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Twisted reduction at large-Nc

Twisted BC + volume reduction (gauge �eld)

Apply tBC + volume reduction [González-Arroyo, Okawa 1983,2010] (b = 1
g2Nc

)

Sw = bN
X

n,µ 6=⌫

tr
⇥
1 � Uµ(n)U⌫(n + µ)U†

µ(n + ⌫)U†
⌫(n)

⇤

Uµ(n) ! Uµ (volume reduction L = 1)
Uµ(n + ⌫̂) ! �⌫Uµ�†⌫ (twisted BC)
Vµ = Uµ�µ (change of variable)

= bN
X

µ 6=⌫

tr
⇥
1 � z⇤

µ⌫VµV⌫V †
µV †

⌫

⇤
= STEK

• Twist-”eaters”: �µ�⌫ = z⌫µ�⌫�µ with zµ⌫ = e
2⇡ikp

Nc
✏µ⌫

[Talk by J. Da Silva yesterday]

• ”E�ective”-lattice V = (
p

Nc)4 pµ = 2⇡p
Nc
[1, . . . ,

p
Nc ]

• Volume independence: z(C) hV (C)iTEK
N!1����! hW (C)iV!1
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Twisted reduction at large-Nc

Adjoint fermions in reduced models

• Apply tBC + volume reduction to both Uµ(n) and  (n)

Dw = 1 � adj
X

µ

h
(1 � �µ)Uadj

µ + (1 + �µ)(Uadj
µ )†

i
with Uadj

µ  = Uµ U†
µ

• Spectroscopy can be performed using [González-Arroyo, Okawa, 2013]

CAB(t) =
1

2N
3
2
c

p
Nc�1X

n0=1

e
�i(at) ⇡n0

a
p

Nc tr
⇣

AD�1
w (0)BD�1

w (p0)
⌘

• Several exploratory studies for di�erent number of �avors
Nf = 0: (fundamental) Meson spectrum at large-Nc [JHEP-04(2021)230 ]
Nf =

1
2 : N = 1 SUSY Yang-Mills [Butti et al. JHEP-07(2022)074]

Nf = 1, 2: [Phys.Rev. D 88(2013)], [JHEP-08 (2015)034]
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Scale setting w/ Wilson �ow

Wilson �ow on a twisted-reduced lattice
• De�ne �owed energy density in the twisted-reduced lattice

E = � 1
128

X

µ,⌫

tr
h
z⌫µ(V⌫VµV †

⌫V †
µ + VµV †

⌫V †
µV⌫ + V †

⌫V †
µV⌫Vµ + V †

µV⌫VµV †
⌫ � h.c.)

i2

• Evolve gauge �eld according to the evolution equation

dAµ(t)
dt

= D⌫Gµ⌫(t)

• Compute �(t) =
D

t2E(t)
Nc

E
and solve

�(t)
����
t=tc

= c and t
d
dt
�(t)

����
t=w2

c

= c
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Scale setting w/ Wilson �ow

Wilson �ow on a twisted-reduced lattice

0 1 2 3 4 5 6 7 8
t
a2

0.00

0.02

0.04

0.06

0.08

0.10

0.12

0.14
�

(t
)

Nc = 169

Nc = 289
Nc = 361
Nc = 529
Nc = 625

b = 0.37

2.50 2.75 3.00
0.045

0.050

0.055
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Scale setting w/ Wilson �ow

Finite-Nc e�ects

• At V = 1, W. �ow de�nes a renormalized coupling (� = g2Nc) at µ = 1/
p

8t

�gf(µ) =
1

3
128⇡2

N2
c �1
N2

c

�(t)

• On the reduced torus V = 14 with twisted BC [Ibañez, Garćıa Pérez, 2019]

�̂(µ) =
1

N
⇣ p

8tp
Nc

⌘�(t , Nc)
Nc!1����! �gf(µ)

• We de�ne [Butti et al. JHEP-07(2022)074]

�̂(t) =
3

128⇡2

Nlat(
p

8t/Nc)
�(t , Nc) for T 2


1.25, �2 Nc

8

�

• Remnant �nite-Nc e�ects are < 3‰ in the scaling window.
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Scale setting w/ Wilson �ow

Wilson �ow corrected with NNc
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Some results for adjoint fermions

The lattice spacing vs Nf

3.0 3.5 4.0 4.5 5.0
1
2�

0.0

0.1
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0.3

a
p

8t
1

b = 0.36

Nf = 0
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Nf = 1

Nf = 2
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Some results for adjoint fermions

Parameterizing the dependence

• m̄q ! 1 = Yang-Mills (aYM)
• m̄q = 0 = SUSY

(aSUSY computation in [Butti et al., JHEP-07(2022)074])

• Lattice scale depends exponentially from the
log of the (subtracted) quark mass

a(m̄q) =
p1 + p2m̄q + p3m̄2

q
p1

aSUSY
+ p4m̄q + p3

aYM
m̄2

q

0 2 4 6 8
( 1
2 � 1

2c
)
p

8t1 � m̄q

0.10

0.15

0.20

0.25

0.30

0.35

0.40

0.45

a
p

8t
1

Nf = 1
2

�2 = 0.956

�2 = 1.712

b = 0.36

b = 0.36

b = 0.345

b = 0.34
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Some results for adjoint fermions

�-function for SUSY

• Parameterize and integrate �-function

�(�) = � b0�
2

1 � b1
b2

0
�

• Integrate

� log
ap
8t1

=
1

b0�
+

b1

b2
0
log �+ log⇤

• De�ne improved couplings

�(1)
I =

1
P�(b)b

and �(2)
I = 8(1 � P�(b))

• Fit and extract b0

24⇡2b0 = 11�4Nf = 9 / 11 vs 24⇡2b�t
0 = 9.76(80) / 10.6(1)
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Some results for adjoint fermions
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Thank you!



Backup material: chiral/SUSY limit
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Backup material: scales comparison
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Backup material: Critical mass for gluinos
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