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• We have presented new continuum extrapolated results of all the nd order 
cumulants calculated in ( ) QCD and compare them with various HRG 
models. 

•  nd order cumulants and correlations of conserved charge !uctuations 
calculated in Lattice QCD agree well with QMHRG model at  . 
Cumulants are sensitive to strangeness content of the spectrum as well as 
'fate of resonances’.  

• We have also shown that a single excluded volume parameter is not 
su"cient to describe all the -nd order cumulants involving baryon number 
!uctuation and/or correlations. 

• In viral expansion motivated calculations it is not su"cient to consider only 
two particle interactions.
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Bigger Picture : Understand the thermodynamics at the 
QCD crossover, study the QCD phase diagram, indication 

of the location of the critical point…..

2

QCD phase diagram

EoS of (2+1)-flavor QCD : 
Study of the bulk 

Thermodynamic observables



3

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0  0.2  0.4  0.6  0.8  1

200 62.4 39 27 19.6 14.511.5

dashed lines: 

joint fit to 

STAR data for 

RP
31, RP

42

RB
12(Tpc)

RB
nm(Tpc)

s1/2
NN[GeV]:

NNLO, RB
31(Tpc)

RB
42(Tpc)

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1 1.2

R12B (Tc(µB)) [nQ / nB = 0.4, nS = 0]

µB / T

QCD
QMHRG2020

Success and limitation of Taylor expansions

A. Bazavov et al, Phys.Rev.D 101 (2020) 7, 074502

Good control on lower order cumulants at 
Intermediate baryon chemical potential. 
Good control on higher order cumulants at 
smaller baryon chemical potential. 
Validity and reliability of Taylor expansion will 
be limited by its radius of convergence and on 
the number of terms. 
Calculating higher order terms using brute 
force method seems unreasonable. 

Era of resummation?
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Equation of State for µQ = µS = 0
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Expansion of the QCD pressure:  

,       
P(T, ⃗μ )

T4
=

∞

∑
i,j,k=0

1
i!j!k!

χBQS
ijk ̂μi

B ̂μj
Q ̂μk

S , ̂μ = μ/T

χBQS
ijk (T,0) =

∂i+j+kP/T4

∂ ̂μi, j,k
X μX=0

, X = B, Q, S
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Thermodynamics using Lattice QCD

<latexit sha1_base64="izL6N9Tk6OGG9yKIdwFNY2TF/Bg="></latexit>

µS = s1µB + s3µ
3
B + .....

µQ = q1µB + q3µ
3
B + .....

Parametrization of  :μQ, μS [nQ /nB = r, nS = 0]

Constrained  series expansion :

We will discuss, , 
Condition in HIC, 

nS = 0, nQ/nB = 0.5, ⇒ μB, μS ≠ 0, μQ = 0
nS = 0, nQ/nB = 0.4, ⇒ μB, μS ≠ 0, μQ ≪ μB
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Estimated radius of convergence from th order pressure series,  :  
Poles of the  Pade approximants : Complex in the temperature range 

8 T ≥ 130 MeV μB /T ≤ 2.5
[4,4] [135 : 165]

Padé resummed expansion of pressure and number density
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Padé resummed expansion of bulk Thermodynamic observables 

Estimated radius of convergence from th order Pressure series  MeV :  
Poles of the  Pade approximants : Complex in the temperature range 
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Energy density , entropy density and specific heat:
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After separating out the zeroth order,

Δ ̂S = Δ ̂P + Δ ̂ϵ − ̂μB ̂nB
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<latexit sha1_base64="FOOcekZfp8OlWoO1PUJZfaETpKg="></latexit>

�P̂ ⌘P (T, µB)� P (T, 0)

T 4
=

1X

k=1

P2k(T )µ̂
2k
B
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T 4
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1X
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✏2k(T )µ̂
2k
B

�Ŝ ⌘S(T, µB)� S(T, 0)

T 3
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1X
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�2k(T )µ̂
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We evaluate the bulk 
Thermodynamic observables 
at non-zero temperature and 
baryon chemical potential 
using these expansion 
coefficients.

 nQ /nB = 0.5,nS = 0
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Taylor expansion of bulk Thermodynamic observables 

HotQCD collaboration: arXiv:2202.09184 
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Reliability of the expansion: For ,  MeV , number density is 
considered upto  while the pressure series is reliable 

upto . 

