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Motivation

LATTICE 2022 – August 11th 2022 – Bonn University – Germany 

TOWARDS SYMMETRIC DISCRETIZATION SCHEMES VIA WEAK BOUNDARY CONDITIONS

Systems without translational invariance: finite extent or presence of sources

Classical Wilson action corresponds to a backward finite difference Gauss-law
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Goal: discretization that accommodate boundaries & is symmetric around charges  

for more details see: A.R. arXiv:2102.08616
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Symanzik’s improvement program
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x

Starting point is the Wilson plaquette action with forward finite differences
K.G. Wilson, PRD 10, 2445 (1974) 
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Wilson plaquette clover leaf this study
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A stand-alone plaquette for symmetric discretization of the interior ( overall O(a2) )
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-

ing. We thus need links of the corresponding order Ūµ,x = exp
⇥
iaµAµ,x+ 1

2aµ̂

⇤
=

exp
⇥
iaµ

1
2

�
Aµ,x +Aµ,x+aµ̂

�⇤
+O(a2). The central FD requires access to gauge fields

in the forward and backward direction in each dimension. The product of eight

links (see fig. 3) centered around the current spacetime point x includes exactly

these contributions

P 2⇥2
µ⌫,x =Ūµ,x�aµ̂�a⌫̂Ūµ,x�a⌫̂Ū⌫,x+aµ̂�a⌫̂Ū⌫,x+aµ̂⇥

Ū†
µ,x+a⌫̂Ū

†
µ,x�aµ̂+a⌫̂Ū

†
⌫,x�aµ̂Ū

†
⌫,x�aµ̂�a⌫̂

=exp
⇥
4igaµa⌫ F̄µ⌫,x

⇤
+O(a3)

F̄µ⌫,x =�C
µA⌫,x ��C

⌫ Aµ,x + i[Aµ,x, A⌫,x] (5)

A gauge invariant action with the correct classical continuum limit may now be

constructed from P 2⇥2
µ⌫,x in the interior of the finite volume V

S2⇥2 =
X

x/2@V

ata
3
s

h 2

16a2ta
2
s

X

i

ReTr
⇥
1� P 2⇥2

0i,x

⇤
�

1

16a4s

X

ij

ReTr
⇥
1� P 2⇥2

ij,x

⇤i

(6)

Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a
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FD on the boundaries, which is achieved by using the forward and backward Wilson
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see discussion in 
A.R. arXiv:2102.08616
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†
⌫,x�aµ̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)

see discussion in 
A.R. arXiv:2102.08616

see e.g. A. R. and W.A. Horowitz arXiv:2109.01422



ALEXANDER ROTHKOPF - UIS

A naïve symmetric discretization

LATTICE 2022 – August 11th 2022 – Bonn University – Germany 

TOWARDS SYMMETRIC DISCRETIZATION SCHEMES VIA WEAK BOUNDARY CONDITIONS

Wilson plaquette clover leaf this study

x x x

μ μ μ

ν

aμ

aν

A stand-alone plaquette for symmetric discretization of the interior ( overall O(a2) )

Rothkopf Page 5 of 9

We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-

ing. We thus need links of the corresponding order Ūµ,x = exp
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-
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constructed from P 2⇥2
µ⌫,x in the interior of the finite volume V

S2⇥2 =
X

x/2@V

ata
3
s

h 2

16a2ta
2
s

X

i

ReTr
⇥
1� P 2⇥2

0i,x

⇤
�

1

16a4s

X

ij

ReTr
⇥
1� P 2⇥2

ij,x

⇤i

(6)

Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)

see discussion in 
A.R. arXiv:2102.08616

A doubler problem 
for bosonic fields

see e.g. A. R. and W.A. Horowitz arXiv:2109.01422
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In finite systems boundaries are physical otherwise can be chosen at convenience

Weak viewpoint: boundary/initial conditions only as tight as order of approximation
see e.g. Fernandez, D.C.D.R., Hicken, J.E., Zingg, D.W., Comp. & Fluids 95, 171–196 (2014) 
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Simultaneous Approximation Terms

