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-critical lineO(4)
-critical lineZ(2)

-order plane1st

Tri-critical pointWe want to investigate the analytic 
structure of the partition function ( )ln Z

We have theoretical guidance by the Lee-Yang 
theorem, which predicts branch-cuts in the 
scaling function of the order parameter, located 
at universal positions.

Locating singularities in the complex 
-plane might help to find the elusive QCD 
critical point 

μB /T

We use lattice QCD data of the baryon 
number density ( ) at imaginary 
chemical potential

∂μ ln Z

Asymptotic behaviour of Fourier coefficient encodes information on the branching point 
singularity of the scaling function. 

Are we sensitive enough to see that? 

The first Fourier coefficient is related to the interaction in the excluded volume HRG model. 
Modeling the Fourier coefficients might help to improve analytic continuation to real 
chemical potential. [Vovchenko et al., PLB 775, 71 (2017); Vovchenko et al., PRD 97, 114030 (2018); 

Almási et al. PRD 100 (2019) 1, 016016]
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4Lee-Yang edge singularities

h′ 

h′ ′ 

Consider a generic Ising or O(N) model: 
One finds zeros of the partition function only at imaginary values of the symmetry breaking field                
[Lee, Yang 1952]


In the thermodynamic limit the zeros become dense on the line h′ = 0

h′ 

h′ ′ 

+hYL(T )

 finite,  V T > Tc ,  V → ∞ T > Tc

Z(V, T, h) ≡ 0, h = h′ + ih′ ′ 

−hYL(T )
h′ 

h′ ′ 

hYL(Tc) = 0

,  V → ∞ T → Tc

 a brach cut is observed in the free 

energy density and order parameter 

→

The position of the branch cut singularity is universal. In terms of the scaling variable , 

we have  , where .             [Connelly et al. PRL 125 (2020) 19]

z = t/h1/βδ

zLY = |zc |ei π
2βδ t = T/Tc − 1



5Lee-Yang edge singularities in the complex -planeμB/T

Roberge-Weiss transition:

    and    t = t0 ( TRW − T
TRW ) h = h0 ( ̂μB − iπ

iπ )

Chiral transition:

   and    t = t0 [ T − Tc

Tc
+ κB

2 ( μB

T )
2

] h = h0
ml

mphys
s

zLY = |zc |ei π
2βδ

    and t = αt(T − Tcep) + βt(μB − μcep)

h = αh(T − Tcep) + βh(μB − μcep)

QCD critical point:

T

µB

mu,
d

<latexit sha1_base64="PUjPCs/Y0DvHkluI4stEPGb5jDA="></latexit>

Tpc
<latexit sha1_base64="PtEdR2YNBuJ641EKAYHk1feyhLk="></latexit>

Tc
<latexit sha1_base64="epkqTGtzueEokMDNXIlZJjFcdbI="></latexit>

Ttri
<latexit sha1_base64="tSi3arq9fEomPp9L+m5Zx5ORIqQ="></latexit>

Tcep
<latexit sha1_base64="5agHLtX5NpAhmxNrbbP8FBCZBXo="></latexit>

-criticalO(4)
-criticalZ(2)
-order1st

Tri-critical

0 1 2 3 4 5
Re[µB/T]

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

Im
[µ

B
/T

]

RW scaling

chiral scaling

CEP scaling

Solve for 
with different scaling fields and 
non-universal parameters 

 T = TRW

 T = TCEP

 different temperature intervals exhibits different    
scaling of the Lee-Yang edge singularity  
→



6Lattice Data

We use (2+1)-flavor of highly improved staggered 
quarks (HISQ)


Simulations at  are not possible due to the 
infamous sign problem 


Instead we perform calculations at imaginary 
chemical potential 

[De Frorcrand, Philipsen (2002); D’Elia, Lombardo (2003) ]


The temperature scale and line of constant physics 
is taken from previous HotQCD calculations 

[see e.g., Bollweg et al. PRD 104 (2021) ]


We measure cumulants of net baryon number in 
the interval 

[Allton et al. PRD 66 (2002) ]


The cumulants  are odd and imaginary for  odd 
and even and and real for  even

μB > 0

μB = iμI
B

iμI
B /T ∈ [0,π]

χB
n n

n


χB
n (T, V, μB) = ( ∂

∂ ̂μB )
n ln Z(T, V, μl, μs)

VT3

= ( 1
3

∂
∂ ̂μl

+
1
3

∂
∂ ̂μs )

n
ln Z(T, V, μl, μs)

VT3

T = 176.6 MeV

T = 186.3 MeV

T = 201.4 MeV

Lattice size:  243 × 4

[Dimopoulos et al.,  PRD 105 (2022)]

 see also talks by K. Zambello and F. Di Renzo→



7Calculation of Fourier Coefficients

Definition:  

