m1 +m2 . (2.1)

We assume that the finite volume is a cubic box of length L, and that the fields satisfy pe-
riodic boundary conditions. Thus finite-volume momenta are drawn from the finite-volume
set, i.e., k = (2π/L)nk with nk a vector of integers. We are interested in determining the
allowed values of the total energy E for a 2+1 system with given total spatial momentum
P (itself a member of the finite-volume set), and box size L. A useful variable in the
following will be the center-of-momentum frame (CMF) energy, E∗ =

√
E2 − P 2.

The quantization condition applies (and is derived) in the continuum limit, so no lattice
spacing, a, is present. This means that, strictly speaking, to apply the formalism to the
results of lattice QCD simulations, one must send a → 0.

2.1 Summary of formalism and definitions for 2 + 1 systems

Here we recapitulate the formalism for 2 + 1 systems derived in ref. [24]. As noted in the
introduction, we consider here only the implementation of the quantization condition, i.e.,
the formula relating the finite-volume spectrum to Kdf,3. Furthermore, we consider only
the so-called symmetric form of the quantization condition, i.e., that in which Kdf,3 has all
the symmetries of M3. This is the simplest to implement, as the symmetric form of Kdf,3
involves the smallest number of parameters.

The quantization condition is3

det
[
F̂−1
3 (E,P , L) + K̂df,3(E∗)

]
= 0 , (2.2)

i.e., there are finite-volume levels at the energies E for which the determinant vanishes, for
the given values of the box size L and total momentum P . The K matrix K̂df,3 is an infinite-
volume Lorentz-invariant quantity that does not depend on E, P , and L separately, but
only on the CMF energy E∗. We discuss it separately in section 2.3. F̂3 is an intrinsically
finite-volume object that will be defined below. Both quantities are matrices with multiple
indices, over which the determinant runs. The indices are k"mi, and we explain these
in turn. The first three are a shorthand for k"m, and these are the standard indices in
all approaches to the three-particle quantization condition [3, 7, 8]. They represent the
variables of an on-shell, finite-volume three-particle amplitude. One of the particles is
chosen as the “spectator,” with momentum k drawn from the finite-volume set, while the
remaining pair are boosted to their CMF, where the amplitude is decomposed into spherical
harmonics, leading to the "m indices. Further details of this decomposition will be given in

3This is valid up to exponentially suppressed corrections, i.e., those that scale with L as exp(−miL).
We will assume throughout that such corrections can be neglected.
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• Work to linear order, dropping  terms

• 4 terms allowed by symmetries (Lorentz, , time-reversal, parity)

• Only  couples to nontrivial irreps: contains J=0,1 while other terms only have J=0

𝒪(Δ2)

1 ↔ 1′￼

𝒦E

p1

p1′￼

p2

p′￼1

p′￼1′￼

p′￼2

[Blanton, SRS, 2105.12904 (PRD)]
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Figure 15: Lab shifts for D200 ⇡⇡K fit compared to predictions of ⇡⇡ + ⇡K +
⇡⇡K 59-level fit from Table 3, as well as with the levels obtained if Kdf,3 ! 0.
All levels shown here are included in the fit. Levels are denoted by their irrep,
with d2 in parentheses, and the level number as a subscript (which starts at 0).
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9-parameter fit to 59  levels on D200:  π+π+, π+K+, π+π+K+ χ2/dof = 112/50

Significance of 
nonzero  is    

3.2
𝒦df,3
σ

Ensemble N203 (orig) N203 (new)

Checked by FRL, SRS SRS

Cuto↵s 3.46, 4.46 3.46, 4.46
�2 93.7 129.7

DOFs 27+27-4 = 50 27+27-4 = 50
p-value 1.8 ⇥ 10�4 5.3 ⇥ 10�9

Bpp
0 -4.88(9) -4.87(9)

Bpp
1 -2.27(11) -1.90(9)

2z2pp 2M2
⇡ (fixed) 2M2

⇡ (fixed)
K0 240(220) 500(210)
K1 -1700(330) -1400(340)

Table 2: Fits to ⇡⇡ + ⇡⇡⇡ on ensemble N203. Cuto↵s and DOFs are organized
as ⇡⇡, 3⇡. Everything in M⇡ units. Significance of nonzero Kdf is 7.0� (original
fit), 4.4� (new fit). Di↵erence between fits is 3.4�.