For ODEs / PDEs well established (penalty term from boundary data):
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see e.g. Lundquist, T., Nordström J., JCP 270, 86–104 (2014) 
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Long term goal: gauge invariant real-time quantum dynamics of QCD

Intermediate goal: gauge invariant real-time dynamics for classical lattice YM

First modest step: Variational solver for 0+1d classical IVP from the Lagrangian

IVP challenge: standard δS[x,v]/δx(t)=0 only as boundary value problem
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TOWARDS SYMMETRIC DISCRETIZATION SCHEMES VIA WEAK BOUNDARY CONDITIONS

Accurate treatment of constraints suggests use of symmetric discretization schemes 

Promising results in solving classical equations of motion of various simple models  

Extension of the formalism to higher dimensions is work in progress

By exploiting the weak imposition of boundary / initial values, unphysical zero 
modes of finite difference operators can be lifted

Affine coordinate formulation: new regularization on the level of the action

Symmetric finite differences suffer from well known doubling problem but Wilson 
term not applicable to real-valued bosonic fields

Here we focus on bosons but method also applicable to fermions: alternative 
regularization for spatial directions of Dirac operator.
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Discretization crucial for gauge invariant force field lines via stress tensor 

f = r ·⇥+ @S=@t
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Figure 2 (left) Force field lines of the stress tensor between an Abelian unit charge and
anti-charge. (center) The EVs obtained from a backward FD solution of Gauss’ law. Gray arrows
denote the only vectors truly in the yz plane, blue arrows the yz component of those predominantly
in the zy plane. Analytic solution is shown in light red (right) solution from the central FD with
point sources (green arrows) and the conserving solution with distributed sources (red arrows).

(gray arrows in the center panel of fig. 2) are truly parallel to it. If one plots the

vectors with more than 50% of their magnitude in that plane, one obtains the blue

arrows. Compared to the true solution given as light red arrows, a clear asymmetry

is visible in the forward FD solution, i.e. the force field is not accurately reproduced.

Solving Gauss’ law with the central FD discretization we find the symmetric green

arrows in the right panel, which however exhibit an artificial pattern of force lines

oriented 90 degreed to each other.

The reason for the failure of the naive central FD approximation lies in its inabil-

ity to reproduce the integral form of Gauss’ law, a fact well known in computational

electrodynamics [29, 30]. Indeed the third equality in Q =
R
dV q =

R
dV (rE) =R

@V dA · E does not hold in general for the central FD. As is standard in modern

computational electrodynamics, a genuinely conserving finite volume discretization

[31], i.e. one that obeys both the di↵erential and integral Gauss law can be con-

structed by starting from discretizing the Gauss law with the midpoint rule
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=

Z
d3x�(3)(x� x0). (3)

The resulting equations on the LHS can be brought into the form of a central finite

di↵erence by adding multiple shifted versions of eq. (3). This leads us to
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Solution known in computational electrodynamics: finite volume discretization
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-

ing. We thus need links of the corresponding order Ūµ,x = exp
⇥
iaµAµ,x+ 1

2aµ̂

⇤
=

exp
⇥
iaµ

1
2

�
Aµ,x +Aµ,x+aµ̂

�⇤
+O(a2). The central FD requires access to gauge fields

in the forward and backward direction in each dimension. The product of eight

links (see fig. 3) centered around the current spacetime point x includes exactly

these contributions

P 2⇥2
µ⌫,x =Ūµ,x�aµ̂�a⌫̂Ūµ,x�a⌫̂Ū⌫,x+aµ̂�a⌫̂Ū⌫,x+aµ̂⇥

Ū†
µ,x+a⌫̂Ū

†
µ,x�aµ̂+a⌫̂Ū

†
⌫,x�aµ̂Ū

†
⌫,x�aµ̂�a⌫̂

=exp
⇥
4igaµa⌫ F̄µ⌫,x

⇤
+O(a3)

