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Introduction
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Criticality in the 3D Ising Model and beyond

3

T ≪ TC
T ≫ TCT = TC

• 3D Ising model: interacting spins = ±1 in 3D
[Tong 2017]
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Criticality in the 3D Ising Model and beyond

3

T ≪ TC
T ≫ TCT = TC

Scale invariance

• 3D Ising model: interacting spins = ±1 in 3D

Universality

[https://en.wikipedia.org/wiki/Critical_phenomena]

Interesting for numerical studies

(analytically in 3D)

[Tong 2017]
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Investigating a system at criticality
POV Condensed Matter Physics

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

invariance

+ Poincaré

Conformal Field Theory (CFT)

[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

[https://en.wikipedia.org/

wiki/Conformal_map]

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

invariance

+ Poincaré

• Primary operators       :      

Conformal Field Theory (CFT)

[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

[https://en.wikipedia.org/

wiki/Conformal_map]

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

invariance

+ Poincaré

• Primary operators       :      

Conformal Field Theory (CFT)

• Critical theory characterized by           and 
[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] (n>2)-point-functions

[https://en.wikipedia.org/

wiki/Conformal_map]

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

invariance

+ Poincaré

• Primary operators       :      

Conformal Field Theory (CFT)

• Critical theory characterized by           and 
[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

Mapping:

(n>2)-point-functions

[https://en.wikipedia.org/

wiki/Conformal_map]

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory

• Physical quantities: Power laws

Determination of critical exponents  

using MC & finite size scaling

invariance

+ Poincaré

• Primary operators       :      

Conformal Field Theory (CFT)

• Critical theory characterized by           and 
[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

Conformal bootstrap (crossing symmetry constraints on n-

point functions)  + new quantities beyond FSS results

- unproven assumptions & truncations[El-Showk et al., 

2012, 2014] 

Mapping:

(n>2)-point-functions

[https://en.wikipedia.org/

wiki/Conformal_map]

4



Investigating a system at criticality
POV Condensed Matter Physics POV Continuum Field Theory
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invariance

+ Poincaré

• Primary operators       :      

Conformal Field Theory (CFT)

• Critical theory characterized by           and 
[Swendsen, Wang 1987], 

[Wolff 1989],

[Pelissetto, Vicari, 2000] 

Conformal bootstrap (crossing symmetry constraints on n-

point functions)  + new quantities beyond FSS results

- unproven assumptions & truncations
This work: Lattice Method for calculating the same quantities 

as the conformal bootstrap and checking their values. 

[El-Showk et al., 

2012, 2014] 

Mapping:
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Antipodal 4-point function on 

• OPE for the 4-point function of -operators in the 3D Ising CFT
Conformal blocks
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Antipodal 4-point function on 

• In special antipodal frame on        ,       are particularly simple [Costa et al., 2016]:      
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• In special antipodal frame on        ,       are particularly simple [Costa et al., 2016]:      

Partial wave

expansion

• OPE for the 4-point function of -operators in the 3D Ising CFT

Calculated via a

recursion relation

Spin of the operator

Conformal blocks

Obtain            and            by fits to partial wave expansion coefficients for 4-pt function on
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Quantum Finite Elements [Brower et al., 2018, 2021]  

• Introduce Quantum Finite Elements 

(QFE)  

convergence to spherically 

symmetric continuum theory

• Discretize     -theory on

using Regge Calculus, DEC & FEM 

• Tune to critical surface

• LFT on curved manifolds (here:              )

Lattice simulations of critical      -theory on possible     
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Numerical Results
MONTE CARLO SIMULATIONS OF CRITICIAL -THEORY, 

PERIODIC BOUNDARY CONDITIONS
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Numerical results

8



Numerical results

Simultaneous fits of c0(t) and c2(t) 

using primaries up to n=20 
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Numerical results

MODEL AVERAGING [Jay, Neil 2020]

Different number of timeslices included in fitTruncated continuum 

function with 

bootstrap values

Simultaneous fits of c0(t) and c2(t) 

using primaries up to n=20 
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Model averaging results for c0 and c2 
Simultaneous fits of c0(t) and c2(t) using 4 primaries & different t-ranges  
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Model averaging – leading terms

Leading 

for c0(t)

Leading 

for c2(t)
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Model averaging – central charge
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Model averaging - ratios

Simultaneous fits of c0(t) and c2(t) using 4 primaries & different t-ranges  
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Conclusion and outlook

• Good agreeance for results already established in Monte Carlo

• Central charge result differs from bootstrap values

Improve estimates & elimate possible systematic errors by

1. Increasing statistics

2. Including more primaries -> less excited state contamination

3. Adding higher partial waves c4, c6, ... to the joined fits

4. Investigate other possible sources for systematic errors

• Soon: use slightly different approaches to investigate the CFT
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First recursive fits for c4 


