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QCD at non-zero chemical potential cRc’-rm

Convenient chemical potential basis for simulations:  (“isospin” basis)

Moy = por, + o1 Bd = pr, — pr s

I/u #0, pr=ps=0| pureisospin chemical pot. — no sign problem

Continuum extrapolated phase diagram:
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[ Brandt, Endrédi, Schmalzbauer '18 |
> improved actions (staggered) » T#0: N;,=(6,)8, 10, 12
» physical pion masses > T=0: a=0.22,0.15[0.1] fm
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I The equation of state
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Equation of state: T =0 cRc’-rm

19)
p(T'=0,ur =0)=0 mza—p €= —p+nrur
1274

1234
= p(O»/u)=/ dpnr(0,pr) 100, pr) = —4p + np(0, pr)pr
0

can be obtained from n(0, uy)

here:  use all spline interpolations which provide “good” description of n
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Equation of state: T =0 cRc’-rm

19)
p(T'=0,ur =0)=0 mza—p €= —p+nrur
1274

1234
> D) = [ dunsOu)  0.pr) = ~Ap -+ s (0. ur)
0
can be obtained from n(0, uy)
here:  use all spline interpolations which provide “good” description of n

» T = 0 never exactly fulfilled

2 1
=P use large N; so that 7'~ 0 vacuum | pion condensed
15 ' phase
> correct for 1" # 0 effects with xPT . a2 ®
. L ;
particularly relevant for py &~ m, /2 3
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Equation of state: T =0 cRc’-rm

19)
p(T'=0,ur =0)=0 mza—p €= —p+nrur
1274

1234
> D) = [ dunsOu)  0.pr) = ~Ap -+ s (0. ur)
0
can be obtained from n(0, uy)
here:  use all spline interpolations which provide “good” description of n

» T = 0 never exactly fulfilled

=P use large N; so that 7'~ 0 vacuum | pion condensed
15t ' phase
» correct for T' £ 0 effects with yPT :
v ok My /2
. SO ;
particularly relevant for py &~ m, /2 3 ;
_ . . 05t :
e initial @ =~ 0.29 fm simulations '
[ Brandt et al '18 ] 0 el |
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Equation of state: T =0 cRc’-rm

19)
p(T'=0,ur =0)=0 mza—p €= —p+nrur
1274

1234
> D) = [ dunsOu)  0.pr) = ~Ap -+ s (0. ur)
0
can be obtained from n(0, uy)
here:  use all spline interpolations which provide “good” description of n

» T = 0 never exactly fulfilled

=P use large N, so that 7'~ 0 vacuum | pion condensed
15F ' phase
» correct for T' £ 0 effects with yPT . _—
particularly relevant for py &~ m, /2 ElN
e initial a ~ fm simulations 0 /e
[ Brandt et al '18 ] &

s . . . .
%.3 04 05 06 07 08 09 1

fr/max

e a~ 0.22, 0.15 fm — towards continuum
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Equation of state: T =0 cRc’-rm

H H
0.6 | vacuum i pion condensed J 0.6 vacuum E pion condensed
1 phase 04} ' phase
. M /2 ) 02+ i ]
<n§ 0.4 ;/ ‘"Ek :
E | S E—
ol ' ] 3 i
0 : 0.2 a2
. —04t '
0 v ) ) . \ . . .
) o7 05 06 07 08 09 03 04 05 06 07 08 09
pr/me

r /M

» in good agreement with NLO xPT [ Adhikari, Andersen '19 ]

» currently: analyse a ~ 0.1 fm lattices

=P continuum limit
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Equation of state: T # 0 CRc’-ﬁ

p(T, pur) = p(T,0) + Ap(T, pr) I(T, pur) = I(T,0) + AI(T, p1)

I > ]