Method 1:  

highly oscillatory 
for large k

Data only defined on a 
discrete set of points

• Interpolate , take also it’s derivative and eventually higher derivatives 
up to order  into account  Hermite-interpolation (spline)

Im χB
1 Re χB

2
s →

• Piecewise integration can be done analytically 

<latexit sha1_base64="FMSL3orw3EPmGKUdBzZX32c8Ixo="></latexit>

bk(T ) =
1

⇡

Z 2⇡

0
d✓B Im�B

1 (T, i✓B) sin(k✓B)
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bk =
2
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i=0

Z ✓
(i+1)
B

✓
(i)
B

d✓B p(✓B) sin(k✓B)
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0 = ✓(0)
B < ✓(1)

B < · · · < ✓(N)
B = ⇡with

• Statistical error is estimated by bootstrapping over the error of  and .Im χB
1 Re χB

2

 variant of a Filon-type quadrature: error decreases as  (for exact data)→ 𝒪(k−s−2)

<latexit sha1_base64="AOfXKLSt/20rDamkLo8mc5T5UcI="></latexit>

µB/T = i✓B, with ✓B 2 R



8Calculation of Fourier Coefficients

Definition:  

Method 2:  

highly oscillatory 
for large k

Data only defined on a 
discrete set of points

• Determine a (global) rational approximation of , e.g. by multi-point Padé (see 
talk by Kevin Zambello) or by fitting a specific Ansatz-function

Im χB
1

• Integrate analytically or numerically by Gaussian quadrature or perform a Fast 
Fourier Transformation (FFT)

<latexit sha1_base64="FMSL3orw3EPmGKUdBzZX32c8Ixo="></latexit>

bk(T ) =
1

⇡

Z 2⇡

0
d✓B Im�B

1 (T, i✓B) sin(k✓B)

• Estimate systematic error by comparing to Method 1
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µB/T = i✓B, with ✓B 2 R



9Data interpolation
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Error band of the Hermite-
Interpolation (piecewise cubic, 
taking  and  into 
account)

Im χB
1 Re χB

2

• Note asymmetry of the data, w.r.t a sin function: data can be described by  
Fourier-coefficients 

𝒪(10)

Interpolation at T = 190MeV
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Hermite Interpolation  
[11/8] rational approximation

• Note asymmetry of the data, w.r.t a sin function: need  Fourier-coefficients 
to describe the data 

𝒪(10)

Interpolation at , T = 190MeV 363 × 6

• Both interpolations agree within error. 



11Fourier Coefficients and critical scaling

 Re[μB /T ]

 Im[μB /T ]A branch cut at  will give rise to an ̂μc + iθc

- exponential damping bk ∼ exp{−k ̂μc}

- oscillation  bk ∼ sin(k θc)

- in addition there is an algebraic decay   bk ∼ k−2

 in principle we can determine  from → μLY bk

Roberge-Weiss transition:
 T = TRW

 bk ∼
−1k+1

k1+1/δ

Chiral transition:

 bk ∼
e−k ̂μc(sin(kθc − απ /2) + R± sin(kθc + απ /2))

k2−α

 ̂μc

 iθc

 iπ

[Almási et al. PRD 100 (2019) 1, 016016]

[Almási et al., Phys.Lett.B 793 (2019) 19-25]

 T < TRW



12Preliminary results

 no oscillation →

 kbk(−1)k+1

 k  k

 k2bk(−1)k+1

 MeV T = 190  MeV T = 180

 damed oscillations→

systematic errors under control for k ≲ 10

Sensitivity to the chiral transition, 

chiral fits yield reasonable Lee-Yang 

edge singularity 
 ̂μLY = 0.97(6) + 3.123(3) i



13Preliminary Results

 k

 k2bk(−1)k+1

 MeV T = 180

 damed oscillations→
Sensitivity to the chiral transition, 

chiral fits yield reasonable Lee-Yang 

edge singularity 
 ̂μLY = 0.97(6) + 3.123(3) i
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FIG. 13. The Fourier coefficients bk for physical and heavy pion masses in the PQM model. From left to right, the results are
shown for T/Tpc = 1.0, 1.1, and 1.2, respectively. The insets show the magnitude of |bk| on a logarithmic scale.

