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Gluonic excitations

Hybrid static potentials

= gluonic energy between a static quark and antiquark
in a distance r

• Quantum numbers Λεη = Σ+
g , Πu, Σ−u , . . .

• excited gluon field → exotic quantum numbers JPC

are possible for hybrid mesons

active field of research 1 2 , both experimentally (GlueX, PANDA)
and theoretically (lattice gauge theory)
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SU(3) lattice Yang-Mills data for hybrid static potentials

Main goal

• investigation of the small-r region of the Πu and Σ−u hybrid static
potentials 3 4 5 6

• precise parametrizations consistent with the continuum limit by
• combining several small lattice spacings 0.040 fm, . . . , 0.093 fm
• removing leading lattice discretization errors

→ to be used to predict the spectra of b̄b and c̄c hybrid mesons in
Born-Oppenheimer approximations (coupled channels, heavy quark
spin effects) 7 8 9 10 11 12
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(Hybrid) static potentials Λε
η = Σ+

g , Πu, Σ−
u from fine lattices

SU(3) ensemble β a in fm
A 6.000 0.093

B 6.284 0.060

C 6.451 0.048

D 6.594 0.040

AHYP2 13 6.000 0.093

• Optimized hybrid static
potential creation operators13

• optimized APE -smearing

• Multilevel algorithm 14
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(Hybrid) static potentials Λε
η = Σ+

g , Πu, Σ−
u from fine lattices

Visualization of lattice discretization
errors
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Reducing lattice discretization errors

Static potential at tree level of perturbation theory:

• V continuum(r) ∝ 1
r

• V lattice(r) ∝ G(r)
G(r) = tree-level lattice gluon propagator

Methods of tree-level improvement:

(1) Improving the separation: r → rimpr

• initially used for static force [R. Sommer, Nucl. Phys. B 411, 839 (1994) [arXiv:hep-lat/9310022v1]]

• rimpr determined from 1
4πrimpr

= G(r)

(2) Correcting the potential value: Ṽ (r) = V (r)−∆V lat(r)

• ∆V lat(r) = α′
(

1
r −

G(r)
a

)
• α′ determined from a fit of lattice data

[C. Michael, Phys. Lett. B 283, 103 (1992) [arXiv:hep-lat/9205010v1]]

[A. Hasenfratz, R. Hoffmann, and F. Knechtli, Nucl. Phys. Proc. Suppl. 106, 418 (2002) [arXiv:hep-lat/0110168v1]]
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Methods of tree-level improvement for the static potential

Unimproved data
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Parametrization of the ordinary static potential Σ+
g

→ subtraction of a-dependent self-energy Ce

→ determination and subtraction of lattice discretization errors
∆V lat,e(r)

8-parameter fit of lattice data from all ensembles:

V fit,e
Σ+
g

(r) = VΣ+
g

(r) + Ce + ∆V lat,e
Σ+
g

(r) (1)

• e ∈ {A,B,C,D,AHYP2}

• Ce: a-dependent self energy

• ∆V lat,e
Σ+
g

(r) = α′
(

1
r −

Ge(r/a)
a

)
: lattice discretization error at

tree-level

• VΣ+
g

(r) = −αr + σr parametrization of ordinary static potential Σ+
g
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Parametrization of the hybrid static potentials Πu and Σ−
u

10-parameter fit of lattice data for Λεη = Πu and Σ−u :

V fit,e
Λεη

(r) = VΛεη
(r) + Ce + ∆V lat,e

hybrid(r) +A′e2,Λεηa
2 (2)

• ∆V lat,e
hybrid(r) = − 1

8∆V lat,e
Σ+
g

(r): lattice discretization error at tree-level

• hybrid static potential parametrization VΛεη
(r) (based on pNRQCD):

VΠu (r) =
A1

r
+A2 +A3r

2 (3)

V
Σ−
u
(r) =

A1

r
+A2 +A3r

2 +
B1r2

1 +B2r +B3r2
, (4)

• A′e2,Λεη : leading order discretization error in the difference to the
ordinary static potential Σ+

g (∝ a2)
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Parametrization of the hybrid static potentials Πu and Σ−
u

10-parameter fit of lattice data for Λεη = Πu and Σ−u :

V fit,e
Λεη

(r) = VΛεη
(r) + Ce + ∆V lat,e

hybrid(r) +A′e2,Λεηa
2 (2)

• ∆V lat,e
hybrid(r) = − 1

8∆V lat,e
Σ+
g

(r): lattice discretization error at tree-level

• hybrid static potential parametrization VΛεη
(r) (based on

pNRQCD15):

VΠu (r) =
A1

r
+A2 +A3r

2 (3)

V
Σ−
u
(r) =

A1

r
+A2 +A3r

2 +
B1r2

1 +B2r +B3r2
, (4)

• A′e2,Λεη : leading order discretization error in the difference to the
ordinary static potential Σ+

g (∝ a2)
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Parametrization of the hybrid static potentials Πu and Σ−
u

10-parameter fit of lattice data for Λεη = Πu and Σ−u :

V fit,e
Λεη

(r) = VΛεη
(r) + Ce + ∆V lat,e

hybrid(r) +A′e2,Λεηa
2 (2)

• ∆V lat,e
hybrid(r) = − 1

8∆V lat,e
Σ+
g

(r): lattice discretization error at tree-level

• hybrid static potential parametrization VΛεη
(r) (based on pNRQCD):

VΠu (r) =
A1

r
+A2 +A3r

2 (3)

V
Σ−
u
(r) =

A1

r
+A2 +A3r

2 +
B1r2

1 +B2r +B3r2
, (4)

• A′e2,Λεη : leading order discretization error in the difference to the
ordinary static potential Σ+

g (∝ a2)
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Hybrid static potentials Πu and Σ−
u

⇒ Improved data points are obtained by subtracting the a-dependent
self-energy and the discretization errors:

Ṽ eΛεη (r) = V eΛεη (r)− Ce −∆V lat,e
hybrid(r)−A′e2,Λεηa

2 (5)
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Summary

• Parametrization of SU(3) lattice results
for hybrid static potentials Πu and Σ−u at
r as small as 0.08 fm

• Elimination of leading lattice discretization
errors

• at tree level: ∆V lat(r) = α′
(

1
r
− G(r)

a

)
• in the difference to Σ+

g : A′e
2,Λεη

a2

• Improvements important: Born-
Oppenheimer predictions of heavy hybrid
meson masses change by O(10 . . . 45 MeV)

• All fit parameters and data are provided in
C. Schlosser and M. Wagner, Phys. Rev. D
105, 054503 (2022) [arXiv:2111.00741v1
[hep-lat]]

Improved lattice data:
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Continuum extrapolation of lattice data at r = 0.24 fm

black data point = parametrization VΣ+
g ,Πu

(r = 0.24 fm)

→ consistent with continuum limit
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Tree-level improvement

Unimproved data V e
Σ+
g

(r) Improved data Ṽ e
Σ+
g

(r)
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Fit parameters

V fit,e
Σ+
g

(r) = −α
r

+ σr + Ce + α′
(

1

r
− Ge(r/a)

a

)
(6)

V fit,e
Λεη

(r) = VΛεη
(r) + Ce + ∆V lat,e

hybrid(r) +A′e2,Λεηa
2 (7)

VΠu (r) =
A1

r
+A2 +A3r

2 (8)

V
Σ−
u
(r) =

A1

r
+A2 +A3r

2 +
B1r2

1 +B2r +B3r2
, (9)
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