F̄µ⌫,x =�C
µA⌫,x ��C

⌫ Aµ,x + i[Aµ,x, A⌫,x] (5)

A gauge invariant action with the correct classical continuum limit may now be

constructed from P 2⇥2
µ⌫,x in the interior of the finite volume V

S2⇥2 =
X

x/2@V

ata
3
s

h 2

16a2ta
2
s

X

i

ReTr
⇥
1� P 2⇥2

0i,x

⇤
�

1

16a4s

X

ij

ReTr
⇥
1� P 2⇥2

ij,x

⇤i

(6)

Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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†
⌫,x�aµ̂�a⌫̂

=exp
⇥
4igaµa⌫ F̄µ⌫,x

⇤
+O(a3)

F̄µ⌫,x =�C
µA⌫,x ��C

⌫ Aµ,x + i[Aµ,x, A⌫,x] (5)

A gauge invariant action with the correct classical continuum limit may now be

constructed from P 2⇥2
µ⌫,x in the interior of the finite volume V

S2⇥2 =
X

x/2@V

ata
3
s

h 2

16a2ta
2
s

X

i

ReTr
⇥
1� P 2⇥2

0i,x

⇤
�

1

16a4s

X

ij

ReTr
⇥
1� P 2⇥2

ij,x

⇤i

(6)

Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral
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conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.
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tion for finite systems and discovered that it requires implementing the summation
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-
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Ū†
µ,x+a⌫̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)

”sum the exponents not the exponential” (c.f. clover leaf)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.
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for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct
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Ū†
µ,x+a⌫̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-

ing. We thus need links of the corresponding order Ūµ,x = exp
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+O(a2). The central FD requires access to gauge fields

in the forward and backward direction in each dimension. The product of eight

links (see fig. 3) centered around the current spacetime point x includes exactly

these contributions
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†
µ,x�aµ̂+a⌫̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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=
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these contributions

P 2⇥2
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Ū†
µ,x+a⌫̂Ū
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†
⌫,x�aµ̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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†
µ,x�aµ̂+a⌫̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)

Combine with forward and backward Wilson plaquettes on the boundary:
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-

ing. We thus need links of the corresponding order Ūµ,x = exp
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†
⌫,x�aµ̂Ū
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-

tion for finite systems and discovered that it requires implementing the summation

by parts property (A) and the presence of distributed sources (B). To construct

such an SBP discretization for non-Abelian gauge theory we need to find the cen-

tral FD counterpart to eq. (1), operating at global order O(a2) in the lattice spac-
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Lattice discretization errors start at one higher power of the lattice spacing as in

the Wilson action, making S2⇥2 automatically O(a) improved. Note the di↵erence

to the Symanzik improved actions of Refs. [17–19, 22], which contain an admixture

of asymmetric Wilson plaquettes in the interior and thus do not correspond to a

SBP compatible central finite di↵erence.

Next we combine the central FD of the interior with the forward and backward

FD on the boundaries, which is achieved by using the forward and backward Wilson

plaquettes there in addition to S2⇥2, leading finally to

F̃µ⌫,x =�SBP
µ A⌫,x ��SBP

⌫ Aµ,x + i[Aµ,x, A⌫,x]. (7)
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We see that in order for the central FD approximation to implement the integral

Gauss law we must employ a spatially distributed source (c.f. smearing techniques in

conventional lattice QCD). Equation (4) amounts to a finite volume discretization of

Gauss’ law. Solving the above yields the symmetric and significantly more accurate

solution shown as red arrows on the right of fig. 2.

We conclude from the Abelian Gauss law that a proper lattice gauge theory

for finite systems must both implement the summation by parts property and be

formulated with distributed sources. In the remainder of this letter I construct a

lattice action that implements these prerequisites.

3 Lattice gauge theory for finite systems

In the preceding section we used Gauss’ law as guide towards an appropriate descrip-
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†
⌫,x�aµ̂Ū
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”sum the exponents not the exponential” (c.f. clover leaf)

Szymanzik program: 
P1x1+P1x2+P2x2+… (not SBP)
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