T ≥ 130
μB /T < 2

μB /T < 2.5
Reliability of the expansion: For ,  MeV , energy density and entropy is 

considered to be reliable for  while the specific heat is  considered 
to be reliable for  . 

T ≥ 130
μB /T ∼ [2.5 − 2]

μB /T ∼ [1.5 − 2]

 nQ /nB = 0.5, nS = 0
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Isentropic EoS of (2+1)-flavor QCD : relevant for HIC

̂s/ ̂nB = ( ̂P + ̂ϵ)/ ̂nB − ̂μB − ̂μQ ̂nQ/ ̂nB

Condition in HIC, nS = 0, nQ/nB = 0.4, ⇒ μB, μS ≠ 0, μQ ≪ μB
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̂μB =
∞

∑
n=1

h2n−1 ( ̂s
̂nB )

1−2n

Series expansion in   is used for 
the determination of the lines of 
constant entropy per baryon number 

 , which could be used for 
characterizing the expansion of dense 
matter created in heavy ion collisions 

μB/T

̂s/ ̂nB

At , this covers the STAR beam energy range,  
GeV

Tpc 200 − 20

̂μQ = q1 ̂μB + q3 ̂μ3
B + . . .
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‣ Good convergence of Taylor series of 
energy density, entropy and specific heat 
for  respectively.


‣ Using the Padé resummed pressure series 
we construct the Padé approximants of 
other thermodynamic observables and 
show that they agree with each other

 at  MeV.

̂μB/T ∼ 2, 2 and 1.5

| ̂μB | ≤ 2 T > 130   

19                                                  F. Karsch,  GGI, Florence,  March 2022 F. Karsch,  GGI, Florence,  March 2022 

Conclusion  Conclusion  

What we learned so far about the CEP in QCDWhat we learned so far about the CEP in QCD
from lattice QCD calculations:from lattice QCD calculations:

I) the critical temperature is below Tc=132 MeV

II) the corresponding critical chemical potential
    is likely to be above 400 MeV

Taylor expansions need to be
resummed in order to reach CEP

B
E

S
-II r a

n
g

e
B

E
S

-II r a
n

g
e

– no CEP for 

– CEP not in the BES-II range

– EoS (pressure & number density)
   well controlled for

– reliable       - range is smaller for
   higher order cumulants, given only 
   an 8th order Taylor series for the 
   pressure 

Outlook:  
Comparison of other resummation schemes Of Thermodynamic quantities for a 
reliable estimation at finite chemical potential beyond  
the estimated radius of convergence from Taylor series.
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• We have presented new continuum extrapolated results of all the nd order 
cumulants calculated in ( ) QCD and compare them with various HRG 
models. 

•  nd order cumulants and correlations of conserved charge !uctuations 
calculated in Lattice QCD agree well with QMHRG model at  . 
Cumulants are sensitive to strangeness content of the spectrum as well as 
'fate of resonances’.  

• We have also shown that a single excluded volume parameter is not 
su"cient to describe all the -nd order cumulants involving baryon number 
!uctuation and/or correlations. 

• In viral expansion motivated calculations it is not su"cient to consider only 
two particle interactions.
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Expansion of the QCD pressure:  

,       
P(T, ⃗μ )

T4
=

∞

∑
i,j,k=0

1
i!j!k!

χBQS
ijk ̂μi

B ̂μj
Q ̂μk

S , ̂μ = μ/T
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Thermodynamics using Lattice QCD

χB
0 (T, ̂μB) ≡

P(T, μB) − P(T,0)
T4

=
∞

∑
k=1

P2k(T ) ̂μ2k
B

χB
1 (T, ̂μB) ≡

nB(T, μB)
T3

=
∞

∑
k=1

NB
2k−1(T ) ̂μ2k−1

B

χB
2 (T, μB) =

∞

∑
k=0

χ̃B,k
2 (T ) ̂μ2k

B

<latexit sha1_base64="izL6N9Tk6OGG9yKIdwFNY2TF/Bg="></latexit>

µS = s1µB + s3µ
3
B + .....

µQ = q1µB + q3µ
3
B + ..... P2k ≡ χ̄B,2k

0 /(2k)!

N2k−1 ≡ χ̄B,2k
0 /(2k − 1)!

χ̃B,k
2 ≡ χ̄B,2k

2 /(2k)!

Same set of coefficients

μQ = 0