2 ⇡⇡K

Ensemble D200 D200

Checked by SRS, FRL, ZTD FRL, SRS, ZTD

Cuto↵s 3.74, 5.0, 5.4 3.74, 4.64, 5.4
�2 127.24 111.95

DOFs 22 + 26 + 21 � 9 = 60 22 + 16 + 21 � 9 = 50
p-value 5.5 ⇥ 10�7 1.2 ⇥ 10�6

B⇡⇡
0 -11.7(6) -11.5(6)

B⇡⇡
1 -2.4(4) -2.5(4)

z2⇡⇡ 1 (fixed) 1 (fixed)
B⇡K

0 -13.0(4) -12.9(4)
B⇡K

1 -2.58(20) -2.8(3)
z2⇡K 1 (fixed) 1 (fixed)
P⇡K
0 0.0010(6) 0.0007(6)
K0 220(70) 190(80)
K1 -620(340) -690(340)
KB 140(640) 160(650)
KE 290(410) 170(420)

Table 3: Fits to ⇡⇡ + ⇡K + ⇡⇡K on D200 ensemble. Cuto↵s and DOFs are
organized as ⇡⇡, ⇡K, ⇡⇡K. Everything in M⇡ units. Minor rounding di↵erences
in errors (unimportant). Significance of nonzero Kdf is 3.4� (69 level fit), 3.2�
(59 level fit)
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Preliminary results
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9-parameter fit to 59  levels on D200:  π+π+, π+K+, π+π+K+ χ2/dof = 112/50
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Figure 16: Same as Fig. 15 but for the higher levels not included in the fit.
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3-parameter fit to 16  levels on D200:  π+K+ χ2/dof = 15.5/13

Significance of 
attractive p-wave 
interaction is 1.7σ
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3-parameter fit to 16  levels on D200:  π+K+ χ2/dof = 15.5/13
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inelastic threshold
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Conclusions from fits

14

• Working at linear order (s- + p-wave) in threshold expansions gives a reasonable 
description of energy levels, although significantly worse than that we obtained for 
identical particles when including d waves

• Fits continue to predict levels with good accuracy above inelastic threshold, indicating that 
the threshold expansions are not breaking down

• Simultaneous fits to 2- and 3-particle spectra lead to somewhat smaller errors in 2-
particle parameters compared to fits to 2-particle spectra alone

• We obtain 1-2% precision in s-wave scattering lengths for all channels

• We find attractive p-wave  scattering length, but only with 1-2  significance

• Opposite sign to (very weakly) repulsive experimental result

• We find nonzero  with 3-5  significance for  & 

• To do better would require a reduction in the ~10% errors in 

π+K+ σ

𝒦df,3 σ π+π+K+ K+K+π+

ΔElab



S.R.Sharpe, “  and  interactions from the lattice,” LATTICE 2022, 8/8/2022π+π+K+ K+K+π+ /17

Comparison with ChPT

15

Simultaneous fits to  using NLO SU(3) ChPT aππ
0 , aπK

0 , aKK
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Figure 2: SU(3) ChPT fit to aKK
0 . Discussed as “fit 1” in the text.
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Figure 3: SU(3) ChPT fit to a⇡K
0 . Discussed as “fit 1” in the text.

16

0 2 4 6 8 10 12

(M⇡/F⇡)2

0.250

0.275

0.300

0.325

0.350

0.375

0.400

0.425

0.450

M
K
aK

K
0

LO ChPT

NLO fit

This work

Figure 2: SU(3) ChPT fit to aKK
0 . Discussed as “fit 1” in the text.

0 2 4 6 8 10 12

(M⇡/F⇡)2

0.00

0.05

0.10

0.15

0.20

0.25

M
⇡
a⇡

K
0

LO ChPT

NLO fit

This work

Figure 3: SU(3) ChPT fit to a⇡K
0 . Discussed as “fit 1” in the text.