[ Borsanyi et al '13, Bazavov et al '14 ] to be determined
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Equation of state: T # 0 cRc’-rm

p(T, pr) = p(T,0) + Ap(T, pur) I(T,pr) = I(T,0) + AI(T, pur)
[ Borsanyi et al '13, Bazavov et al '14><:e determined
1224

> computation of Ap:  Ap(T,pur) = duny (T, 1)
0

» computation of Al:
AI(T, pr) 0 (AP(T, uz)) o mrng(T, pr)

Starting point: T = Ta_T T4 T

0

1223
—> AT, pr) = / duy (T— - 4)”1(T, wr) 4 prng (T, pr)
; oT

again:  use all spline interpolations which provide “good” description of n;
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Computing the EoS at T" # 0
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Il The speed of sound

Bastian Brandt EoS and Taylor expansions @ pu; # 0



Computing the speed of sound cRc’-rm

Other interesting quantity:  speed of sound ¢,

>_ Op

definition at p #0: ¢
Oe

S nr
@ |— =const; — =const; ...
ny nr



Computing the speed of sound cRc’-rm

Other interesting quantity:  speed of sound ¢,

2_310

definition at uy #0:  c¢; = —
Oe

© [S = const}

ny
=P compute directional derivative of p and e:

2 = a;; (82) with a%(ni,) —0
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Computing the speed of sound cRc’-rm

Other interesting quantity:  speed of sound ¢,

2_310

definition at uy #0:  c¢; = —
Oe

© [S = const}

nr

=P compute directional derivative of p and e:

Op (86) d /s
2 .
c, = with s (*) =0
s 06 \0¢ 0§ \ny
»r_o 2_9 08 !
0 Oug '
0.6+ ,
NUVJ 0.4 L i
02 M /2 pion condensed
vacuum : phase
93 01 05 06 07 08 09

i /Mg
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Computing the speed of sound cRc’-rm

Other interesting quantity:  speed of sound ¢,

© [S = const}
nr

=P compute directional derivative of p and e:

2_310

definition at uy #0:  c¢; = —
Oe

2 = a;; (82) with %(ni[) —0
9 9
> T =0: 8_528_;11

o . S . .
> T #£0: — mixed T' & pj dervivative — compute analytically via

23

e the spline interpolation for n; (T, 11)
e analytic interpolations for p(T,0) and I(T,0) from [ Borsanyi et al 13 ]

I(T,O) = eihl/tfhz/t ( fo [tanh(f1t+f2) + 1])
T4 1+ g1t + gat?
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Speed of sound at 7" # 0 cRc’-rm

120
140
160 o

T [MeV] N, =8

> T < T & pur>>my/2:

¢ > 1/3 — conformal limit
[ Cherman, Cohen, Nellore '09 |

towards continuum:

pushed to smaller T'
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Il Extension to ;;, # 0 via Taylor expansion
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Extension to baryon chemical potential cRc’-rm

Eventually: ur, pr, s parameter space

Extension to ur, s # 0:
Taylor expansion around py # 0

here: focus on iy, direction
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Extension to baryon chemical potential

Eventually: ur, pr, s parameter space
Extension to ur, s # 0:
Taylor expansion around py # 0

here: focus on iy, direction

(T, m
me M(T) [M

0™ [p(T, )/ T"]

X’I’IT/L (T7 :uI) = (8ML/T)m

nr=0
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Extension to baryon chemical potential

Eventually: ur, pr, s parameter space

Extension to ur, s # 0:

Taylor expansion around py # 0

here: focus on iy, direction

Xh (T ) =

> first results for xX (T, pu1):

T ~ 0 (30 MeV)
for a ~ 0.15 fm

at first glance:

O™ [p(T, )/ T*]
(One/T)"

but what about this A\?

