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Introduction and Motivations

> The analytical integration of fermionic degrees of freedom
/ DUe~Sel] / DyDge PO — / DUe561Y] det D[U]

leads to an effective bosonic theory with action

sef[U] = Sg[u] + SET[U], SE[U] = — Indet D[U)]
~——  N—\—
local  global

> Aim: factorize det D[U]

> Here: factorization via an overlapping 4d domain decomposition
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Domain decomposition: bulk

> Aim: factorize dependence on local
hypercubic blocks A3 (red)
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Domain decomposition: bulk

> Aim: factorize dependence on local
hypercubic blocks A2 (red)
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> Active disconnected \g = |, /\g

> Inactive connected A1 (grey)

o
.
.
.
.
o
.
.
o
.
.
.
.
o
Oeeeeceeceseccee
0000000000000 0000000000000000000

O®eeeOeeOeeseOe
OeeeecescesceOse

Matteo Saccardi, Leonardo Giusti 4d DD for factorization of det D 10/08/2022



Domain decomposition: boundaries

> Internal boundaries of each /\g (empty
circles in the red region)
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Domain decomposition: boundaries

A Al
@0 Al 0l
RV I > Internal boundaries of each A§ (empty
ool oofgoooog'lool’goooog‘loo oo ) ) )
- - | circles in the red region)
o 3: :Z 3:
ool oolooooodloolooooodool oo 3 _ 3
R NG, ONo = U, ONG
00lo 660G 0loolot 600 oloolod o0 oloolot 6o s oloo
13 ol ol d- ol d- ol ol
o o o o o d o ol
15 olorle oo oo Sl . .
SPeTIRIER TRt e NNt = JI union of hyperplanes passing by
00olo 660G oloolot 606 oloolod 600 cloolos 600 oloo .
B B::B g B g B el O0N\g (aII empty CII’C|eS)
lo ol <lo ol <o OI Io OI
oo'&o_o_ goo_oo_o_gioogo_o gbo'ooooog'oo

Matteo Saccardi, Leonardo Giusti 4d DD for factorization of det D 4/12



Domain decomposition: boundaries

> Internal boundaries of each /\g (empty
circles in the red region)

ONg,  ONo =, ON;
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> Ol union of hyperplanes passing by
ONo (all empty circles)
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grey region)
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Domain decomposition: framed domains
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> Frame ®7 € Ay for each A}
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Domain decomposition: framed domains
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> Frame CD% € N\; for each /\g
> Framed domain Qf = A\j U ®3
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Block decomposition of det D

From this domain decomposition we obtain

Al

& 1QaAd

det W4

det D = — -
det Dy T, |det Dy det Dﬂg}

det Wi =1+...

SEFUI == Indet Dy, +> Indet Dys — Indet Dy, — Indet W,
S 0 S 1 ——

block—local
= To accomplish our aim: factorize In det W,

still global
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Recovering the one-dimensional case

Direct generalization of the 1d case [Giusti et al. 16-18, Dalla Brida et al. 21]

det D — — det W —
det D! [T, |det Dgg det D! |
zPap, + [bng]ilbng Wano,om,
W, =
Wan, one ‘ zPyn,

s A An .
Dja, = Z Dong: Dop, = Z Dops ony
2 el
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Recovering the one-dimensional case

Direct generalization of the 1d case [Giusti et al. 16-18, Dalla Brida et al. 21]

det W4
det Dy T, |det Dy det Dégl]

detD =

e00cc0000000000e
©000000000000000

zPap, + [Dga, 17 Dia, ‘ Wonsom,

.
o

ooy
eclecloe
eclecloe

= =
1M o

%

> MM, absent, 3 = A; disconnected
> Even-odd decomposition a € {e, 0} to recover the 1d result
det W4
det Dp, det Do det D!
0 0

det D =
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Block decomposition of det D

zPap, + [Dga 17 D, | Wong,om,

Warh,a/\o ‘ Zpanl

Do, = ZDa/\aa Dhng = Dops ony
Py

The generalization is not straightforward due to
> existence of corners in 4d, i.e. Ol and off-diagonal terms of W;
> /A connected in 4d
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Block decomposition of det D

Ad 1-1/h
2Pop, + [Dga, ] 2 DBn, | Wong,om,

Wan,,on ‘ zPan,

Din, = ZDa/\aa Dhpy = L Dops ony
343

> W; = 1+ off-diagonal terms suppressed with the thickness of A;
(~ 0.5 fm or so) = Multi-boson representation

> Only dependence on Uy, in the red terms in the first line
= Multi-boson factorization [Liischer 94, 04, 05; Borici Forcrand 95, 96]
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Multi-boson factorization of det W,

det Wy = 1_12 — Wi , N ~ 0O(10)
det Wit TV det[wjkwuk]
1 . 2
oc/kadX;E e~ | Wauxxl ,

det | W, W]
2

2 A—1 Hh
(Wox|” = E : ‘Pa/\g [Z Xon, T D@/\g DB/\OXa/\O + Wal\g,al'IlXanl}
El

2

+’zXan1 + W3|'|1,3/\0Xa/\0

> N/2 multi-boson fields x living on 9 = 9\ U 9l
> Only first line of W, depends on Up, = factorized multi-boson action