16

0 2 4 6 8 10 12

(M⇡/F⇡)2

0.00

0.05

0.10

0.15

0.20

0.25

M
K
aK

K
0

LO ChPT

NLO fit

This work

Figure 1: SU(3) ChPT fit to a⇡⇡
0 . Discussed as “fit 1” in the text.

The results we need (from the “implementation” paper) are, first for the ⇡⇡K
system,

M2
⇡K

iso,0
df,3 (⇡⇡K) = 2r4⇡ + 4r3⇡rK , (14)

M2
⇡K

iso,1
df,3 (⇡⇡K) = r2⇡(2r⇡ + rK)2 , (15)

M2
⇡K

B,E
df,3 (⇡⇡K) = cBEr4⇡r2K , (16)

where

r⇡ =
M⇡

F⇡
and rK =

MK

FK
, (17)

and

M2
KK

iso,0
df,3 (KK⇡) = 2r4K + 4r3Kr⇡ , (18)

M2
⇡K

iso,1
df,3 (KK⇡) = r2K(2rK + r⇡)

2 , (19)

M2
⇡K

B,E
df,3 (KK⇡) = cBEr4Kr2⇡ . (20)

The constant cBE can be di↵erent for the di↵erent cases and is not known.
Based on the 3⇡3K paper results we expect that cBE ⇠ O(1).

15

Mπaππ
0 MπaπK

0 MKaKK
0

Determine LECs (at scale )4πFπ

Consistent with FLAG result

3. Same as Fit 2, but to the results for the scattering lengths from the 3⇡3K
paper (which are listed in Table 15). Here the fit is very good, as was
noted in the 3⇡3K paper.

Fit �2/dof L⇡⇡ L5

1 5.5/4 -0.00089(3) -0.00050(8)
2 5.4/3 -0.00089(3) N/A
3 2.5/3 -0.00100(3) N/A

Table 16: Results of the NLO ChPT fits discussed in the text.

Comments:

• The values and fits need to be checked.

• The input mass ratios used in the fits are MK/M⇡ = 2.3798315148863765
(D200) and 1.278017196377962 (N203). These are taken from the data
files themselves.

• The input values for M⇡/F⇡ and MK/FK are those in Table 2 of the 3⇡3K
paper.

• If we run the value L5 in FLAG5 from µ = 770 MeV to our scale
4⇡F⇡ = 1157 MeV, then the quoted 2 + 1 result of 0.00095(41) runs to
�0.00001(41). This is consistent with our result at 1�. In N203, F⇡ ' 99
MeV. At this scale, the FLAG LEC is: �0.00019(41). The value we should
compare to is in between those two numbers.

11.2 p-wave scattering lengths

Tables 11 and 12 also give results for the p-wave scattering length

M⇡a⇡K
1 = �P0 , (12)

which is predicted to appear at NLO in ChPT. Note that our results imply a
negative scattering length, which, in our convention, corresponds to an attrac-
tive interaction. In Fig. 4 below we compare our results to the form

�M⇡a⇡K
1 = c

1

256⇡3

✓
M2

⇡

F 2
⇡

◆2

, (13)

with c = 1/⇡ chosen to roughly match the data. Clearly our errors are too large
to perform a fit.

11.3 Parameters in Kdf,3

In the remaining plots in the section we compare the results for the various
components of Kdf,3 for the nondegenerate cases to the expectations of ChPT.

14
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 &  vs ChPT form𝒦B 𝒦E
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Summary & Outlook 
• (First step of) 3-particle formalism successfully applied to 2+1 systems

• We encountered no problems with unphysical solutions in applying the QC3

• Enlarged matrices in QC3 require small clusters to perform fits in ~days 

• Determining 3-particle interaction ( ) remains challenging

• Current & future work

• Analysis should be extended to chiral behavior of effective range

• Solving integral equations (second step of formalism)

• Physical-point ensembles [See plenary talk by Fernando Romero-López]

• Extend to systems with 2- and 3-particle resonant behavior (e.g. , )