T T——
% o
&
® o
’ -
Z Xm (7, /u m @
T HL
vacuum E pion condensed
pr=0 ! phase
™k : ~ ‘
E i 2
“\;;‘ 1 gi i ;3 §
i ® )\ = 0.0036
' @) =0.0018
looks good M /2 \  0.0010
0 '
0.4 0.6 0.8 1
r /M
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Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode
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The regulator and its removal CRC’-'I%

Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode

» for simulations:
need to introduce a regulator

— A (pion source) [ Kogut, Sinclair '02 |

72 PysTL
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The regulator and its removal CRC’-'I%

Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode

» for simulations:

need to introduce a regulator

— A (pion source) [ Kogut, Sinclair '02 |
» physical results:  extrapolate A — 0

reliable extrapolations: Dyt _
main task for analysis PysTLY
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The regulator and its removal

Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode

» for simulations:

need to introduce a regulator
— A (pion source) [ Kogut, Sinclair '02 |
physical results:  extrapolate A — 0
reliable extrapolations:
main task for analysis
facilitated by improvement program:
[ Brandt, Endrédi, Schmalzbauer '18 ]
e leading order reweighting
e valence quark improvement
m condensates/densities:
works well for T' # 0

(nr)/T?

Vs T2

1.2+
0.9
0.6 -

0.3r

CRc’-rm

PysTL

wr/my =0.5
T =124 MeV

Owith improvement
Owithout improvement
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The regulator and its removal cRc’-rm

Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode

» for simulations:
need to introduce a regulator

— A (pion source) [ Kogut, Sinclair '02 |

» physical results:  extrapolate A — 0

reliable extrapolations: D5 T -
main task for analysis Y571
> facilitated by improvement program: 0.5 .
[ Brandt, Endrédi, Schmalzbauer '18 ] fur/ma = 0.58
0.4 =]

3
m

e leading order reweighting

0.3 Owith improvement
Owithout improvement

(nr)/mi

e valence quark improvement
m condensates/densities:

works well for T #£0 & T =0 e |

0 5-1076 11075 1.5-107°
(aN)?
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The regulator and its removal cRc’-ﬁ

Spontaneous sym. breaking @ BEC phase:
=P Goldstone mode — zero mode

» for simulations:

need to introduce a regulator

— A (pion source) [ Kogut, Sinclair '02 |
» physical results:  extrapolate A — 0

reliable extrapolations: Dy Tt _
main task for analysis PysTLY

» facilitated by improvement program: 1 ;
m
[ Brandt, Endrédi, Schmalzbauer '18 ] =

0} pr/ms = 0.58 Owith improvement

[ ] |eading order reweighting "g Owithout improvement
£
e valence quark improvement gt
m condensates/densities: 9
works well for T'#0 & T =0 ‘ ‘ ‘
FTT 0 5-1076  1-107° 1.5-107°
m susceptibilities? (@)
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement: )1\13%) <O> = )I\ILI%) <O - §g>
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement: )1\13%) <O> = )I\ILI%) <O - §g>

> condensates/densities:
Nmax

~(Trom™)) = <nz_% g{‘i’;>

here: M = DI ()D(1) + 22 Oppm = 9,00
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement: )1\13%) <O> = )I\ILI%) <O - §g>

> condensates/densities:

here: M = DI ()D(1) + 22 Oppm = 0,00
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement: )1\13%) <O> = )lg% <O - §g> 0 —
T =124 MeV
> condensates/densities: Z o} ® aA = 0.0006
N o < 2
o) ~($805) <R
' N N n_ol 1 0 20 40 f;No 80 100 120
define: 65 = ;Onn(m _ é)

here: M = Dt (u)D(p) + N2

Bastian Brandt

Onm = ‘pILOSOm
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement:  lim <O> = lim <O - §g> 0

A—0 A—0 % i1 /ma = 0.58

_o. a\ = 0.0018

> condensates/densities: 2 e .
N gy o]
TOSD :: 0.4 o
~ Tr OM—l > ~ Son n = o} °
(vor) ~(Latw) 7., <

0 20 40 60 80 100 120
N

. N al 1 1
define: 5 = Z Onn(m - é)

n=0

here: M = DI (u)D(1) + 22 Oppm = 9,00
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement:  lim <O> = lim <O - §g> 0