> Wy = reweighting factor

Matteo Saccardi, Leonardo Giusti 4d DD for factorization of det D 10/08/2022



Conclusions
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Outlook

> Multi-level: local updates and
averages
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Outlook

> Multi-level: local updates and
averages

> Master-field: fully factorized
SEssnoactistanaetalttandeodt oot molecular-dynamics evolution
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Thank you for your attention!
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Backup slides



LU decomposition of a 2 x 2 block matrix

<

Il
PR
O >
(WY
Nl

Il

I BD™\ (Sp 0 o -1
(1507 (% 9 5,-a-50ic

det M = det Ddet Su

-1 — St -S,'BD7?
-D1cs,t D+ Dcs,tBDY

A B 1 AlB
det (C D) = det Adet D det (D_IC 1 )
A7t = PLAT P, B = P1BP,,C = P,CP1, D! = P,D™'P,



Definition of the domains
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Derivation of block decomposition

> First decomposition: L = 0\g U (/_\0 U /\1) so that
det D = det Dy_det Dy, det Dyp,,
Dony = Dan, — Dany. Ao D,{Ol DR, .on, — Dono,n DXf Dn, o,
> Second decomposition: A; = ®F U (A;\®7) so that
Da/\o = [)a/\o - [?a/\o an, f?g.%l ﬁanl,a/\m
Don, = Dgn, + Dliny. DS, = Z Dapzs Dby, = Z Daps,ony»

343
Da/\g = Da/\a Da/\a /\aD D/\a NG Da/\g,¢§ qu;a D¢§,a/\g’
b 'p Dy, — Dy D D
N ONS T T ToNg @7 | Pl 7,008~ 2/
-1
+D¢a/ - D¢i; D Qa * ¢a’ D A/:| D¢f ’a/\a

Dal'h = Danl - D8ﬂ1,7\1 D/Tl D/_\hanl



Derivation of block decomposition

det W4
det Dy T, |det Doy det Dggl}

zPan, + [Dga,] " Di,

det D =

Wan,,om,

W, =

Wan, an, ‘ zPan,

_ PD=1p . _. _
Wong.oms = ) Pons Dos Doz a63- = Wono,on, Pom,
El

Wan,,on, = Dgr.ll Dany.on, = Wan,.on, Pong
0 if x ¢ ONg,

1—
Pong () =4 2 A )
Tﬂw(x) if x € 9N and 3! pu| (x + f) € ONG",
»(x) otherwise ,

vﬂw(x) if x € 0Ny and 3! pu| (x — 1) € ONF",




Derivation of multi-boson factorization

det W4

detD = - -
det ;! [T, [det Dy det D |

> First, we define the approximating polynomial

1- RN+1

Pn(z) = (z — z)

||,’:]2

> With this definition, we can rewrite det D by noticing that

1 N2 N2
—_— = — W) (ze — W)} = C [ det(W]! W,,),
det Py (WW5) nget{(Zk 1) (2 = Wh)} kl;[1 et(W;, Wa,)

2k 2wk
ukzl—zk:cos(NW )—i—i\/l—czsin( il ),k:l,...,N

+1 N+1



Derivation of multi-boson factorization

> The multi-boson action comes from the term

1 / oW, 2
— = [ dyxdyle Wuxil,
det(W,, W,,) k

2
2 A—1 AHh -1
IWox|* = Z ‘Pa/\g [Z Xon, T Da/\g Dal\oXa/\o + DQ(é) Dde,an*Xanl} ‘
a

2

'i_)zXan1 + Warh,a/\oXa/\o

where U[Ag] appears only in the first line = factorized dependence of
the multi-boson action on the gauge field in the blocks /\8
> We can define the reweighting term Wy = det{1 — Ry11(W1)} so
that
OWn)n
(0) = P
Wn)n
det D 1
x

YN det D, T1, [det Do; det Dﬂg]

N/2 1 det( WJk Wu,)



Block-local updates
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> Single level-0 global update

> Generation of new pseudo-fermion and
multi-boson fields



Block-local updates
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Single level-0 global update

Generation of new pseudo-fermion and
multi-boson fields

ny level-1 local updates:
molecular-dynamics evolution restricted
to local, active links in Ag, which are
decoupled in n, blocks A3 (multi-bosons
and inactive links in Ap fixed)

Level-1 local accept-reject step
independent on different blocks



Block-local updates

Single level-0 global update
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Level-1 local accept-reject step
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Translation of the gauge field by a
random vector v, i.e. U,(x) = Uu(x+v)



Block-local updates

Single level-0 global update

Generation of new pseudo-fermion and
multi-boson fields

ny level-1 local updates:
molecular-dynamics evolution restricted
to local, active links in Ag, which are
decoupled in n, blocks A3 (multi-bosons
and inactive links in A; fixed)

Level-1 local accept-reject step
independent on different blocks

Translation of the gauge field by a
random vector v, i.e. U,(x) = Uu(x+v)

Repeat ng times

Averages over ng - n® configurations,
generated at a cost proportional to ng - m



Size of the blocks

We need to ensure that a good
fraction of the link variables can be
““““““““““““ updated in each step. If, for instance,
we consider blocks with an extension
of 2.5 fm and a frame of 0.5 fm in all
directions, the fraction of the active
links is
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V, —0.5)*fm*
AO:(3 0.5)" fm ~ 50%
Vcell (3fm)4
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