• Dreaming of 3 neutrons (formalism in progress [Draper, Hansen, Romero-López, SRS])

𝒦df,3

3π(I = 0,1) ππN

17
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Thanks

Any questions?
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Max Hansen & SRS:  


“Relativistic, model-independent, three-particle quantization condition,”


 arXiv:1408.5933 (PRD) [HS14]


“Expressing the 3-particle finite-volume spectrum in terms of the 3-to-3 scattering amplitude,” 


arXiv:1504.04028 (PRD) [HS15]


“Perturbative results for 2- & 3-particle threshold energies in finite volume,”


 arXiv:1509.07929 (PRD) [HSPT15]


“Threshold expansion of the 3-particle quantization condition,” 


arXiv:1602.00324 (PRD) [HSTH15]


“Applying the relativistic quantization condition to a 3-particle bound state in a periodic box,” 

arXiv: 1609.04317 (PRD) [HSBS16]


“Lattice QCD and three-particle decays of Resonances,”


arXiv: 1901.00483 (Ann. Rev. Nucl. Part. Science) [HSREV19]
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Raúl Briceño, Max Hansen & SRS: 


“Relating the finite-volume spectrum and the 2-and-3-particle 
S-matrix for relativistic systems of identical scalar particles,”


 arXiv:1701.07465 (PRD) [BHS17]

“Numerical study of the relativistic three-body quantization 

condition in the isotropic approximation,”

arXiv:1803.04169 (PRD) [BHS18]


“Three-particle systems with resonant sub-processes in a finite 
volume,” arXiv:1810.01429 (PRD 19) [BHS19]


  

Tyler Blanton, Fernando Romero-López & SRS: 


“Implementing the three-particle quantization condition including

 higher partial waves,” arXiv:1901.07095 (JHEP) [BRS19]

SRS


“Testing the threshold expansion for three-particle energies at fourth order in φ4 theory,”


arXiv:1707.04279 (PRD) [SPT17]

“I=3 three-pion scattering amplitude from lattice QCD,” 
arXiv:1909.02973 (PRL) [BRS-PRL19]

“Implementing the three-particle quantization condition 

for π+π+K+ and related systems” 2111.12734 (JHEP)

https://arxiv.org/abs/1909.02973
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Raúl Briceño, Max Hansen, SRS & Adam Szczepaniak: 


“Unitarity of the infinite-volume three-particle scattering 
amplitude arising from a finite-volume formalism,”


 arXiv:1905.11188 (PRD)

  

Andrew Jackura, S. Dawid, C. Fernández-Ramírez, V. Mathieu, 
M. Mikhasenko, A. Pilloni, SRS & A. Szczepaniak:


 

“On the Equivalence of Three-Particle Scattering Formalisms,’’

arXiv:1905.12007 (PRD)

Tyler Blanton, Raúl Briceño, Max Hansen, Fernando Romero-López, SRS: 


“Numerical exploration of three relativistic particles in a finite volume 
including two-particle resonances and bound states”, arXiv:1908.02411 

(JHEP) [BBHRS19]

Max Hansen, Fernando Romero-López, SRS: 


“Generalizing the relativistic quantization condition to include all three-pion 
isospin channels”, arXiv:2003.10974 (JHEP) [HRS20]


“Decay amplitudes to three particles from finite-volume matrix elements,”

arXiv: 2101.10246 (JHEP)

https://arxiv.org/abs/2003.10974
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Tyler Blanton & SRS:  


“Alternative derivation of the relativistic three-particle quantization condition,” 


arXiv:2007.16188 (PRD) [BS20a]


“Equivalence of relativistic three-particle quantization conditions,” 


arXiv:2007.16190 (PRD) [BS20b]


“Relativistic three-particle quantization condition for nondegenerate scalars,”


arXiv:2011.05520 (PRD)


“Three-particle finite-volume formalism for  & related systems,” arXiv:2105.12904 (PRD)π+π+K+

Tyler Blanton, Drew Hanlon, Ben Hörz, Colin Morningstar, Fernando Romero-López & SRS


“  interactions beyond leading order from lattice QCD,” arXiv:2106.05590 (JHEP)