A—0 A—0 % i1 /ma = 0.58

_o. a\ = 0.0018

> condensates/densities: z e .
N gy o]
TOSD :: 0.4 o
~ Tr OM—l > ~ Son n = o} °
(vor) ~(Latw) 7., <

N 1 1 0 20 40 60 80 100 120
. . oN _ N
define: 65 = ;Onn(fﬁ-i-—)@ _ é)
» susceptibilities:
~ (Tr(o:M 027 )

o < RIS Ol;nm O2;mn >
- 2 2 ¢2 2
o &m TATE +A

here: M = DI ()D(1) + 22 Oppm = 0,00
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement:  lim <O> = lim <O - §g> 0

A—0 A—0 % i1 /ma = 0.58

_o. a\ = 0.0018

> condensates/densities: 2 e .
N gy o]
TOSD :: 0.4 o
~ Tr OM—l > ~ Son n = o} °
(vor) ~(Latw) 7., <

N 1 1 0 20 40 60 80 100 120
. . oN _ N
define: 65 = ;Onn(fﬁ-i-—)@ _ é)
» susceptibilities:
~ (Tr(o:M 027 )

N< al Ol;nm OQ;mn>

G T A6+

n,m=0

here: M = DI (u)D(1) + 22 Oppm = 9,00
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Valence quark improvement for susceptibilities cRc’-rm

Singular values:  D'(u)D(p)¢n = €2,  D(u): massive Dirac operator

improvement:  lim <O> = lim <O - §g> 0
A—0 A=0 % jir/my = 0.58
0. ° aX = 0.0018
> condensates/densities: z o i
N tO \\:’: —04 o
~(Trom™)) = PnlPn © .
< ( ) <n§=:0 &+ A2 ~0.6 e
N 1 1 0 20 40 60 80 100 120
. X N _ N
define: 65 = Z Onn(é}%—i——)@ - é) )

n=0
» susceptibilities:

~<Tr(01M_102M‘1)> e %ﬁﬁ% bt

s pwr/my =05
T =124 MeV
N -1
~ < Ol;nm OQ;mn aX = 0.0006
~ I Ll
2 )\2 2 )\2 0 20 40 60 80 100 120
n,m=0 fm + fn + N

here: M = DI (u)D(1) + 22 Oppm = 9,00
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Valence quark improvement for susceptibilities

CRc’-rm

D(): massive Dirac operator

%

o]

i1 /ma = 0.58
a\ = 0.0018

o o

0

20

40

60 80 100 120
N

Singular values:  DT(u)D(p)¢n = E2¢n
improvement:  lim <O> = lim <O - §g> 0
A—0 A—0
> condensates/densities: z s
N TO \\:’: 04
~ {Tr OM—l > ~ PnUPn =
< ( ) <n§::0 &+ 06
N
1 1
define: (SIOV = Z Onn(ﬁ — —2)
2O @ T e 0
» susceptibilities: = -
3. 4
~ (Tr(o:M 027 ) K,
G
N _
~ Ol;nm OQ;mn i
W Cn NG N
here: M = DY (u)D(i) + A2 Opm = ¢l Opm
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Conclusions cRc’-rm

» Equation of state at T =0 & T #0

1

1/m

e continuum limit in progress
e needs N; = 16 lattices

» Speed of sound i fms T MeV]

for T < T, & pgr > my/2:
larger than conformal limit
[ Cherman, Cohen, Nellore '09 |

= implications for EoS modelling based
on neutron star radii and masses

140

[ e.g.: Tews et al '18; Annala et al '20 ] e
. ; ' ion condensed
» Taylor epansion to up # 0 from py # 0 o et e

. r i p €
work in progress ... s, $és & v 7

. . L - ©\ = 0.0036

problem: reliable A-extrapolations for x5 L, o

M, A =0.0010
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