coefficients for a somewhat heavier pion mass, equal to
0.5mphys

π . Here the temperature dependence of the os-
cillation frequency is reduced. This is expected, since
the relevant energy scale, the pion mass, is now large
compared to the few MeV change in the temperature.
Nevertheless, the qualitative behavior of the oscillations
as a function of temperature is still consistent with the
expected motion of the singularity in the complex chem-
ical potential plane. Thus, the frequency increases and
the damping of the amplitude weakens with increasing
temperature.
Unlike the critical temperature in the chiral limit,

the pseudocritical temperature Tpc is not clearly dis-
tinguished by a sudden change in the properties of the
Fourier components bk. This is a rather natural conse-
quence of the shift of the singularity into the complex
chemical potential plane, indicated in Fig. 10. As the
temperature is increased and passes Tpc, the motion of
the singularity in the complex plane leads to a slow in-
crease of the oscillation frequency and a smooth reduc-
tion of the exponential damping of the amplitude.
As in Fig. 9, we show in Fig. 12 the Fourier coefficients

multiplied by the factor (−1)k−1k2 at T/Tpc = 1.1, 1.2,
and 1.3. In order to fit the large k dependence of the co-
efficients bk, we introduce an exponential damping factor
of the form e−a k, as well as a regular part. The tem-
perature dependence of the oscillation frequency and the
damping factor is again consistent with the expectations
deduced from Fig. 10.
A comparison of the results for small pion masses with

those obtained in the chiral limit, shows that the higher-
order Fourier coefficients are exponentially damped by
the explicit breaking of chiral symmetry. Therefore, it is
a quantitative question whether chiral criticality can be
identified in the Fourier coefficients also for larger pion
masses. In order to address this issue, we present the
Fourier coefficients obtained in the PQM model for the
physical and for a heavy pion mass in Fig. 13.
As illustrated in Fig. 5, in the mean-field approxi-

mation the PQM model exhibits a rather rapid chiral
crossover transition for a pion mass equal to the physi-
cal one, while LQCD yields a smoother transition at the
physical point [54, 55]. Therefore, a mean-field calcu-

lation with a larger pion mass, somewhere between the
physical and the heavy pion mass employed here, may be
more relevant for a comparison with lattice results.
In the left panel of Fig. 13 we show k4 bk for physical

(squares) and heavy (circles) pion masses at T = Tpc.
For a physical pion mass, the behavior is qualitatively
similar to that shown in the lower panel of Fig. 11.
We note that the sign structure of the Fourier coef-

ficients differs from the alternating signs of the LQCD
results (see Fig. 1 and Ref. [40]). As indicated above, the
oscillation frequency depends on the location of the con-
tributing singularities in the complex chemical potential
plane, in particular on their imaginary parts, as well as
on the strength of the individual contributions. Thus, the
sign structure of the Fourier components is determined
by an interplay between the chiral singularity and, e.g.,
the thermal branch point. Consequently, the staggered
sign structure seen in the LQCD results at T = Tpc may
be due to noncritical physics, not captured by the PQM
model.
The oscillations lead to deviations from a pure expo-

nential damping of the magnitude of the Fourier coeffi-
cients, as shown in the inset of the left panel of Fig. 13,
while for the heavy pion mass, the oscillations are almost
completely washed out by the strong damping.
In the middle and center panels of Fig. 13 we show

(−1)k−1k2bk at T/Tpc = 1.1 and 1.2. The additional
phase factor compared to the left panel, removes the
dominant oscillation to a large extent and hence yields
clearer plots. At 1.1Tpc, almost all points are at posi-
tive values, with a few exceptions for the physical pion
mass. Moreover, at 1.2Tpc the sign changes are com-
pletely removed by the phase factor. This implies that
the staggered sign structure of the LQCD results on the
first four Fourier coefficients [40] is reproduced at temper-
atures somewhat above the pseudocritical temperature
Tpc.
As shown in the insets in the middle and right panels,

we indeed find an exponential damping of the magnitude
of bk for the heavy pion mass for k larger than 3 or 4. At
T = 1.2Tpc, a small amplitude, low-frequency residual
oscillation, left after removing the dominant one with
the phase factor (−1)k−1, would be difficult to recognize,

[Almási et al. PRD 100 (2019) 1, 016016]

PQM model 



14Summary and Conclusions

At different temperature intervals we expect to see 
different scaling behaviour of the Lee-Yang edge 
singularly (Roberge-Weiss, chiral, QCD critical point)

The Fourier coefficients of the baryon number 
density start to oscillate for   MeVT ≲ 180

The exponential decay is a problem for ̂μc > 1

sensitivity to the chiral phase transition →

exponentially small coefficients→

performing smaller than physical mass calculations

Outlook:  

the real part of the branch cut singularity will be 
reduced!
→

m=1/27

m=1/80

 Re[μB /T ]

 
Im

[μ
B

/T
]

 MeV 
oscillating Fourier 
coefficients

T = (180,185)

perform more systematic fits to Fourier coefficients

investigate phenomenological motivated models

Mass dependence of chiral scaling 

Summary of Lee-Yang edge singularities 