“  and  interactions from lattice QCD,” in progress

3π+ & 3K+

π+π+K+ K+K+π+
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Other work

★Reviews


• A. Rusetsky, 1911.01253 [LATTICE 2019 plenary]

• M. Mai, M. Döring and A. Rusetsky, 2103.00577 [Review of formalisms and chiral extrapolations]

• F. Romero-López, 2112.05170, [Three-particle scattering amplitudes from lattice QCD]

★ Implementing RFT integral equations


• A. Jackura et al., 2010.09820  [Solving s-wave RFT integral equations in presence of bound states]

• M.T. Hansen et al. (HADSPEC), 2009.04931, PRL [Calculating  spectrum and using to determine 
three-particle scattering amplitude]

3π+

★Numerical simulations in scalar theories


• F. Romero-López, A. Rusetsky, C. Urbach, 1806.02367, [2- & 3-body interactions in    theory]φ4

https://arxiv.org/abs/1911.01253
https://arxiv.org/abs/2103.00577
https://inspirehep.net/literature/1987770
https://arxiv.org/abs/2010.09820
https://arxiv.org/abs/2009.04931
https://arxiv.org/abs/1806.02367
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Other work
★NREFT approach


• H.-W. Hammer, J.-Y. Pang & A. Rusetsky, 1706.07700, JHEP & 1707.02176 , JHEP [Formalism & examples]

• M. Döring et al., 1802.03362 , PRD [Numerical implementation]

• J.-Y. Pang et al., 1902.01111 , PRD [large volume expansion for excited levels]

• F. Müller, T. Yu & A. Rusetsky, 2011.14178, PRD [large volume expansion for I=1 three pion ground state]

• F. Romero-López, A. Rusetsky, N. Schlage & C. Urbach, 2010.11715, JHEP [generalized large-volume exps]

• F. Müller & A. Rusetsky, 2012.13957, JHEP [Three-particle analog of Lellouch-Lüscher formula]

• J-Y. Pang, M. Ebert, H-W. Hammer, F. Müller, A. Rusetsky, 2204.04807 , JHEP, [Spurious poles in a finite volume]

• F. Müller, J-Y. Pang, A. Rusetsky, J-J. Wu, 2110.09351, JHEP, [Relativistic-invariant formulation of the NREFT three-particle 
quantization condition]

• J. Lozano, U. Meißner, F. Romero-López, A. Rusetsky & G. Schierholz, 2205.11316 , [Resonance form factors from finite-volume 
correlation functions with the external field method]

http://arxiv.org/abs/arXiv:1706.07700
http://arxiv.org/abs/arXiv:1707.02176
http://arxiv.org/abs/arXiv:1802.03362
http://arxiv.org/abs/arXiv:1902.01111
https://arxiv.org/abs/2011.14178
https://arxiv.org/abs/2010.11715
https://arxiv.org/abs/2012.13957
https://arxiv.org/abs/2204.04807
https://arxiv.org/abs/2110.09351
https://inspirehep.net/literature/1946119
https://inspirehep.net/literature/1946119
https://arxiv.org/abs/2205.11316
https://inspirehep.net/literature/2086377
https://inspirehep.net/literature/2086377
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Alternate 3-particle approaches
★ Finite-volume unitarity (FVU) approach


• M. Mai & M. Döring, 1709.08222 , EPJA  [formalism]

• M. Mai et al., 1706.06118, EPJA [unitary parametrization of M3 involving R matrix; used in FVU approach]

• A. Jackura et al., 1809.10523, EPJC [further analysis of R matrix parametrization]

• M. Mai & M. Döring, 1807.04746 , PRL [3 pion spectrum at finite-volume from FVU]

• M. Mai et al., 1909.05749 ,PRD [applying FVU approach to spectrum from Hanlon & Hörz]

• C. Culver et al., 1911.09047, PRD [calculating  spectrum and comparing with FVU predictions]

• A. Alexandru et al., 2009.12358 , PRD [calculating  spectrum and comparing with FVU predictions]

• R. Brett et al., 2101.06144 [determining  interaction from LQCD spectrum]
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